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established, it might then in England, as now in Germany and 
Italy, be built up into a systematic discipline, remarkably 
fitted to exercise the intellectual powers. Beginning with 
Projective Geometry as founded by Poncelet, followed by 
Geometric Statics^ as taught by Mobius, the Calcul intr le 
Trait, of Cousinery, the properties of the Funicuhir Pidygon of 
Varignon, so remarkably extended and employed by Culmann, 
and their application to the Elastic Line by Mohr, we should 
have a course of Enf'ineerinf]^ Mechanics, so inviixoratinc; to 
the mind, that our students, having undergone its discipline, 
would feel themselves men, well prepared for work, capable of 
appreciating the conditions, and reasoning upon the data, of 
a large class of practical questions to which they might require 
to address themselves. 

From its birthplace in Switzerland (18(j()), this method has 
passed into Germany, Austria, Italy, Russia and Denmark, 
where, after Culmann, Wilhelm Ritter, Cremona, Favaro, and 
many others have communicated their enthusiasm to their 
pupils, through whose superior discipline their resjiettive 
countries may soon rivfj in Engineering fame that of tlie 



chiiracter. The dusigiis ul' an Kiigiiififi- aiv ^'uiTK-tiiL' coiittrp^ 
tiiiiis, his st iiictTii*s are geometric forms, witliiu which I'ln'ot 
statically enmhiiied act aluiig geometric linos, 5(i thai il ia iiatiini 
that he stiive to follow a train uf fjuomotric thought. 

For the iiio;;rr'S8 of Statics aiii! Oi-iiiuttry aei ami react uim 
uach other. " Itetwcun Statics ajul Oooinctry an iutimafc eon* I 
iieotioii cxi^ls. Not only iloes the first of these two fti.'ieiices 
nbsnliitely u^inw the lictj- of the other, but. for lim given 
helj., Stati,> liiniiBl.es Geouutry with i»mv Tlieoiems. whieh, 
not seMoi.i, irs-iiu can W enil'l'ivea to ll.e a-lvaiilnye of 
Statics." I 

Vir, hi iliiuls flirt liei',]iosse$$ a imich liigher value iLiui 

iiiialytical m r\|)an(iiuy thti iiift'lieetiml povrcrs. ''Analysis 
exeel.-i, it is line, in avraiij;iiig pruhUins in ctiuatioiis. in ilis- 
enf;a;_'iii',', l'\ ^i ferics of t rai info n nations, tlie eom hi nations of 
syrnhols, v Li. h ^iive the key to the >iue.4tiull propounded, but , 
(Is very 1" ti,-. nmi as a means of research ni'iitralises its effia 
eaey a» a in. ,ins >■( intellectual culture. Lcailiil^ to the resultP 
hy a |iroi'eiloie iti ^itie miuiner ineehauienl, the iiiiuil loix^R sight 
lit iln' re:illi.i('s njion wliieli il njwi-iite.". it ailvaiices nUuig a 
lahyrinth ■•( r..ioinl;<v int.nt onK that if Inse iint the eondncl- 
iii;.. tlirra,!, ..l.H.^ed lo he more confiding na tlie darkness 
l.cnni.s muiv pn.fonnd, and nearly always iiacons-.ious of tlie 
path al.ai- «l,i,li it lla^ travelled, I'n tlie other hand, aeoerd- 
ini,' Id the extr.aiiily jiist ohservation of Tolnsot, it is not rare 
tli:il IJM' i.viilts 1.1 whieh :uial\sis .oiidiiits. remain eoneoaled 

l.r llir ^.■o.iidil> nf a!-,l,niie syiohnls, m, tar as to ajipear 

ivvi, «ith l,s-;,l,..on,s>in !!»■ s.,liitioi, tlii.n in ih- enmiriatinn. 



Geometry proceeds wholly otherwise : she presents the proposi- 
tions under a sensible form, she removes the train of auxiliaries 
which hide them from our view, she puts in evidence the 
transformations which each problem undergoes, and when the 
solution appears we now perceive the truth under a form the 
most simple and the most attractive/'^ And we may add what 
our own countryman, Robert Simson (10S7 — 17()«S), was wont 
to say of analysis, " A mere mfchanical knack, in wliich we 
proceed without ideas of any kind, and retain a result without 
meaning, and therefore without any conviction of its truth/' 
Without, how^ever, endorsing such an extreme view, we would 
say, in order that analysis may be rendered useful as an 
intellectual exercise, there must be constant attention given, 
jxt every possible stage, to its geometrical or physical in- 
terpretation. 

The success of this method is, liowover, cntirelv due to 
modern geometric methods. The aim which modern geo- 
meters have constantly had in view can be best stated by one 
of their number : " In tlie actual state of the matlienialical 
sciences, the only means whereby to i»revent their domain 
from becomiuir too vast for our intelli<rence is, luoie and niore 
to generalise the theorems which these sciences end^race, in 
order that a small number of truths, general and prolitic, 
may, in the head of man, be the abridged ex])ressions of 
particular facts. '' - 

Of these prolitic generalisations the earliest were Desargues' 
Jnrolulion of Sir PiHjit,^ (13!)7 — KKilj ; Tasi al's lf<.r(i(jnii^ 1()40 
(1623 — 1602); Carnot's Cijrrchif ion ilts Fif/('ri\^ (h (/nmu'/rif , 
1801 ; Tramrev^als, 1S06 (17:)3— is^rV'. 

^ KavartJ. Lrt^^ons tie Stnfujur G i'(\j>Jii(j"i\ j/iciHuir [mrtic, O'tCnu'd it i/t 
P'mition. Paris, 1871>. 

- I>il]an, DrrrlopjK'i/irnts f/r (if'ninilrif. 



nil species of books, am\ ul' all assiataiicf, lUstraetL-il by thO' 
iriisfort lilies of Kiy country and of uiy own," laid the foundation' 

of Ills work ■■ (.>ii the Central Projection of Figures in 'genemlj, 
iiuil iif Conic.- Sections in particular, &c"' which entitle liiiH' 
to be called the creator of " Modern Geometry." 

" In it Won- taught the jiniieiples thai tbeorems concerning 
infinitely cljskiiit points maybe estemled to finitu points on ft 
liglit line, tluit tlicorenis foneemtng systems nf circles may 
be exleinli.l U. ,-unies haviu^: two puints eonuium, anil tha8 

llicorenis r ivniui,' imaginary points ami lines may he eS-j 

tondfil to I,.;, I p..ints and lines,"- This ho lias been enabled to'' 
do by liio ■■ iiildi'li-lo of cojLtintiity," nnd bis methoJ, we con- 
ii-LVe, is b.-i ;i.l:i|>i.'d for iuitintiiii.' tlmso whose busiuef.s is to 
ii|.)ily t;eniin try iiitu fuudanienliil coneeptious of modern^ 
lo.-thoils iuui into lii^dtt appreeialion uf their value ,itid powKiM 
This titiK-- v.;,-. pivHeiit lu Uie iniiul of Poiicclet biniseif. and wa- 
lihd Mil tin tli].-]j:ige of bia .gi'eat work, " Oiivnige utile a ceux 
i[ui s'onu|i. 1^1 ilrs iqipliciitions de la f-eoiniJtne (leseriptive et 
il'iilnTatio]!- <_v "iiK'h-iipies s«r Ic terrain;" mid in the Intniduc- 
(i.iii, " Lis :i|i]ilii-alii»ns de la nouvelle geciiietrie, deviendront 
l.his ioviiti|.h. . ., plus iur.-ss-iivos nil .<;ra!id nouibre de eeux t^ui 
so voiimi, ■iii\ :iits \\-u ,'t ].rii ;iii"i Irs I'oiinaispnnces slgebri- 

,■,■ qiiMlo iloiL rtiv, a CO .[lU'llo ilvvi-ait olro dtja, sera aiiisi 






(1827), and many later papers; and by Steiner (1700 — ISocS); 
and in France by the brilliant Chasles (1703 — 1880), in liis 
AptTQu historique sur Vorifjine et le developpeincnt dcs inLfhodes en 
g4omUrie, (tc. (1837), in his Trait d de fjeomHric Hvpcruure (1852), 
and many other contributions ; and by the unique work of Von 
Staudt (1847), with wliich Cuhnnnn supposes liis pupils to be 
acquainted. It is little fitted, liowever, for a general discipline 
in the *' conflict of studies" and the hurry of life in Franee and 
England. 

Mobius may likewise be said to have created Geoinetric 
Statics in his Lehrhuch der Stafik (1837), euuverting it from 
a number of isolated propositions into a distinct brancli of 
science. 

Meanwhile attempts were not wanting tu a}>ply the new 
developments to the wants of the Engineer. roncelet, 
according to Culmann,^ employed tlie funicular polygon 
in the determination geometrically of the centre of 
gravity. 

Lame and Clapeyron (182G), give two " Mcmoircs sur la 
Construction des Polygones Funiculaires," in Journal dr.^ J'oics 
de Commuiiicationy St. Petersburg (Dec. LSl^H, Jan. 1827). 
Poncelet gives in Manor'ud dr VOffivur dr (Irnic (1840), a 
" Memoire sur la Stabilite dcs Rcvctcincnts vX do lours 
Fonda tions." 

Cousinery in his Cahal jtar U Tn'H, devotes the fouitli 
part to *' Applications des Procedcs du Calcul Grai)ln{|ue a la 
Solution des divers rro]>l(!'mes <le Stabilite/' tlie contents of 
which are f^euerallv the conditions <»r stabilitv of revetment 
walls and the ecpiilibrium of aielies. 

Merv, in Ann(dfs drs Pnals // (y/anss>'^s (1840;. lias exposed 



tlje cuiVL- ••{ iiiLsauie iii an uifli, Diuainl-Cliiyi, in I.Hl 
1808, likeivisi.' in tliusu AhiiiiIh Jias ^•em.-ralisuil ami v\t 
tiKi iii<:t1iods. 

rc;mo.-lli,..v, ill Mnnoridt ./<■ CUj/inn- '!<■ Oi'im- (lS75j, liiis 
ii iuij,st L'li.;;:ii't solutinii iif l.lii! Rtikbilit-V tf ft stiilie ardi ili 
lu friftiu], li. Mvrvii till- vmisfioirs. 

Kaiilviii. '-. " l-;i[iiilibriii!ii uf Iiiiinvs^-ii Forcpa in ii I'nl, 
Fi-aino" (iN.'iM.' ttitll Clcrlt-Mnxwll'si gi'iiei-alisitioii ■ lU 
Taylcir'.s tlisroviiy of n^cijii'tical iViiiia' iitu] turcfi cliagrajiis, 
importiUit Kii.'lisli dovelnpin fills, tnici'iible to tlit- Icarii 
Ml. bins. 

'I'lii'so lnii .l<\i'liijunciils ii.-i]iiii(i. liinVfVfr, tn be sup)>len 
bv V.»\w..uu\ iM,.|l,n>1 nl* i,bt;miiiig tiiL two roni-tiiiy Ion 

tMivw nrc ,M,i ,Mr.ll,'l I'.v tbe-m.-oh rs tliL'v ruNiaiiioa 
I>;irativul> iiuli mlfiil 

Miiirc liii ij. ( 'ii'iiiuiiii, (.^uhaHiin, JUmru'L- Vnj', aui.1 Ft! 
Sicim-r li;iv, -unrftk'il in giving,' elegant Btiitii.'o! ik-iLiuiisli 
ijf ib:ii r hi:,il,:,)ili.i pnijiorty yl' ret'i|irofitj-, 

llnv iLm u>s,r tlii-lv!isoii i.-r tin- suwm oi' Ouliiuuii 
lln-<'niiliii. m ; \',hL'n{|still— l8li<;)bva]ipiii>JM<.Jeni Oci: 
fn Kujii-iiu- |.n.bK.|ii^ liv runia nbliiiii mi mubfLiCL- pn 
1. 1 iniaciMmid bii.i, aH>] ill tbu «i,U-spivail TiiivLTsily aiul 
Si'liuiil Sy.-ti'iti of ticnnaiiy wi^iv a (.'lii.ss of men tu w bo 
works .,f ]'.,i,cvlot. M..biTis, ClLaslo.s, aiui ovoii Stamit 
I'amilim-, iv:„iv t.. a.L.pt bis wvWuA, ..■v,ivw1iltl' u-i'iviu; 



PREFACE. xiii 

their hands some valuable improvement or some lialf concealcMl 
property brought by them more prominently into the fore- 
ground. But it was otherwise in England. In 1852 a Fellow 
of Cambridge could write, ** The principles of Modern Geometry 
have hitherto received little attenticm in this University," ^ 
and even he is wholly analytic in his demonstrations; and the 
first systematic treatise on Modern Geometry appeared so late 
as 1863—1865.2 

The mathematicians of England, in tact, may be said at two 
different times to have exchanged studios with those of the 
Continent. From Newton's Prinripia (1(187), a line of mathe- 
maticians, Maclaurin, Halley, Robert Sirnson, and Matthew 
Stewart, followed the methods of ancient Greek geometry. 
Maclaurin employed it with consummate skill. Siinson in tlie 
Loci Plant of Appolonius rcHlond (1740), and in his Pori^ntx 
(pub. 1776), recovered somewhat of the ancient geometry 
which was lost ; and in Stewart's General Theorems (1748), a 
step in advance of the ancients had been gained, but there 
ends the line of geometric kings, for Leslie's Gnane/rir 
Analys^is (1821), is to some extent the modern calculus 
disguised. On the other hand, from the pul)licatio]i by 
Leibnitz of his Cfilcuh'M (1<)84), the Continental mathema- 
ticians pursued with ardour discovery in that new world of 
science now within their horizon; the calcnhi.^ ])eco]niMg, in 
the hands of the Bernouillis (—1748), Euler (—1768), Clairaut 
( — 1765), Lagrange (• — 18LS), Laplace ( — 1825), an instrument 
of research of mighty power. 

Then came an interchan<4e. England findin^r herself ilistanced 

^ Gaskiii, Geometr'tcdl Cojisfrurfntn of n Couir Section. C.'iinl)ri(l<;f', 
1852. 

•^ Tow nnendj ^fo(Ifn^ (JeoniPtrii of fh* Vi,'u,t, L'uic, (lud Cirrlr. l)u}»li!i. 

1 OCT. 



by tlncc yuiiLi^' men of Caiitbriilge^Herschell, Babbage, and 
Peacovk ; Islii —urges the adoption of the Dutation of Leibnitz 
;iinl rfi]i_'\VLil cllurts in atialysis. In ttiis revival of the claims 
of aiiiilysi^ a ijentle Scotcbwoman bore a distiiigiiished part, 
JIrs, SoiiicTville'a Mix/iuhwh <•/ III' Jfi-iiirns was published 
ill ]ft"(l. Turning again to tlie Continent, Whether it was 
tliat cuiiijiia classic revival extending itself to geometry sis 
well !is f.i jvpiiblicnn inslitutions and Oremn costume; or 
wbotliii- ii was. as more likely, tlie; influence of Monge 
(17411^ — 1>'1>' , — Ciirnot, atieneral of Engineers undtr Napoleon, 
in Ills h', <.,„,■/,■:■ ,1c roaiii-n (ISIlS), and in tiiose other works 
wliicb iM- Ijiivo alri-ady aijjnalised, prepared tbo way for 
I'.iiu-L'li'l ■ iiiiil «o have iilreiidy remarked how entirety neg- 
lei'ted at tljat pcriw! bceame geometry in Euglaiid, and thua, 
bowevfu ;i )'l-w learned men iniiy have kept abreast of the 
f'"ntiiii?Tit:il <,'eometrieiaiiM, llitir methods Wijre neglected at, 
tlii; iiiiiv i-iiii s. Til tlir hi'st of niir knowledge, Moderq] 
(iL'onniiy li.i- nrily fidl n-cogiiition at present in 
Linivcv.lrv Tiii.iiy College. Dublin. 

Tlins ill. !■■ wits 110 propareducsa f^r t'uliiiuiiii'a methocl.l 
\Vf ri-i- [ t.i :iil.l the other reason which I'Sibts; the necessity ' 
of a wirufitiL' training of any kind for an Engineer has only 
jiaiti.illy bciiL nci>i;nisrd. There are, tio douhf, amongst us, 
a hirge number, who in o'lrlior yoars have studied their Traft, 
tlii'ir Navirr, their Mosdi'V, or who in more recent years have 
bcromc fainiii:ir witb (lii'ii- Ens^o iiud Uankinc, have made 
l.hnosiiv.s oe.|0.-iiht,a will, ('la|ii.yn.n's Theorem of the Thi-ee 
Moiniiils, ivcn ;i lew lo wlioiu LaniL' is not unknown, hut those 
hnvc ilniK. so without Imjio of rewaid, simiily that they might 
1.0 tiullilul UK 11, knowing (hat wliicli they as Engineers pro- 
f,-^ In kti.iw. lint hy li,,w iii^niy aiv siicli snvroauded, often 
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jostled, undistingiiishable from them by the laity, committinu^ 
blunders by rule of thumb, affecting to despise science, talking 
vaguely of their experience and of the practical, whence our 
public structures suffer in strength, elegance, and economy 
from vicious design, and our public works from defective 
method in their complete conception. 

This opinion is, we are ashamed to say, widely held upon 
the Continent. Referring to suspension bridges, Collignon 
says,^ "Several English suspension bridges owe their rigidity 
to an excess of material. Such a system has no economical 
merit — the only merit which a suspension bridge can possess." 
In reference to continuous girders, Wt*yraurh says,- " It is 
remarkable that the construction of continuous beams is most 
favourably received where Engineers can calculate, as in France 
and the South of Germany, and not there where tlie rule is 
that the bureau of the Engineer is conducted by jx/oplo wlio 
sit upon two stools, and upon neither firmly." Here England 
is significantly omitted. Tlie number of continuous beams 
on English railways mioht be counted on tlie fi niters, and on 
the 9,000 miles of Indian railways, only upon the Madras line 
does a continuous beam occur, while in France thev arc em- 
ployed over every considerable river, to the attainment of the 
greatest economy in the most expensive undtTlakings. Again, 
Culmann says,^ " But what is appropriate to the rirh English- 
man, wdio everywhere carries himself about with great con- 
sciousness, ' I am in possession of the iron, and do not retpiire 
to trouble myself about statics,' is not so to the poor devils 
of the Continent. They must meditate and experiment, they 



nler to li;nl tlic cluMpest, n\A tbrv inust. niak.- uut many i 
.■(■ts tot I \>rv inU'iiiIoJ bridge, in ordi*r not to wast© the 
lU'-i (lu.iiiiiry of innteriril, cmployiiij; only su iimoh as is 

\- tnisi Tl.it tliis work will ctunlufo in somi.' small 
vo tM lii.- ^preiil of ;i more ptTfeft appreciation uf careful 
:;ii ill -til tiirc-i. \W liavD attfiintted, uithin moiierate 
(viss. t ■ _::vii It an iiumeii lately jimctical value, and, 
1 tir*t (>' List, theory lias been suWirilinatoti to practical 
i.-ati.iii. Till' systematic diacipllno, il"! skelt^hed at the 
(iK'iuviM.iit .if this preface, liaS nut boi'il attempted. 
ics, as < i.iiKiiuiiIy tauglit. ami the SiimniattLiii of Elementary 
■L;rals, ii[\' -^iipijosevl tii liave heon pivviausly studied. We 
', li.'ivi \. 1 :i-Mc(l a chapter on rnjectivc Geomotrj-, carried 
ill- a-j i^ iM .;, s^ary to the d em oustr.it ions of the Ti-t'atiBt\ 
Illy fiK..«ih_' Poueolet as the most instructive form in 
■li wt.- , ..nil ]ii-,'st'ut it A stiiilent sliouM by do means bo 
-iio.1 \\--'i: tlii-. but we hopo that he wilt find Poncelet's 
cii'li' .t r]].' iiitinitely distant point and line so treated as 
lid I'iiu "in II ho ]H'"ca'«N to any treatise on Modern Oeo- 
rv. v.., ,.,..d. ni ^vo.,uinV:d wrir.Ts aio .o cliary of Hijures 
til- ":iv .'{' a stmlent is r 
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PREFACE. 

endeavour, above everything else, to be clear, and hope tha 
have fairly succeeded. We give, for tiie first time, the 
metrical construction of Durand-Claye's hyperbolas ; the dei 
strations in art. 81. The coincidence of the centre of gravi 
a trapezium with a point of the antipolar to the intersecti- 
its uniting lines as pole is, no doubt, well knoAvn, alth 
we cannot remember to have seen it referred to. Tlie ii 
of the funicular polygon with Durand-Claye's mcthoc 
finding the lines of pressure in the anii and witli 
formation of reciprocal frame and force diagrams is 
clearly exhibited in both cases tlian it has been be 
We believe the graphical demonstration in art. 21 S is <. 
for the first time. 

No one could be more alive to tlie imperfections of our 
than we are ourselves, but we have believed that we sup 
want, and have unfolded to the Engli.sh student a pow 
method, only to be learned from the lectures of Coutin 
professors, or from Culmann's abstruse work, and from p; 
scattered up and down German scientific periodicals and 
chures. If we may be permitted to make an apoloiry 
would say that it was written durini,' leisure hours in the i 
/ of the ordinary pursuits of the iMiginuer. 

Upon the value of this method, of its remarkable fac 
practical accuracy, and invariable self-veri Ilea t ion, we will ( 
the words of M. Levy.^ " Elle met a la disposition de 
pour tenir lieu des savants et laborieux calculs auxque 
livrent encore journellement nos ingenieurs, des pro 
simples et exp^ditifs. Ces precedes out de plus le prei 
avantage de porter toujours en eux-mernes le principle dc 
verification, de telle sorte que s'ils jieuvent, comme toutc 
methodes graphiques, laisser un doute sur une fraction decii 



nlgC-bii'iiic, iiu lien lie parle aux veux," 

III comlusion, we hope lh;it tliis work will recommcnil 
to EngiiiL'CTS in tlie exercise of their profession, and be foi 
serve as a convenient text-book in Engineering classes. 




I'ARAT.LFL FOHrKR IN oNK PT-ANK. 

Sfrtion T. — In troductory. 

Art. Pftgt' 

1 . Preliminary Problem, Case 1 1 

2. Definition of Force and Cord Polygon 3 

3. Displacement of Pole of Force Polygon 3 

4. Preliminary Problem, Case II 3 

5. Preliminary Problem, Case III 4 

6. Scales of Force and Cord Polygons 4 

7. Rule in regard to Scales of Force and Cord Polygons ... 5 

8. Inversion of Force and Cord Polygon G 
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GRAPHICAL DETEKMINATIO^ OF FORCES 



IN 



ENGINEERING STKUlTUKES. 



CHAPTER 1. 

PAHALLKL FORCES IN ONE J'LANK. 

Section I. — Introducfor//. 

1. — rreliminarjj Prohlcm. — To find tlie valia*, graphically, 
of any number of pairs of factors : in other wonls, to fiinl tl;c 
value of 

ff{i\ 4- ((./.y 4 a.^r,^ + . • . . «,'*,,, 
<jr more coucisclv, of 



V" 

) 



2>[(fr 



by means of a force and ccjrd polygon. 

Case I. of fhc PrclimuMry Prohlrm.— When the tactt»rs an 

all positive. 

n 
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SI = (T,. S-2 = (Tj. 53 = n, . . . . 

riiiii tliroUi;li tlio ("'iiKs ^". 1, 2, S tlrnw vortical lines down- 

\v;irils. In ;i niiivonii'iit jiLioo ilvaw a line r parallel to these 
verticals, aii>l n[>..n it liiv otT tlio r factors successively, viz., 

Ff.iin ;i jiiiiiil Cat any cliosm li.nizontal distance A from the 

«ll,'l),(l,i),(i,3)....] 
lo il„. iiul i.,ii.iN,.f tli.si- l-Hlorj. 

Til.' oshv.n.- liii.s „l (lios.- rays ()(,•, 1) anj 0(n, v) [in figure 
(J(i. ol liavi- lH-,ai >-alk-.l ,■ aii.l .' ; this jx-ncil of rays and 
v.a-lifal lino r will in liitniv Iv rclV-mxl to as tlio force polygon. 



IN ENGINEERING STUUCTUUES. 3 

From any convenient point in the vicinity of the line a, draw 
the ray e parallel to the ray e of tlie force polygon, intercepting 
the vertical through the point 1, the end point of a^ in tlie point 
1', then parallel to the ray 0(1, 2) of the force polygon, draw the 
ray 1'2' intersecting the vertical through 2 in 2': proceed in 
this manner with all the ravs. 

Produce 1'2', 2'3', 3'4' .... till they meet the vertical line 
s draw^n through S, then, by alternate similar triangles, we have, 
for example, 

h : t\, :: a.^ : ~^' 

^ - h 

This particular instance of the multiplication of the factors a 
and V, is marked on fig. 1. 

Summing up all the separate intercepts thus obtained on the 
line s we find, 

E'E = rtji^j : li + a.^\ : li -f- a.ji\^ : h + . . . . a„c„ : h = )L{ar : A, 

or in words, the intercept on the line s between tlie extreme 
rays e and e, is equal to the value of the pairs of factors divided 
by a given constant A. 

2. Definition of Force and Cord Puhjrjon. — For reasons wliich 
will afterwards be given, the figure formed upon the line a 
shewn in full lines, is called the funicular, cord, or link polygon, 
and the figure formed upon the line v, as already stated, is 
called the force polyg<ni, the point is called its pole, the line h 
the pole distance, and the line v the line of weights. 

3. Effect of Moring the Pole in a Vertical Line, — It is evident 
that the position of the pole 0, while the pole distance // 
remains the same, does not alter tlie summation of tlie in- 
tercepts. This has been shewn on ^<^. 1 by more finely (hawn 
lines, the cord polygon being supposed begun from the point E\ 
with a parallel to the inferior (c) of the two extreme rays (f) 
and (e'), so as to ensure coincidence in each value of the two 
series of intercepts, 

4. Case 11, of the PreUminarf/ Prohlem. — Wlien one series a 
of the fa'i-tors contains both positive and negative (juantities — 






->o 






t; 



C'oin]>lrtf a> ili ( 'a-r 1. A Imir r« li-:,ii r; 
\\]]\ liKikr ;.]']«;il\ 111 llat. ;i^ :i. ll.^ tir-T ^;m 
\\iv l:lir ^ ImIw^iU l].r iXtnii.r r..\^ ( alio 
vahu' "1 ll.r ]i..n-> < t laiT-r^ <^:^;•k•<i l«v a 

\\\' ^\ill li"T li;rUt.>rr L:i\r a I'-nii..! vlrni"l;<tr 

t^. (\'.'^' 7/7. (7 I* (iini, ,n 'i 7* • • '/. — \\ L 
livr aiul lu-iialiw- \ahu> in l^'Ili ^i rii > «'t tad 

rr<»i<.Anl as ill ( 'a>r 11. 1«r ll.r a taiTv'r> iiu 
tl"Wij\var<]< tor ]»«'>iti\\' ^ahu^. ainl u]'\\;.ni> t 
aii<] tlirii V <'in|>]iiiiiL: tlu" t^'V* I alii] i "i\i l^'lvi. 
as in tla- til>t alul >t.H«'lul «.a>tS tl.al ll.r ilitr 
^«.•t^\^rn i1;r rxtnnu- rays ( aini ? . i^ i»pial t< 
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If the pole distance h measured upon its own scale is, say, 
10 units, then the intercept on s of the extreme rays of the cord 
polygon, being read upon the cord polygon's own scale, a de(Mmal 
place further to the right gives at once 



^ar. 



7. Bule to be attended to in rerfard to Scales of Force and Cord 
Polygon. — If the intercept on s of the extreme rays e and e' in 
the cord polygon is measured on the force polygon scale, then 
the pole distance h must be measured on the cord polygon scale, 
but if this intercept is measured on the cord polygon scale, then 
the pole distance h must be measured on the force polygon 
scale. 



(I UltAl'llICAI. IiKTEUMlSATiOX OF FORCES ^^" 

Fur, li't. unit on /orce julyj^.m SL'alu nu'isure n units on -'ort 
|i ily;,"iii .tfiili!, tlien 

, , , iiiilf ilistanre un cnrd scille 
liilerocpt ou TOm 8:aK' x ' ; 

Iiif.TirpI ■111 riwi/ sniK' , ,■ . i i 

= ' - — X lick' ilist:iiiw 1*11 com sc(il(' 

= !hl. r, ,],i uu fiinv s.-iili- x ]i .1(- <Hst uui! on conl s:al.'. 

H. Irin,:„.,t .•/ Fvire itii'l Con! I'uh/H'm— hi wir figures (1, -2 
:i) wr li.iM. |il I, r.i t.lii; imI.' 'ir tlui f.«-cf pijlvgiiii to the right nl" 
till' Mill' III iIm' r t'lrl.irii, but it iiiny Iw CimvL'uii'tit to plare it tn 
111.' Ii'li :,\,A ii i-. fviik'iii that witli lliL- Siimo arrangement »( 
jiii-iiivi- iin.l tii'i^.iiivi' valiiis \*c> nliiiiiii a cuni polygon iu an 



/•■II of ihi: JiUeiri'/.if'i or ; h In<!'')x'>nJent o/th« Onffr 
•■, —In till' fij;im'S givt?n, tliv terms of the spries 



fill' -1 iMiiuii liuvi? l>ei'U arrmiyeil in tln> unkT vi' 

ilii^ij.:,! v.iliirs of till' rt fiuliirs; but tlie siimiiiatiim i:« 

mil i.n".' I'll Ky a ilifft'ivut (>mui|;cnK-iit. 

Ill Ii : i- Hi li;ivi' a si'rii'M ufsix pairs of faetnrs 


the 


i| ir is LvipiiR'il to aikl i'-<: to this series, a. having fi i 
rui,.a<',ali,l rr,. 

Tla' ivsuItJTi- iiitiTrept uiviii- ^,^.r : !, is ue.essarily the '. 
,at,.M.rur,krniavU't;>lhi«v,l. that is 


raluo 



lU, //' r,n> Co,:l l\-I,,.Hui.^ lo the mm<- Pairs of Factors hut 
■ ! iilVrui.i in /lo- Onla- of Sd-i'r<- of 0,u- of lh<se Pairs, their cor- 
r,s},o,i.li,<.j Si'h'!^ i,iU.:^ol in a Utrul-jhl I.i.u; this Straight Line 
!'<■,, i;/ /A- I ■; ,/-V,r/ i/!rui'y!> tlic .'.-tr^inil'j of the Intcrjwlated Factor. 
^'I'Ik' IlLi'ia'iiii iif ])aiagiapk !>, iifhcrwise a truism, has been 
itilLiiilini'il lu hiiiig nut thi.s iinpoitaiil prnj^rty <it'eorresponi,iin(r 
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Ill fi;^. 4 the full lined cord polygon follows llic first arrange- 
ment ; the second arrangement, in so far as it differs from tliu 
first, is shown by strong broken lines, the prolongations of 
corresponding sides of both cord polygons by fine broken lines. 

As the ray e' in the force polygon is common to both arrange- 
ments (for Xv is the same in both) the second, or c' extreme 
rays of both cord polygons must at least be parallel. They must 
also coincide, for beginning at the 7" of divei^ence of the two 
cord polygons ; in the triangle 7", +", 4', and in the figure 
4"j"5'4' produced to fjrm a second triangle, both having the 



tljc- f.r 


tl.c s;,:; 


Bh-. 


Jei,..!.. 


up,n ,i 



, r '■■ Till- triangles iti 

^ !. ti:>nuii: ft-^7«^-tivvU i-t l»»>*.-s 7' anti 4 with 

ii '^''iuir m-lpraiiy Is (?^j<lctit withoul fomial 
Tnaiitili-* Ito^Hil^ tlic ^inv vertex and bases 
>-.niigt(t \Im art ri-^npfic*] to simitar triangles 
up.ii t!:-: t .if am] Kh>:«e ■vvTlirr-s will liv ilp.<n a straiglit 

lii'T jt^r.l : ■ ,._- br»jitf. This re>ipfi»iiy tilwvise li»l<ls g>:«*i 
^Uj'-ii a, . r . fiuVitioi •■■,p1 [■.Ivi.-iw |6^. 4t, tlie sei-oiul 
triai]_]' I ::-ini«frJ mu tbe »amir baj* iV. as tlie first, it 

is tht_ri - : ■ . kwnlvU I" a itew (ni'l paiuUel base V.. up^u 

wlii.li r;. r^itiiili' is dr.ittn. <>liii'h n^Jn fe txtewle-i 

Wkuifil L .,11.1 ]nr:<llt:t baH-- VI. upm wLK'h tbe fimrtli 

Th* -c ■'■ .' .1 - by tlw al*rt"* tltoivieiu of twdpnxity, bave nil 
their V. I': - I, lilt veniral (hp.mjih T, wbea^e " In two t'i>nl 
poly-. I.-, V. Tin. ll..-.^-.u «-iU ntunranis U- senc-raliz^-,1 



J' ',"•. "nt/ Ctntiv h/ Gmtiiij q/'i Lamiaa. 



i 



11. /.' : :■: <•;< :i'tc: >• ^ II.— Tlic f.'llimiiig isau important 
'-,r.,ll irv I rl . |iifli,„in!,rv iir„Wi.m. mim i^a. 2, 3. 4) the 
verti.al . !■ , :,..!..! ]Mi ,11..! i . it.Jf lill it )««...!> through the 
inttr-O' Ti'ii ■!" tlio two extreiiif ntv> •• ami t' givinff a neif origin 
K, ail.l II liiiv villi.;,! .,, m. Iiavo th.ii 

■<„,-: h - II .it 1"- . 1.1. 

12. ;./«' ■:;■ Aai~<, ,■ of Ih.- J;..nll,,>:l n <•/ Parallel nirrt 
rtii,,,/ ui '„:' Fht,v.~l\„: ii.-ii:,! o.|iiiti.ii I'.r tlic line of artion 
T of the 11 Miltimi /; ill w,,ik< Ml, stati. . is 

y . IP - .r . /; = 1\ . ., + /', . ..-., i /■; . J, + r,.x. . ..{\) 

w!,ero .-" is li.o ,!i-t.,i,< o .4 ,■ lV,.,ii thi -iiiuiii 5 |tiu'. h). 

WlioTi l!,.- ,-rivMii .S !.!„ l>oiii so ,!io.ou t!,at > ='o the ab.ne 
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Now if for « in the preliiiiiiuiry prubleia we .substitute x and for 
v Vie substitute P, then the line /• is tlie line s^ of paragra})!) 11, 
and our problem is reduced to finding tlie Hue .9^ t)f the foregoino 
preliminary problem. 

Fig. 5 is the solution of tliis probh'in, for tho resultant li of 
four forces P^, Po, i'j, P^. 

Similarly, the vertical line through the point (1, 2, »^) is in 
the line of the resultant of the first three forces, and tlie vertical 
through the point (1, 2) is in the line of action of the resultant 
of the first two forces. 

Taking any other j)oint S in vertical s as origin from wlienee 
to measure the fictors x and making SP = .^, the intercept on .s 
of the extreme rays c and e 

^Px : h = J-. SP: // =.r . E : h, 

because by alternate similar triangles 
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tlie two sijuiliir and alternate triangles being (1) in the ft>r.-e 
piilyj^oii, that liavingS/'for it.i base and k for its idtitude, and 
(2) in tlic i_i.rd pulygoii, that having XPj: : A for its baae and r 
for itaahitiKk'. 

\V|](;(i e ciiiiirides witli A in the fnrre polygon, removing the 
pok' to (0) (li^. 5) wk obtain n form uf the ciml polygon fig, 5*. 
Iii^lilv usL-Ail in thtt consideration of the suspension bridgo 
rind a'rrh. 

Liimina. — The usual imide uf 

of gnivity of a thin lamina of 

ij:i.,< = /-rj.vi + 'n^l-. + "in y,. J '' 

wlicre )ii is tlir wuljilit or area, and jTj^, the oo-ordinates of the 
wntro of j;i.iviiy of ony of its piirts, .r-, y the co-ordinates of the 
fCLitru cif giMvity of the whole. 

14. Ci'/iri-r of Oi-acilff of a Lamina Itannn an Axis of Sym- 
vdrif, I'-ith E'<i iiipk. — If a luinina haa an axis of symmetry, taking 
iliis fur 1(li> Hxi^ of x, then ySwi = mid the wntre of gravity 
iifs in tlii.- ;i\i--, wliL-nc'C iiualyticJiUy the problem in this case 
is rLHiuifil u< ihiding j~, and lii our cons tr net ion to finiliiig the 
liiR. in «hi.li .? = 0. 

E'-inujilf, — Lt't it be reiinired to find the centre of gravity of 
a lamina a.s in fig. G, 

In this cxamplo tiie hnu of x goes throngh the axis of 
symmetry laid horizontally, jk, in the force polygon being made 
projiortional to the area of the lower flange, nij proportional to 
Ihc area of the web, ■)», ynTipurtiona] to the area of the upper 
liivriy;e, .f,, j-^, x^ being tlio centres of gravity respectively of 
IliCMj parts. The pole is arbitrary. From this force polygon 
i-oiistruet the cord polygon aYid the line g drawn vertically 
tliroi!,^'h the intersection of tlie e.'itreme rays cutting the axis of 
u- in (/, giving 

.r . ^>,i = ^nix = I). 
G is thus tlic centre of gravity reiiuircd, 

15. Ri-prcscnlatioH of Anns hij Liiw^i. or Reduction of Areis 
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vpon a given Base a. — We confront here for the first time the 
problem of representing a series of areas by lines proportional to 
those areas. In order to obtain those lines tlic areas must be 
transformed into rectangles, all having tlie same breadth a of 
base, unity being in general too small to be convenient. For 
instance, fig. 6, in order to obtain the lengths m^, m.-,, vi^ ^^ ^^^^ 
force polygon, a base a (fig. Ga) ecpial to twice the breadtli of 
the web, was chosen, and tlie transformation of the lower flange 
into the line m^ so that m^ x a = area of hjwer flange, is an 
example of its employment. A CD = ef is the rectanguhir area 
of the flange wdiose height, AC = f, breadtli CI) = c. Lay off 
CB = a, draw DE parnllel to BA, The rectangle BCE =^ m^a 
— rectangle ACD = r/for 



a : e 



■■/■■ 



.'■f 



a 



whence 



1' 
w^ . a — cf. 

Reducing thus as many areas 1, '2, :3 .... as are in the series 

to the base a, they can be represented by their reduced lieights 



r/ij, wig, Wg 



• • • 



W T M^ ^^S^^^i^m 
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It must be remembered that this process is of constant 
occurrence in the sequel. 

16. FiruHng the Verticals tlirough Ike Centres of Gravitij of any 
successive JS' umber of Wheels of Locomotives and Tenders (uj) to 
Eighteen, in our figure) as tluy might he uiwn a Bridge on its 
proof trial, — This is fully Avorkocl out on fig. 7. Tlie vertical line 
tlirough the centre of gi*avity of the eighteen wheels is tlie vertical 
drawn through the intersection (18, 1) of the extreme rays. The 
vertical line through the centre of gravity of, say, the first 
thirteen wheels is the vertical through the point of intersection 
13 of the lines e and KV, 14'. In the same manner the vertical 
through the centre of gravity of any consecutive number of 
wheels may be obtained. 



17. Centre of G rarity of a Train zium. — AJ>C])^ fig. S, is a 
given trapezium of height a. The full lines in the figure are 
those rec^uired by tlie construction, the broken lines are neressary 
to demonstration. 

Construction, — Bisect tlie two pandiel sides ^]/> ;ind ClJ in E 
and /'respectively. Join EE, proleiig AE on <>n(^ side until the 
part produced is e([u;d to CD, jnid pi'<»long Cl> on the other 
side until the ]>nrt produced is ecpial to AB. Join the ^yvq 
extremities 2/, 7/ of these produced lines by a straight D'B' ; 
the point G where this line cuts EE is the ( entre of gi-avity of 
the trapezium. 

Demonstration. — Suppose tlie diagonal DB drawn, then the 
area of the two triangles ALD, BVC are respectively equal to 
a . AE ^n(\ a . EC, and the centres of oravitv are at the dis- 

tance - from their respective bases; draw EC and ^r 7s" parallel 
•> 
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Ui these ba^ijs iunl at (iisUiices from tlicia o^ual to -, oiakiiig 

t'iidi of tlivni c.'i}iial in half the base of the alttrnate triangle; 
then jiiiii F'E', E'f" cuts £F in the required puint G. 

¥(.<v, by (.'leiiK'ntftry principles of statics, the centre of gravity 
of the trapezium lies in EF, ami if we suppwie it so placed that 
AB nnil CD arc vertical, the weight of the triangular lamina 
ADD acts .lowiiwards in Cr anil that of BCD in E'A' and C'A' 
is cut inversely in 0. so thai a vertical tliroiigh G Would give 

/;/.' . ,/■, - FC . J-... or EB J-, + FC J-. = 0, 
wlieiice G is tlie point leqiijreil. 

It is easy to prove tliat G is tlio pnint fiivL'n by the first 
cotistnictioii.' 

IS. The V.alrc. of G.vn/i/ nf ,n, !rri'; ■'/■',• (J,<m!n/'itn"f 
Lamina, A Br IK 

Con^lrvcll,u,.^\)\\-h]^- llie ijiiadrilal^Tiil by ihv diajTonal AQ^ 
iiiln two tri;iiiul( s. Fiml thi; centre uf gravity C^, of the trianglfj 
ADC, bi«.'iiiii;i tor this puriHwe the ilL-^;onal ^Ciu i'nud the i 
side T)C ill K. Throii-;!! G, draw ff,0., parallel io DB. Ex- 
(■h;m-e tlie se-iucnts VF, BF by i\\akhi{ BH = DF. Join HE. 
Tiie jmiiit G wiiere HE cuts G^G.. is the centre of gravity 
required. 

Dr„w,i^i, •"lion.— Sam TJA' completing Uie triangle DEB and 
by siiuilar triangles we have the pnipurtion 
DE : G^E :: BE : GJJ 

,.so by 



' (\, 


■nip'et.- 


til,. Ii^n,r. as sliow.i, 

■7'-' - i'F, aii.l JriiM 

A'i-" = 


tlicn J)r i« 
i,iKi;7/p,,r 

KO = £7/ 


,.arall.l lo 
alkl to /;^' 


EFh 


AM 


ftij;' f:j 


EM = E'K = E'A- + CF = 
I'ur IlKUihoth ciilp-s 


BS 4 CE. 








A'E' + K'lf = 


/■'/{'= 2nE+ CF 




lakiMK 


FC fn. 


m i>..ih siiics rir = 


AH. 
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and as by construction 
we have 

G^ is therefore the centre of gravity of the triangle ABC. AVe 
have also the proportion 

DH : Gfi :: BH : G^G 
also 

DH : AABO :: BH : A ADC 
whence 

AABC : G,G :: AADC : GM 

or the line ioinins: the centres of jrravitv of the two trianjiles oi' 
which the quadrilateral is composed has been divided inversely 
as their areas in the point G, whence, by statics, G is their 
common centre of gravity. 

19. Centre of Gravity of a Lamina having no Axis of 
Symmetry^ with Examjple. — In finding the centre of gravity of 
a lamina having an axis of symmetry, it is only necessary, as we 
have seen, to find the line in whicli, taken as through tlie origin 
^ = 0, but in order to find the centre of gravity of a lamina 
having no axis of symmetry, it is necessary to find the co- 
ordinate axes in which x = and y = 0, and the point of 
intersection of the axes, i.e. the origin is the centre of gravity 
required. (14.) 



; lii;A?UlCAl. liUTEIlMINATION VI' I'OBCKS '^^■■l 

This (all ivlfii uliv be iloiii; by takiiij; two ilirections for tlie 

iTiiiiils t!iri.i;j;li thf ct'ntres of gnivity of (In-- vnrious parts of 
!!■ hiiiiiiL:!, jitui luiviug tlie furce piJvgon twice constructed e " 
i;it its liiR' ..!' wniglits v will first W ]iarull<.>i to the one 
Ttit-iU .-iiiil ilivii tu the (ithtT, tlifii tlie two verticals druw 
iriiii;4h tiK' iniiTsi-rtioiis of tlic* Iwu iiiiir ut' exlreiut; riiyi 
itiT>.'.-i ill i!,.- [.■.|iiirf<l point 0. 
Till' ■iiii-tny. (i,>ii III* till- Ciiri't; pdlygiiri for the at'i-otiti tirn^J 
r.i\\ ]ui\w\<-\. Ill' iIi>;|H'ti».-d with hy siipimsiii},' tin; Iaiiiiii!i 
irrii-il riiiLinl tlnruyh Hay a right anjilo. 

K.a,,,,.!.-. li^. h). r.rlitheir'/xirc/hjindfh't'rii/rea/ljrarili, 
■'".I ri,'ii/m,„.i,-ir„t Awjlclroti Lamiioi. — Fiiniinglhect'Dires r-f 
iTivjty 1 . •! .\ . . . . {> 'jf tlio various tr'i|iL-2iiiiiis iiml l.riiin;;lu 
■ ^liii'li th.' Liiiiiiin IS .■..(iipnseil (17) fL-iiiifint; thssu pjrts f... u 
iM' u (tlii> i- II.. t yivi-ni (lj). «■«■ .-jiti f.mu the U'Tcv jjolygoii 
' I . -J . :l . , 111 1.11 thi' liiii,- V iwirulh'l t" Ui" vtrLii'als \ V. 

-', '■'• 'V ilnnviiiii in ihf f'>rivs]ioiK!iii5; t'onl jwlygyii . 

, r :;■ ;!' , , . , (I'/y, ;mi<I Ihriiiiyh the iiiTor^ectii.n E of it^ 

|iiriiv u]iiiij til, ]H'iidl uf iuys i>f the i'->Tvv pnlyguu aud tbM 
iii'^illi'l nik 1 .'II iliu utlicr nid(^ ut' Ulf avl st^iaxQ, forui ii BeroriH 
.111 t...l\-..ii J r, 2', 3' .... (!■■£'. luid then tlinnigh ili^ 

iii-iM-.ii.iii y; ..| it". I'Ciii-iiu. r.ivs 'kiiw ill iho lino y' pjinille.1 
I t!i.. i,rw.. 1 ..t v.-iii.'^il-. Thi' liiifSviHiil ./nil iH(;, \iliii-h is 



III' til,' 



,,ll,,M.|| 






be 






Tlic r,.,i.iitii.ii. u,.T".iiv |.> o|i[ilJl>riin„ auiuMi; luiiLillul l,iivi-^ 
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18 GRAPHICAL DETERMINATION OF FORCES 

Let it likewise be observed that in a force and cord 
in vliich these two conditions are fulfilled, the nuinbe 
in eacli is equal to the number of tbe forces. 

In the case of the e<iuilibriuni of three parallel fo 
first condition, SP = 0. 

The line of weights in tlie force polygon of fig. 1 
example of this condition -I- Pb and + f^ are upwards 
is downwards, so that 

tbe second condition is, ^Px = ) ^ ■'' 

Tliis condition is shown fulfilled in fig. 11, for S = 
fjoes tlirouLjh the intersection of the extreme rays e 
taking the line of action of E for axis through origin 
Rr = ft 



4 



nd (1-2) 



II all ciises. known and iinkn 
1. (liree parallel fimt-s. 
::;. threv points of action on (be beam, 
:i. three rays of cncb polygon. 

iivL' forces and thit?? point-s any four dettr 



1 



Voxel. Piff-''. U fni.112. nc Three Points A. B, an 
Peum fi»d the Imjirext^ed Porce P hdnff given, to lietermin 
l^iijjjMrtiiiif Forces. — Wo liavc in this case tbe three ra 
cord ]inly-;on yivcn. frnio which ti' dctcriiiine the thre 
tlic fonc pulv;,'!!!!, when wl' can immediately deterniint 

Knr, tiikc any p.iiTit E mi the line of action of P, an 
di'iiw iirbilrarily two nys r and (' ctitting the vertical; 
the [Joints of sni-i^n ill -'I' and Ji'. Join A'B' by tl 
then .^ /, and c' are the three ravs ef ihc cord pi-lygo 
impressed force R and the siipiiL^rting forces P< and Ps 

For. from tlie extremities of the given fort'O R in 
]Hjlyj;oii, diaw the lines r and c' parallel to c and c of 
jioivgoii iritersectiii:,' in ('. from drau / p:ir:dlcl to / in 
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polygon, i divides R into two portions Pa and P/j which measure 
the supporting forces, as e, ^ and e' in this force polygon would 
give the rays e, t and e of this cord polygon, and P^, P^ and 11 
fulfil the two required conditions of equilibrium. 



Case II, Figs, 11 and 12. Tv:o Imj^rcssed Forces P^ and P/j, 
and their Two Points of Action A and B upon a Beam being 
f/iveUy to detcmiine tlie One Feaeting Force and its Point of 
Action. — We have in this case the three rays of the force 
polygon from which to determine the three rays of the cord 
polygon, when we can immediately determine the reacting force 
and its point of action. 

For, take any point arbitrarily for tlie pole of the force 
polygon, and draw from it the three rays c, /, and e', and tlien, 
parallel to them, the three corresponding rays of the cord 
polygon, in wdiich the intersection of the extreme rays e and 
e' give the point F in the line of action of F (11), and 
a = Pa -^ Pfi, whence the two conditions of ecjuilibrium are 
fulfilled. 

There is no difficulty in solving the remaining cases in which 
any other four of tlie three forces and three points are given. 

21. FquUihrium in an Llecd Beam beturen an)/ number of 
Forces Parallel among fhemsclres. — H<aving given a series of 
parallel impressed frares, hg. l.S, P,. P.„ J\ . . . . P,, upon a 
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beam witli tluir imiuts uf action and tlie p»ims of actio 
}i of the uiikikiwii reaoting fi>nM Pj and Pj, , ie, the p 
siippiirt ,1 ami £. to dtU-numt' tin- supporting force§ 

Having; ii.iistriuted tW t"Hf nml c>nl p"lygons for tl 

i^i. P,, P.^ P, by oh<"Jsing iiDV point for p..lc 

forci.' poly^'iiu, pn-Juce tlie extreiue rays e aii'i c' of ' 
polygon to ilioir iiitereection iu £. :inJ j"in the points < 
sfCtioH by ■ :nA :' of tlio venicjjs tbr.nigli the points of 
by tbu liiii' /, :.u.i tlmw the com-spomlin^ ray t iu't 
ix'ly;;"!! p:ii^airl tbcrvto. f divi.K-s iif intn two part^ 
i'", tlif siippnrLiiig funvs rwiuirtnl. 

For (:?(.) aiiii 1 :;) tbcy (iri- (ho snjijwning forres of tlit- 1 
]{ actiii-: ill ibi' line ilmmgli tlio iutfrsei-tion jFof tin- 
rays c aiul ,•'. 

( will In? culk'il tlie ciosini; line of the cimi polygon. 
i*,, aro the i.lo.sinjj linos of tin.' for-o pi^iygon. Tiii 
simplest liinn ol' foncs in ri[iiilil>num fortoini,' .in 
jwlygon. 

S,,l„.„ I!'-i:,/„il,hrh,M ;» th,- Cv.;l Pi.higo,, fon 

■2-2. Kquilihriiim of the Vurm's Mi mhin of tli( Cord 1 

r.u-nUd ^',)iVM.— If 'ti.o f.n\,'S I\. P.,. J'., K- suppo 

wi-iglits bung from the points 1', •!'. 3' .... of the coi 
jxilygon it will W soon th;it every two sides with the ' 
their point are in o.iiiilibriiim, and that tberofere the 

111 the for.'C po]yg..n, tig. Ki. the Weight P^ wonl 
theereiu ■■( the triaii-^le of foiee-^ be kepi in eipiilibriii 
for.es in .hre.-tions parallel to the lines r and l'-2', foni 
P, itself a irian-le. 

This eondition is fidlill-'d bv fho three lines of 
polygon, vin., /*, ,.n the lin,. of weights. ll;e rays c and 

Next, suppose ihf weight ■: hung from the joint 2'u 
polygon, then, for the same reason, it is i^ipiilibriatt 
ten"si(m in the ...id Ti;' and :^';V. Tlii< roiuiilioo is ti 
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tlie three lines of the foiVL' jjoiyj^on P., on \\w iiuu of weij^htd, 
the rays 0(1, 2) ami 0(2, :!). lu liko hwiiirt tlic- fc-iision in 
the cord 3'+' is nieasiiiod by Oi'A. 4), ami ho forth lill we inrivo 
at the cord t'. There again Pd. e mid i iire in eiiiiilihiiuni, niul 
their values form a, triangle in tlie fone polygon. In like 
manoer ^, /"^ imd can.' in i.'i[iiilibriinii, wlierur, carli part Ix'iiiy 
in equilibrium, (Ijc wliuli; is in ci)iiilibriiiiii. 

Our coni poIygi>n iri Ihcruforo in coiiijiK'tt- i.'iiiiilibrinni and is 
tlie well known funicular |i.ilv.u..n. 
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•>-6. Alkrtilioi ofSi^i in Tmsiom of Links of Cord P, 
fiurrsioH of its l\mlion. — Cunsidering tlie reactions P^ 
ius iwsitivc, mill the liownward forces 1, 2. 3 ... . as i 
flio I'ovil is ill II stiile of tension and is concave to« 
(iiix'cliiin .if the action of tlic forces ; bul hwi we placed 
(' to tlio lofl of r, we eliould have ubtuinetl a cord or liuli 
convex towani tlie ai'tioii of tlie foR-es, and tiie linl 
Ikivo hecn i» a state of oowpression. 

As I'. / aiii] ( ' ruriii tlie cord polygon of the support! 
(2(1), f is ill ilic lirsl vasa in compression, for tlie cord 
is convex to ils lon-ca Pi and 7'^, and in tlie second 
tension, for tlic .'nnt ]>->lvgi'n is concave to ihc forces 
J'k- 

•2i, Tlif U-i-izfiiitnl ComjvncnU of tin- Tfndons in all i 
of ii Vonl Pi.!,i.i,>,i h'itv the *i«ic I'lUat. — For resolving 
sioii of any link into a, TortJctil and horiKontal coinpo 
[M'lvcivc tlial It- lL.iii/..iLtiit ciiuipniieiit is in idl cases A, 
pnl,. distano . 



.Sm-/;u;, r.-A:iw„ o/P.<rolhl t\'rm i,i oui Pkne u< < 

■Jj. PoroH./ K>;tv,v in Our Ptunt in u h'tom, orl „ 
S/inn-iiiff t'orir and Bouihui .Vonicnt — We will take 
necessarily, Imt I'nr sini]iiicity's sake, impressed tones : 

''in ll.u's. 14 ami 14* dcaliiiir, first «itli 7\ only, «e n 
aciinn ujion tlie »unc lieani or ri^id lu-iy at any other | 
If, at .s■«elll;u■et^^ofo,^es + ./',' and' -7*1' parallel I 
enaat tn it in vahie Init of ii]i]iosite sLi;ns, the eiiuilibrii 
hndy IS net ilistnrhea ihciehy. We liave then a fo 
atlin,;,' at .S', and a couple coini>oscd ef ihc two ci\ual and 
fui*. IS — !\ and + /',' with ami x,. (reckoning S the 
SA' perpendicular to the actien of the forces) whose n 
thorefiMc — /',-'V ^*" i'gtiin at .S' in the same manner 
two forces 4- /'..' and - J'..' each oijiial and parallel to 
i-ibtain another cimple — P..>\, and thus we proieei 
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Note that the sign of the couple is negative, as the turning 
action is in the direction contrary to that of the hands of a 
watch. 

The action at >S^ of the impressed forces is of two kinds : — 

1. There is a direct force consisting of the sum of the apphed 
forces, viz., — {P^ + P/ + P3' + . . . .), which tlie beam or body 
being fixed at S is resisted by the e([ual and contrary reaction 
-\- {P^ + Pg' -f P3' -f . . . .). Tliis is called shearing force. 

2. There is a couple consisting of the sum of the couples 
formed by the individuals, viz. : — 

- 2rPa? = - (P^x, + P^^ 4- P,r, -f ). 

This is called bending moment. 



2* tlKAKUlCAL DETERMIXATIUN OF FOltCES ^^^^ 

26. Keasons for the Katnes Siicarijig force anil liriuii«y 
MomeiU lo the Action of Foms on a Benm. — The first of these, 
or the direct force upoo smy joint of n beam, is called the 
sliDjiring furce at tbat point, because ia combination with its 
reaction it tends to shear the beam; n-ith it is evident an in- 
tensity of P, at all jxiiuts from ,r, to r^, of i*, + P, at all points 
from .T^ to ^y of Pj + /*„ + /"j at all jwinta from j^ to S (fig. 1 *). 

This intensity is shown by the upper shaded aroa, fig. 14, and 
the relativii po,-;ition of action and reaction by — P^fi'. 

The seroDi] nC tiresp, or tile conple S/V, is called the bending 
moment, bcr;uiw it tends t" bend the beam around S. 

27. Mcasin: uf Sli<\iriir} I'liriv and Jioiiiing Mmnent generally 
hy Mran.^ „f F,„-'-c .nnl Vunl i't.%o/(S.— Referring to fig. U, the 
itjeasiire of ilu' shearing ffirce can be obtained directly from the 
line of wei^'lits r of the futee polygon, bo simply as to require no 
explanatiiiii. 

The niea.«iuv of I he ben<iing moment if. obtained by the 1 
formation of a force nnd a coni polygon iiiiviug the force^B 
P■^, P^. 7*3 ... . arranged on the line r and any vahie h being;^ 
fixed on fur tlu> pule distance ; a (.■orrespnndiiig cord p)lygon is 
then roiistriiiti.il nnd (Ij the intercept between tlie extreme rays 
(extreme in ivt-Teiice to any given point .S'j gives Sj/'j; ; A, 
reckoning S ns origin. 

2S, fihruriag Porn: mid Binding Momci:! in n Bra m fixed nf 
One En4.—\\\- have, in the two foregoing imu.i graphs, for the 
sake of simjilieity of figure, taken impres.-'i-d forces of only one 
.'iign into cunsidevalion, bnl it is evident that the ctmchisions 
therein given aie iip])licnhl<- to a ronibinalion of fortes of either 
sign, for (4 and Ji tlie same conchision is still tnie, viz., that the 
intenept between the extreme rays lextreine with reference to 
the point S .selected) gives ^P:r : h, ami it is also evident that 
XP represents the shearing furce, lakini: llie signs of the 
individual Pinloj.n'oUMl. 

We conclude, therefore, tlnit in a bejiin tixed at one end (and 
therefore fi.vied hy its rigidity at every point of its length) and 
impresj-ed bv parallel furces. rhc intercept uf the ordinate taken 
perpendicular to the hcniii ai any jioini .^ of the he:\in, between 
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what are for that point the extreme rays of the cord polygon, 
measures the bending moment : h also. 

The shearing force at any point S of a beam is the snm of 
the forces having regard to sign between its free end and the 
point S, 

For the scale with which to measure bending moment : h and 
to measure h, see (7). 

29. The Compound Nature of the Measure of Bending Moment, 
— The nature of this bendin^j moment is denominated bv a 
compound word derived from the units of weight and length 
employed ; thus, if the weights are given in t(jns and tlie lengths 
in feet or in inches, we use the words foot tons in the one 
case and inch tons in the other ; thus 5 tons with a leverage 
j: = 4 feet from the selected point S gives a bending moment of 
20 foot tons or 240 inch tons. 

30. Moment of Encastrement or InhuildiiKj of a Beam. — When 
the end of a beam is fastened in a wall it is said to be (^nastre 
or inbuilt. The moment of inbuilding is e([ual to i)7*' , B being 
origin (fig. 14). 

It is produced, in general, by the su])port given by the ])oints 
B and C (fig. 15), from the prolongation t)f the beam in the 
wall. For equilibriiun we must have 

c being approximately the lengtli ()\ the l-eani engaged in tho 
wall. 

The point B is also subjected to tlie vertical reaction c>f — ^^7* 
which call 2jP. The forces Q + -P being developed by the 
masonry of the wall, it is always necessary to verify tliat these 
forces do not exceed the resisting capacity of the wall, nor 
compromise its stability. 

31. Shearing Foree and Bmdinrj Moment (f a Bann >iiijyport(<l 
at Both Emh. — Let AB (^<y. l.S) be a beam supported at A an<l 
B sustaining the dow-nward ])ressures P^ to /^ (downward 
pressures being given only for sinq^licity of figure, as the 
demonstration does not exclude upward j»ressure), and the tw«> 
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upward fiiiijuTting prewiires Pa und /*«, liien nil the esterior 

p, -J- /-J, - /', - ;*, - i'^ - -P, - /'^ = 0. 

Let us now couslder tJiL- iictiuu yf tlicse furces at anv point S 
of the Waiii. 

Reyuriliii;r .s' lus origiu, (uid considering the beam ns held &stat 
S (fur tile bfiim bfiiig iu tquilibriura it is held fast at all jwints), 
and to fix tlie idcfis, let us first consider the left side AS of the 
hi'ain as under the impresse<l forces + J'_t — /*, — Pj, and the 
right sidi- MS under reacting fyrt'cs in eiiuiUbriuin with those 
iinjirfssei] just its if it were inbuilt, whence, transferring to S^ 
the fi>rccs {■• llir Ifft of that puint we have; — 

First, the Jiivct force I'j - (P, + Pj) which is the direct for 
at that puint anil with its rciiction constitutes the shearing for 
thva>. It is niwisured on the line i- of the force polygon by tl 
distance bi'twecn the points C (omitted on fig. 13, it is th^ 
extrcmitv of llic line t) ami (2, 3), and second, the sum M of the! 
couples, -which is 

.1/ = S7'j = P^>l - U\.i\ 4 I'^.J. 
The bciiiiiii'„' ULiniicnt : h or J/: A is measured as formerly :- 

First, /'.I . n : /< is measured by the intercept on the vertical 
tliimigh ;>■ between the extreme ray e and the ray ( of the cord 
puiygon, which is by Art. 1, or by the proportion 

L 7, ^'.< ■ " 



isuR'il likewise on the vertical 
my (' and the side 2' 3' of the 
nation of these two intercepts 

: /i = ^Pr : h = M : h, 

■ Pa. — 7'|. — P.2' '""'-' three v 
I is i\k- first extreme rav and 



(/','■, + 1: 


,) : !, n 
fxtrotii 


,:h- {P,' 


+ /',' 


ciallv tli.is 


st;ltO(l 
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2'3' the second extreme ray with regard to S, giving an intercept 
on the vertical through S, == M : h (marked on fig. 13). 

In the same manner consider now the right side SB of the 
beam as under impressed forces, and the left side AS s^s under 
equilibriating reacting forces, then at S 

M:h = l^Px ih^Ps .b ih- {P^v^ + P^x^ + ^5.^5) : A. 

Either of these two expressions gives the value of the couple 
forming the bending moment at S. 

32. Scale with which to ascertain Bending Moment, and 
Example. — In obtaining the bending moment by means of this 
intercept, and the equation M = M : h x h or in words 

bending moment = intercept x pole distance 
the rules regarding scales (7) must be attended to, viz. : 

Intercept on foot scale x pole distance on ton scale, 
or Intercept on ton scale x pole distance on foot scale. 

Example. — Let it be required to find the bending moment 
and shearing force at some point of a girder of 100 feet span 
loaded with a series of locomotives and tenders, wciglit of girder 
being neglected. 

Having, upon the cord polygon of ^g. 7, laid oft' 100 feet 
horizontally, and having from the extremities of tliis line lot 
fall verticals meeting th.e cord polygon in two points, join these 
two points by a line t» This is the closing line of the cord 
polygon, and the rays 1' 2' and 14' 13' are its extreme rays, and 
the bending moment under any wheel, 7 for example, is the 
intercept VII. multiplied by the pole distance. 

If the intercept VII. is measured on tlie foot scale tlie polo 
distance h is measured on the scale of tons, in tins instance 
A = 100 tons. 

The corresponding extreme rays on tlie force polygon are 
0(1, 2) and 0(13, 14) and drawing t tlirough wo obtain the 
two supporting forces. 

33. Preparation of a Diafjrain of Bending Moments, — From 
the above example we see that, if such a diagram as fig. 7 
were once carefully prepared, the bending moments for a given 
loading for an extensive series of spans miglit be read off wlicn 
required. 
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iV.//o.( yi -■/.,..-> of Mu'imitm Ik.uhii'j Moment in a Beam 
iindir } 'iii-i'Hcl t'urcts mid intiffrn Tito Paints of Suj^wrt, 

:(4. l.iM-i'-; ,-/ ll^ri'frsl HiniUmj Moitmtl fur any Cmn Sifstem 
oj \\'u;/lii^. ni Oil'' Girrn 1'^iiiHon on a Bciui.^The poiut iii a 
)n';ini wlifii' [Lf lniiidiiifi iiiiiirictit is grvHiL'st for any ^veii 
svsli'ni lit' \\.i;;lirs jiliiccii vyHin it is that point where the 
slivjiriii;; \\>]\\- .Jiaiiyvs siyii. This mvurs whero tlie WL-ights 
lii'UviTM ii jiiiil tin' jiiitiit I'f sin)|xirt K'oome fff-'^tur than the 
nviciinii. Ill liti, i:(, tlif jin-iiti'sl hfiiiiiii^ iiiomfiit uccure in the 
viTiiivil ii] vliii'h P^ (ii-K Tin' prtiposit iuu lutmits, by means of 
uiir ri'iistniilinu, iif iiii i*Hsy primietriwil iK'iuoiiKti'atiuil. 

It is rvi.lriii iliiit a lim- ilrnftii tNinillv] tn tlie dosing line < 
lluMTii;h t\\c ]i..im in till,' cunt ]vilvi;i.ii, wliicli is in tlie vertieiil of 
thr ii3:i\imuiii tiioini-m l"iiiit, .iiniiut ii-jiiiii nit tlie r.-unl jxilygou, 
ami ii iiioiiiriH's (H-nqitioii slimvw thut lluit jmint is the vertex uf 
Ihr ;iiij;li- v( tin- two siili's ill tin- r.ini l"i]ym.n, (■.■rrespDlidilig to 
till' tw.i r:iys oil eitliiT si.l.- «\' llie Utio '/ in lliu fonv polyj^on, 
iV-.n. whciKv Ihi^ trittli of llu' iii..])i..sitiuii ivii-lilv t'..llows. 

Thv toli.Mvi,!^ i. ;.n uii;i]\li.Ml ,U-ni.>iislrMiuii." In liir, IS, the 
i;iv:.1,.sl l.v,.lo,.4 ii.»iil.-Tit ,>,v„r. i,i rhr M-ni.^d in whirl. /', U.-ls, 

:miiI 111.-. !in.>i>. an. 

■■j = "J 

" = -J/',, (iioi tiir (; ivj. !■.■>-■ 1 it !.■.[ ill ihc figuie) 

/■., > J\ + l\ 

r, ^ }\ + }■, + }■. 

vMidii- .l/lui-lK'uaiii- unit 

M = /■,, . -' - l/V, + /',■'■, + }',-<\, - /',; - b ~ {l\.c^ + 7',^,) 
= /■, ." - ..!',■; +r,r.^ = MlaxiNluill. 

!}<,„ol,..l>;>h.:,i.~l. ]{.-uu-\r llu' ul-iuili .■! MimII aistuilru S U. 
til,' \r\\ of l\. tlu-li 
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and as Pj + Pg ^^ less than P^, the vahie of the expression is 
diminished. 

II. Now remove the origin a small distance S to the right of 
P3, tlien 

M = P^ia + S) - {P^x^ + P^^, -f P38 + P,8 + P,8), 

and as P^ + P^-h Pj is greater than Pj, the expression is again 
diminished, whence &c. 

35. Positions of Mctrimum of Greatest Bcruhnr/ Moment, arising 
from a System of Weif/hts. — There are two positions upon a heani 
for a given system of weights at invariahle distances apart where 
the greatest bending moment is a maximum. 

I. When the centre of gravity of tlie system of weights lies 
over the centre point of the beam. 

II. When the weight nearest the centre of gravity is put over 
tVie centre point of the beam. 

DemonMration. — Let fig. 13 represent the first of these two 

positions, i.e. let it represent Pj = Pp, and consequently /<J^4 = llB, 
and let the position of P^ be the origin, and remem])ering 
that 

Pa pp >^ . Pj 1 ifn~ 
P, + Pu = %P 

A r, = </. 

The equation for a maximum 

M = P4 . a - (P^.r^ -f P,,x^) ])eeomes 

M = P, . (PA - X,) - rj\x^ + P^r^ 

= P, .nPn- PjT, - (PyP^ 4- 7V/V.), 

an equation which has its maxinuun value when 



1 
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for tlien it is 

Now for the second positioii. Let the weights be rolled over 
till P^ stiiiicis nver B, that is, a, distance to the right of a;,, the 
jibove eqimtioii t'-ir a. maximum becomes 

,1/ = (1'^ - '^yA - (7Vi + A',) 
= J', . nP^ - -^^ . nPn ^ (/>, + P^^). | 

an equation ^liicli liiis its KL-Lxinium wlicii /'i = Pb. for theu 
it is 

" ■ P.r - P.t^^ - (Pi'\ + P^^, 
rcuu'mbering ilmt Pj in tliis last eijnation, although it is the 
rcfiiction at A in ilic first case, is not now that reaction, but that 

P,, ^ is tluit reaction, jin'l it is iT[uivaleut to the former 

efination fjiviiiy tliL* nmxiinnm vuhie ol' the greatest hending 



&clwii VIl.—FvrOin- ronnhhmti'.ii "/ llf Tu-o S!>ii>j<orti,tg 
Forces of a Beam, 

3(i. Oril'minj Method of Ohtainhig the lieadions of the Two 
Poiitl.t of St'ppurl of II Beam or Cord vndcr a S>/skvi of If^eights, 
- — Wl' will siiDjily enniiciate this proposition. 

Li't iti^'. \:i} tliu reiictiuti at A be rer|iiired, then let B, the 
positiim of the other siijijiurt. be tlie origin, i.e. the point from 
which the viilues of ,r are uieasureil ; then as the reaction of any 
weight a( any one of the two supports between wliich it lies is 
itiversi'ly as its distance from that support, tlien AB being = / 

i-.-F.'; + . . p ,■';• + !■,''' + . . . . p';'- . i;p? 
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Again, let the reaction at 5 be required, then let A be the 
origin, and 

Pn = ]. r[Px, 

X being measured from B in finding the reaction A, and 
measured from A in finding the reaction B, 

37. Identity of the Ordinary and Graphical Methods of Finding 
the Reactions in a Beam Loaded between Two Supports. — Tlie 
above method is easily identified with the previously unfolded 
graphical method, for, extending the ray e (fig. 13) to the vertical 
through B; we have, reckoning B the origin, the intercept 
between t and e on this vertical = ^"^Px : h (1), and at a 
horizontal distance h from B draw a vertical intercepted by t 
and e. We obtain the value of this intercept by means of tlie 
following proportion 

2Fx , IBx 



I 



h " I 



the triangle formed thus by t, e, and having a height h being 
equal and alternately similar to the triangle formed by the 
corresponding lines <, e, and h in the force polygon. 

Section VIII. — Additional Forces brought upon a Beam and 

Forces taken off a Beam considered, 

38. The Additional Bending Moment brought ypon any Point 
of a Beam by the hiteipolation of an Additional Weight at that 
or any other Point of the Beam, — If the cord polygon of tlie 
additional weight has been separately constructed to the same 
pole distance h as the cord polygon of the previous weights, the 
sum of the two ordinates, at any point, will measure the total 
bending moment : h at that point. For convenience, the two 
cord polygons can be easily applied to each other as in 
(fig. 15 hvi), which requires no formal elucidation. 

30. Forming a Cord Polygon with Additional Interpolated 
Forces. 

I. Om Interpolated Force, as in fig. 4. — In this case let 8 be 
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l.iit, ,.11 tlic Vn,v v. thf uiiliiiiiti' IVnin t.hi' ]i..iiil. (,s, /), lliiit is, the 
liuint w!iL-iv .'i :iu<i t intersect, (( U iiut slinwn in tlie fipire but 
<';in Oiisily be imagined) to the point («, c) is JPj, . 6 : A (art, :U 
ami fii;. 13) w liere it liit.s Lecii slmwu tliut '*/*., . « : A is measured 
bv the iiiteivi'|ii nil tlie Vertical s lietwefii tlie extreme ray e ami 
tlie r,iy / uf till' i-iiril |iiily!,'oii," iitlil tlio ordinate from the point 
(.^■, (') tn the i)iiirs.>etiori of .s with i'y is oidy P^r^ -. h, and the 
oriliiiate Inmi the point k c') to the intersection of s with 6'7' ia 
/',. . j\^ : h, whi'uee for the true measnro of the bending moment 
«■(.■ nuist dedin't frnni the inttTee]it on s V'tween t. and f' both 
ih.' ordiiiute :d)Mve '■' ti. 'iT ami the ordinate below c' to 6T. 

With the r.'j,'iL!;Lrly toriJie<l cord pohjj:on the ordinate from {s, 
to Vj" measures (.'fl ) the hendinj,' moment : h, and elementary 
t,'>'iiiiie(riea! eunsLdcnitinns slu.w lliat the intenejit on s between 
4"j" mid 4'.V = iotcree]pt Mil ,? between -■' and 67' which we 
will only iuiliivite — Bieadth uf triaii^les upon the same h&se 
lY, and between the s:ime iKirallels I'/ and 77', at any given 
distaiiee fr.mi the base are the same ; a<;ain, breadth of triangle 
iipiii. the same base 1', :,nd l>elweeii the same pjirailels V and 



7', at Jjiveli distuure tVulll the 
lien,,, I:, led t..iv<- ^is leriii-lMi 



■iiaimer tor many 
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acting forces, in which tlie first may represent tlit^ wci^lit of ;i 
crirder supposed (■on<"entrated on its joints, and the serond scries 
the weitdit i*f one or more h)Comotives (mmh cntnitcd on their 
wheels. 

Such an irregularly formed polvcron is shown on fiLr. 16, f'<r 
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twclvi' f"rri^, I'niir being iutcqi" il.it i-J wlipre. as in the fin^ tast-. 
til*.' Ir'HiHiw (iiiiiiifut ; h at any p<tint A' of tlie beam is obtained 
hy ik-clii.'tiiii; Ir.iiu llif unliimti.' iH-twuen the puiiit It, t) and the 
piiint {g, e'l ilii- uniiimle oil e intem^pteii betwetii the lines 5'6' 
:iiici !)']u'. Ki-_'. Ii; has been s.j uuirkw] ns to luako this evitk-itt 
fi-Miii :i lilt]. ,..ii<i<]eniliijii, 

-t/ I /, = (i'^, . ;, - v' /v, ; /. = ,P^ . a - S>j- - :;|"/V) : A. 

■t-ll. LiU,i.,.l;i;„-i Ih. H.wlta>tU »/ A<i'lili'wil Sn-ifs of Fvnrx 
hi ■> Coril /%%-.»!— The imjIvkuii of t\isc> II. uf last article is 
^<.-li|iiiii rL'uniaii in Its full extent, hn\ iilieii a second group uf 
fnni's, iis tliiTi-in is snjuTiiniMipseil nn u bi-ain. ii is sometimes 
cniivfiiifiit t.i cuiistnu't the cunl ixilygim willi the resultant 
uf the si.s>oncl i-rnKp instead «i wilh the single forces. The 
nidinates of tlic cvml pijlyjpin fill L'DUstniftod i-vidoiitly tjivc 
M : h I'l.irrwily at nil sertious outside of the group. Tiie 
sp:iii-; wiiliiii which M : h ran bo coireitly nn'asnred is lightlv 
hairhvd ill H--. li; oiul 17. Thf wlinaiv IX. (fig. 10), etjuai to 
i\ 1\'- : h, ln-iiti; a iiegittive onlimite. This itMjiositioii reijuin's 
iiM foniiul <k-nii>iistmli'm. 

41. Allfniliong in Vitliif of BfmUixj M-mm/ a,ul Shrftriv-r 
J-W.r ,-riM„;r/,-o>n fol'hiy Wrlfiht^ Of tht i!ona. 

1. n;u,i _ri'C,l <il one aid.—lu tliis ca.se the shciiring force and 
liciidnig iiMiiiciit tH'iiig botli obtained by purely additive pro- 
lessfs, llic ;d>strMii,iii nf iiiiy wfijvlit P., must diminish the 
slu-afin,i; i-'Uv ui, the fiiitluT side by P it ■■If ;iiid the bending 
muiiuut by /'„,'■. ;it any scftinii ,s' rei;;ird<d as origin on the 
furtlier side nf /'„. the wvl-lits beini: iiiiniherod from the free 
.lid. 

il. n<u,> >^t'ri'orU<I .^t Ih. Ti'-'~ Ku.h. 

[\] ^h,.-n„.,jo,;;:—U-\ f^,-. !«. /',. P. 1\ be a series of 

Wrights iipiiiL :i ^p:lll .\}! witli tin- usii;il tone aiid Cord polygons, 
/'j is tlie rr;i.^ti..ii ■ f ■■ l lift siippurl eipuvnlfiit to the shenring 
l'i>iTc up to l\. Pf - l\. W-ni /', til P.. Now, if 7', be removed, 
ilie Tii'» iva.lii.ii /'■.,, .■ipiividniii to'llie shearing force from vl 
tni',. is gi-,^;it,.|- tl.^ui the ].i-i^\i,.iis r,.^;iction to the right of/"; 
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To obtain this new reaction we tind tlie now closini^ line /' of" 
the altered cord polygon and, transferring it to the new^ force 
polygon, C"(l, 2), measures the new reaction P' a, and it is evidently 
greater than P^— Py If i\ and P.^ be botli removed tlie new 
reaction P' i is obtained in tlie same way and is evidently greater 
than Pj — (Pj + Po) which was the sheai'iiig force in front of P.^ 
before the removal of P^ and P.>. 

A force as P. taken from amoni^st the other loads diminishes 

the reaction in front of the load for C'"(.r, 1) on force pi»lygon 

which measures the new reaction is less than (V, 1). 

It is further evident that while one weight only, as j remains 
upon the beam, the reaction to the left is upward. 

Whence we conclude, the sheariii^ force in front of any load, 
as 3, is increased by removal of all weights, as 1 and 2. l)etween 
it and the point of support A in front oi' it. 

Bending Mommts. — It is evident from a consideration c>f 
fig. 18 that the removal of any weight diminishes the bending 

II 9 
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'I'Im line / W'tMriiiii^ /', tlii-ii t'. grii.lunll^' ftppr-'whind 
rlii,.- .1 ilii- iiiril jiiil,v<;.iii. rvrLiiuly, thu liiwtT lim 
111 |i ilvi^Mii ri-Hf;ii ftiiiii ilii' line / as / ii|ipivtitches tlie 
(■ i> (.1..1. (IcUi-'Uil iliuii mliU-il I.I tin- oniiiiales iif ijj 

t'.-r ill -I .u-i\ tin- lirn'S ( mill t'. rlii: siiii,* f In-coim-i^ t^ ttiul 
[|ir lA-i -iil.-i ul' ;i tniin.i:tf nliuiiit.- k-tsi- is r; r ami f( an- 
t\\:: H |i > III" ji triiiii'^lt< wlmsu liiwf is .aU.i r; Imt of 
i^li-. ii]...H 111.- s:itll.' I'li-H.', lUnl nil tlic fyitiic siili.- nt' it, ilt 
n il<-i. rmni ttu' li:ist' tla- brfmitli ■•(' ihi.' one having 

■t :,ll,rM,|,- \, l,-,s tliHli 111.- l.r-Miltll -r Ihf Otlu'l- 



. . i;,,,! ,,i It /;.-,r«r.— It i.,..!' fllliiliiim-U1-il itllJiiTl- 

[Ll n-^dl-niii >^Ui]\ fl..' f..r.L-sT(p.ii ..m- ,.iiil»' ..f 

II ..( ,1 1 <i. tiiiK tiii*. I.s i.11.1 IS. ti. ■k'U-ruuiif tho 

I ^ .1 r tl..' ri'-ill(;mT iif.,11 ill.' Inn .-* t.. the leftj 

ii.^ -iniii.'il l..iM.'.>ri iiri-l.i- I Mill) i in b-rtflT 



IV, - t . (1„- 1,-ti .,f ,S' 111-.- 4 /■, ^uiil - /', wlit-u-e tU 
j- '/', - /*,), will.-.- liiif ..)' ii.'ii'Hi i« time fminil:— 

III. .l-ii,;: Urn- 1 iif ilu- .'ij.! imUc-h i-. ilw; ioft. y 
tI:, -i,|,. I'lii Iiv ili,' MTrir:.) ilivin^'li A" (ill Uii'st- fiys.' 

tluji'irii (if itili>j'<i>. limi ultli''-"' twi) liin?s, / and l':i', 

lilJf iif :ii tii.ii i.f (/', - /',.' •'"'* ' -' pri'.lifeil I>en.iiu-s 
li,.ili i;,r,.. ,-ui.| .i.ni pn]>-..iis ;m,!lli<- 



iiiliii 



[■■■If 



"dliiiu N' 



NJ = 



.1/ . I, r- /■,, : ;, _ /;, 

.1/: A = (/', - /■, .' 
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by pnxluciug tlie side 2':j' till it intersected /, and so on. 

43. The Bending Momcnf of all Forres upon a Continnat'wn of 
the Beam is Negative. — Tlie intercept at any point /Jot' the beam 

beyond the points of support between t and e ])ro(hiced is — 
for tliat p(unt. 



Section IX. — Turning Bending Moment Cintphs. 

44. Application of Turning a Couple to an Arched Beam. — 
Let tliere be a given arehed beam, tig. '!{), i\, i^ . . . . 7^. H.c 
vertical pressures, Pa tlie direction of tlie A a])utment road inn, 
and A the point in the almtment through which tliis reai titui 
goes, B the point in the corresponding iibutment, and in tl.c 
same horizontal with A thmULih wliicli tlie other rcacti(»n 
must \H}. 

With a pole distance It f(»rm the usual force ])<>lyg«)n and cor- 
responding cord polygon, tinding as formerly, by means of the 
closing line t, the vertical com]>oncnts P' j and P' u of tlie abut- 
ment reactions. The horizontal com])onents JTa and 7//; of i j 
and Pji acting in the line ^iB must ne( essarily be c«|ual and 
(opposite. Through the pnint C draw a horizontal line meeting 
Pj in the force polygon parallel to Pj given in direction, in />, 
and from D draw P^ to the point ((j, e'). This is the value and 
direction of Pj^. In order to fix our attention, lei us take any 
section >S'. Call S the oriu'in. 

There are three series (»f eou]»les acting at the point S (•!' the 
beam. 

First and second series 

P' ^ . a - 7V^'i -^ ^V^' 
Third series — II i . y^. 

//, being the ordinate of the beam from AB at N, the bendinu 
moment of the beam is therefoi-e 
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Till; sum I'f llie first two series la measured as ftirinorly"(3l). 

Ill oniiT 111 iihtjiiii IT,i - // geiieraliy fur nil sections, proceed &s 
follows !— 

Lrty urt' h VL'itiriilly ilnwiiwani from tlii? jKiint C giving a poiut 
"'. jiiiii (I'D, Fruiii till- filjiitnit'iit jwint A, draw rf'jtiirallel tj> 
O'l), |>[M(lii.i' ilji' vt-rtical c ttinniyb ^I ii[iwar(l9. Through tlie 
]>i>itit3 I, :;, :t . . . . (i of tliL' U'uiii draw liorizoutal lines. The 
iii1iTfi^|.ts (.f rli,-.c horizunlid lini's bi-tn'eeu c and d' measure 

11., . 'J tn fill liiriona iMjint,-; 1, 2, 3 f the beam, viz., 

if., ■ y, . /' 1mi rl,,. (Mint 1, //j . .^„ : h fur tlif iwint 2 

LavJrr. il,.' v:iim-s of tlif^r iiittTCfiits, veWically, ill their 
ri;s[>i-( 1 1\,- |,l,i,,-- ii|iou. tin; I'ord JxilygoH, Wf obtriiu a new 
lioly^'oii, iii:iiki (1 by Hiroiij,' liners, aiid the tiuw intercepts 
nivasiiii .1/; /, :i-, it exists in tliL' arcli under tlio coudition nf 
Pa K'iti- -iv 11 ill .liivrtioii. iirc nll^■lsul■l■d within the shaded 

III tlii- irumi-, Mil' bfiuliiijf iiiiiiiiriii i.f iln^ nvc-hed beam is 
iK'j;ali\r ,ii i; .,,. il is l-t-iuj^ hnit iiinvar,! iil that |i..int.. 

4j. Ari'!,. •.'„.,! of Ttn-nuui o Hu'iUk;) Momnit CoUfl,! I.) ii 

U'.ii-ili i',:'ii:.~'i'\n- iuijiri'ssi'd i'ou|i!f (ti^, :il) consistjs i>l' 

111.' v,iii.i,l ^'.vr■]i{ jr i.nd its re.utiou It" in the ijillai- of the 
■ fiiiir, ,iiii] iiiMi <'-, restslvd by the reavtion t'ouple cousiatiiig iif 
tW h..ii/.,i,tal riiiriious //i.iid //' llivoiiyh the t-op iind bottom 
[.iv.Ft^^i1lld v.-r(iral arm d. 

Tlio iiii|m'.-sod cniijil,. it,-«4f can uidv aut on the pilhir of the 
rrano tiinai-h \W- i-,k1 ,■ ;,iid tli.' jihy b"v iiiean^ of the couple A 
and .(■ with arm ". 

In Ihc viTliral of thv vvoi-lit 11', and from the horizontal <'■ 
thr..u2li (he ii).|.cr pivol, lav off W. From tlic point ( ir, id 
draw n liiK' -oii.g liiruviyh tlir Iow.t pivot. From the lower end 
p >iiil Ml- ]V ,|nnv a hnriK..nlal // iiieetin- tile ]wviouslv drawn 
Mhli,[ue lim'. that liiie//"is the value nfilie force uf the reaction 
couple If.d,.;[U:,\ to and opiilihriati.iM; the coiijih- 11'. n: 

This eouple ir. -'■, call, as already stated, cidv act through 
the couple .1 ..'. 

Take then ;i;iy jiole distance It, and lay otf horizontally the 
two sup|)in-tiii;,' tMvres + If, — 11'. the two extreme rays of the 
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W GrLAPillCjU. I'ETEHllISATluS vF FODCES ^^^^ 

\h~.i\\ in til n -*j»>i»Jiiig^ rays f. e. e' in tfie cord polygon, 
su[>|>.'-i;:L: i": ■ ■ t t-s -r J im«f — J the supjufftiug forces 
uijiiiiiil ail i u.i K^iie the cvin] piilvgis) villi ibf line f. TiansTer 
r \" il.i' iVr • )«>lv^'D ftui! wic »liijun ibi: fuRvs ^ ami .4' 

TIk . r<i i'.U,.-u >h>)viE ibai thi- bruiliiij; momeiit is uf uu< 
-i::ii ii: iht I ] j' t lurt of tW |iii!iir jui<i »l~ ilu^ udi^si^ iu iLt 
I '"vi lui! T.i^M* litriiuii iliv value xcrv>. so tlwi if tliu 

[iil'ai Ml'.:. . -^ nilllli-Iii>- n W"Ulil a.-«^UlJitr Ml Z fomt. 

1 /■( -. /■■■ r. I J*h'tlr.>tOK(fnit,nnfirnr. 

■■■r.Jj, £«»,;.,/.— Let 



li 'nioiif,.! n!.~. ;s?.i iLi- 1i\t; vlhl K-lUg t-rijiill 






Tlii. i, ihr ,,,n.^r...b 1.. .1 .trai-l.t '.,:„■ im-iii- ilir„ngh tW 
li^iii Ai iliriiN,.! ,i;,i. l,,y ,n- . = ;.,'. join i!i'' tVco eiul of ttjis 
).!ih:it. ti. ilir .'liuiii, :iu.i w, i'l.i:,!!i :, ■_'rai>t.ica! rqiri'^eiitation 

I lln-.lttm'ili- i'V., in ll.i. ,,l,v. 

I iuii., tli.ii i-W, !.■ f r.i iiiiiMui 1 1 ..i.rtii. K-ara 
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loin tlie free ends 1) and D' u\' tliest- two ordinate's by a straight 
line necessarily ])assing throngli tlie urii^in C, and Ave obtain a 
graphical re])resentation of* tlie sliearinn* tbrre in tbis case. 

III. In the Case c>f a TraveUliuj Lock] of Uniform J'rcssior /)< r 
Unit of Lenfjthy required the Graph ieal Bepresmtatiun of the 
Shear iny Foree as it exi.^^ts at a/t/j Seetio)i as the Load arj-ires at 
that Seetion. — Let the load, iig. :^4, arrive vu tbo Ix-ani at 
^ npport B moving forward to su])port A, at a certain instant it 
♦ xtends over the beam a length a ± x the centre n\' tlie beam 
'• cinij orimn, the load therefore is 

J) = r/ + .'■ 

and the segments into which the re.^nltant L of this load divides 

the beam, are 

a -i- .1 , " + .'■ 
za — ami . > 
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«l,.n.- ,;,lliui; -I ai»l U lln- twi. Ra.lii.iis, ivu liavt tLc two 






■ - I!. 



17. ;;«</,■»,, .l/.»».»( Tr.i.hJ I,,, ih,- iil.h ,- a.viihkal Mdlu.l.— 

I. ;., /;,- r'«.it ,,/■,. B,..,. /■,,.,; ,./ ■ f,„/ ,.,„; fm „i a, „iitr, 
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fi'j, 22. — Under uniform loading our formula ^[Px (28 and 
tig. 14) becomes 

the equation to a parabola. For 



'■> 7 2 



x- 

II. In the Case of a Beam Supported at Both Kml^ and Uni- 
formly Load^idy fig, 23. — In this case the reaction at each point 
of support is 

/ 

placing the origin at A the bending moment at any abscissa x 
is 

the equation to a jiarabola whose vertex is at tlie centre of the 
span. 

48. Change of Sifpi of Shearing Force in a Beam nnder 2 ra eel- 
ling Loads, taking the Weight of the Beam into Aceoiuit. — We must 
in railway girders consider the combined ertect of a shearing 
force, arisim:: from a constant load and that arisin*^ from a travel- 
ling load, both loads being considered uniform ; the tirst load 
beinf; that of the girder itself, the second that of a train in 
motion. We have seen that the sheariim force arisiiii-- i'rom the 
first h)ad, so conditioned, changes sign at the centre of the span, 
and is represented by a straight line DD' (tig. 28; crossing the 
span at centre, and whose extreme ordinates over the points of 
support A and B (40, II.) are 

Considering S'J^J^P shearing as positive and F\^S as nega- 
tive, and drawing the straight liiie EE' (tig. 2*^) so that the 
positive or left hand ordinates are under the span line AB, an<l 



HKii ; 
UK I) : 



v. WnirsL UKTEILMISATIOS Of FUIH^ES ^^^^ 

i; 1,^ Lad coim- tui fr-'Bi tie righl liainl suppon /.'. 
I- r .: ii]iiii(.-<liutfly ill Tr'nil •>( il is atwA,s-s poiiitivt-; 
~\ <ri[ii; ti'iirrr tin- jiiun litH.* wv ubtnili t)n- jxinitiola 
t I J .li:.tuii(f U'twwu tlK-sc two lines ££" an.! 
\ |i lilt ,r ^iv»?i tLt- W'l/ value of slu-nrin^ at the 
I i!.> inivi-Uiiin I'j«'l luw wriviil »t tiist poiat. tlit- 
M iiui>i /;t>i iIk- jk'iiii J- lM'ingl<xi>k-d. 

/r i|]> it<.»itni- :'liiiiriii^ nrisiit^ fri'iii lln- imvt-Uiu- 

I - tliiiu tliiit ariflui; fntiij the (xmstmit UkuI, ihf 

I ' .li-*t<iii'^ i- i'viili'iii!y iit'gMlivv; frfnii K V^ A 



-I.,! ,'U,, 



] ...111-' irti Iti \W ■'\m\\ Ir-iii (t.vKtl baml. tl'f 
in Inmi fri'iii i' wmiM iilwitv.- Iiaiv iieoii nt^jjii- 

!.]■' alifiiriu;.'.!// lul.iiv tirv- s]j:m, t!ti-n tilt; Iwta! 
I t.i A" iiiily Kiiiilil \w pijsitive ; friim A," ti> , 
- w. ,iiMlmt \}t a ijififtrtif vitijnnn a-fiifhf itn( 
.. 7 l-'"l. fhiiU lu'tif aj'i>ro<fk from eitfitr <«« 
A"A" "-ti rUhn- xiiif i[l' the i-ulreo/ the spam 

''■III h- fontm mill iirQutire shiMring. 

^■\\'W4 I.rihl \\f^ uiii>ii tlu' »-lui]e 1m>]^ tiK'U Mi^ 

■ - (.r tin* triiiiijitr'S El>V ami Eli'C are thq 

ilnr- nt' til.- IMn^ilUr .S'tJ,/'«h.l hI" tlti' n.-f,'.»tiv^ 

.-|,...iiv-.)y. 



/■ tin Ci'i-f-n of this Sa-tioit.~ 
lie su]iii.is,'ii ,-iiiiiviitriitcil at 
iiinl ri.rni rln> t".iri.x> liiu! c^tnl 
■,iiiivtriial.uL,>i,k.ratioiis 



nri till' niiitr lUDIItTOIlS IIlL' llUtllblT <}i' 

iiii.> uliii-li i\w iiiiil'iiriu l..;ul k diviik-.! 
!■ t;iiii;i 111-;. ivln.Ti.'|ijli,' ttic curve liiiiy be 



til.' iM.rabob.^ vf lig! 



IX ENCilNEEHINCi e^TUUCTUHKS. -lo 

CHAPTER II. 
Open Frame Work. 

Section I. — E.rtiii^ioyi of Force and Cord Vohjijon Theorent-i to 
Forces dutrlbuied in anjj iiKraiur in a Phtiir. 

50. For mo (ion of Force and Cord Polyfjon to Forces dif^- 
irihuted in cnij/ manner in a Plane. — Let (fi]i^^. -() and '11) 
1, 2, 3, 4, 5, G be tlie lines of action of* fones distrilnited 
arbitrarily in a plane. Let 1, 2, *^, 4, 5, G l)e their fone [>'•!} gon 
composed of lines parallel to tlie lines of action of the fones, 
and of lengths proportional to their force. The fones hein^- 
supposed in e([uilibriuni, this tone polyg<ni is a closed polygon. 

From (the point 1, G) draw the diagonals 1,2, I, 2, .S, 

1, 2, 3, 4 . . . . these diagonals are, by the tlieoreni of the 
triangle of forces, respectively equal to the resultants of tl.i' 
forces after which they are named. 

To form the corresponding cord pidygon. Beginning Avith 
the forces 1 and 2, from their point of intersection draw tlie 
line 1, 2 parallel to 1,2 in the force polygon till it meets the 
line of action of force 3, then from that ])oint of intersect i<»n 
draw the line 1, 2, 3 parallel to 1, 2, o in force ]»olygon till it 
meets the line of action of foi-( e 4 and so on. 

These lines 1, 2, 1, 2, 3, 1, 2, :>. 4 . . . . :nv evidently the 
lines in which a cord, under the inliuenr-e (»f the ton es 1, 2. o, 4. 
woidd be kept stretched, and the te]isions along the diftereiit 

jiarts of the C(»rd, are measured by the dia^onids 1.2. 1, 2 '>, 

1 , 2. 3, 4 .... of the ton e polygon. 

In our tigure, all these lines are in a state of teiisinn, but we 
will, nevertheless, aj)ply the name c<>rd or link jM.lvuun to c.ises 
in which ont' or several, or all the linos <»!' tl.e iniauiiiarv curds 
or links an^ in a state ot" ('omjncssinn. 

31. Cui.MANN's Tiikohem (51 -:>:)). Aclal J.lne (iiid iln- 
procitij of Fitjiire Jiettvccn o Cmidu/icd l^nir of Force (C,id ft 
(^o'nd)incd Pair of Cord Polijfjons, lhlnntji,i'j riSjrt/ir>/// to the 
^cme Femes icifji One TJisj)laeed Force. 



i>'> GliAPlirCAI, HETKliMIXATION Of KOHCKR 

I. TJi'i, A'ii'l Lint. — If wi- niiistruet ftiir curd polygoUrl 
liL-;,'iiitiiii'_' with iliti fon'ca 2 and 3, imtead of ns before, wit* 
1 ami :;, \M' iilitniii a m-w cunl jwlygoii, fig. 27, in wliicli 
tlif li'iifiuiis along the hpw cord arc moHsurvd ty i\ new 
sft of iliii^niiiils in till' fnnv lw1>K"" (sli"wi> 'lotted^, viz, STS, 
:i7:0" :i, -•!, -K 5- 

Tiiis iicw cord polygon uiicl llir ini-viniiiilj- consfruck-d iire 

ruiiucctcd liv till' ijeymttrir'id j.iupi'iiy tl.iit \]w R'suttant fnrres, 

I, L* ^,U tin. tlr~l, i,llvl'^.'.'l^ -1 Mil lllr ...rnml nr N-w unrd l.uIvgl.U 

1,1', a „ - :t 

1, -1. :i, J .. 2;h.4 

1, ^ro . '( .. o.~+."- - " 

ill tholiu. ,.r,,<ii,,ii,>rt].uforiv I. 

Tliis iv i:i)i:(li!.' lit' nil t*l('iiii-iit;irv driiiuiislmtitui i>f wliicli y 
«ill ,.idv ii,.li. ii.. Ill,, si.'ps by bi-l]i"ol*»ig- -"'*■ 

Lit j1/; iij l'Tii, ri'pR'sont furif 1 in dtri-i'titjii, anil ileacTil 
.111 it [wrr 1.1 til. tiirci' ]nlygim, viz., tlie (jiiailrilatt-ral 1, 2, 3 aq^ 
1. !',":(, iind ils diugpiiidi. TT-i and -fTX On tliu otlier side d 
-ly.'.oiifimiL' 2. :md driiw Hit- diaymuds 1, i and 2,'^ from this 
(iyi]iiisii.> ]lllill1^i iif ./JB, and tliruugli C' wIhti' '2 and 2, 3 intersect 
dr.nv :(')iii:illi'] to 3 CTitting tbe diag.,Tni! 1, 2 in !>'. 3maIfB, 
tl.rii /'7; will W' in tlio same slrai^dit lini> as 2?Z), that is, as 
1, 2, :t. 

Tliis ti-iiLv -irV/y/ 1!^ ovidfntly a porlinn .if the combined 
c.rd i.nlv<;iii,s, tij;, 27, wliirli liiiv,."t<ir .■.nni.aris.m U-cn siniilarlv 
hiarkrd." 

FiMi.i til,- t;.||owiiij,' idt-nientary primiplos, rii-st, tbat iKirallei 
liiifs niaki- (■.[iial anglos with tliL- same line; second, that the 
altt'i'iiatv ;in,;;l''s niiiiie hy parallel lines uiitting a line are equal ; 
lliiid, tli.it alt.iiNite ai.ji'k-s are eipial, ivi' nlTtaiii in llii- fignre 

U = La; 13 = 1^' ■■■. 

Frota these equidities we find that A OBV is a parallelogram, 
and that AUG. AO'C; COD, ('-OD', are two pairs of similar 
triaie^les, w,- find from these that BOD. BCTI)' are similar 
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triangles, that tberefore /..r = l__x and BO, DO' Ix'ing paralk-l, 
I/BD form a straiglit line. 

It follows hence, that ACBI/ in the cr»rd polygon, tig. 27, 

being a similar figure to AC'BD' in ^g. '11 u, the tension '1, *> ot" 

the second cord polygon meets the tension 1, 2, S of the first 
cord polygon, in the line of action of the force 1. 

Taking in force polygon, tlie (piadrilateral formed by the 

forces 1, 2, 3, 4, 1, 2, 3, 4 and its diagonals 1, 2, 3 and 2, 3, 4, 
a similar method of demonstration would prove that the tension 

line 2, 3, 4 of the one cord polygon meets the tension line 



liArilirAi. PKTKiOlINATHiN Of FiiliCKS 



1 



I, L', ;{, 4 ul llir oliior ,i.l-a Jii-lyi-nn ill l\,v line ;( sir 

fnr.v 1. 

It iiin likvwisf W easily jJtTtvivwl that tills ijro)K.Tty 
riiiiiLiiniI cnril [lulygiiiu mil W pniVL'ii im sliilii-iil jiriiieiiil 

IT. 'J7,.ir i;.,,),m-itf/ a/ i'ir/iur.—It will In- tibservt-d tlia 
t«-,. .iiia.Irih.ttTals AliCU. All'.-D', m> not nmiLir fi-. 
i;.r or.liii;Lrv ;icT»;|rtnti.»ii oniii- wui'.J.biit rrriju-ooil, that i 
11. .t .miy tlii. liii,-; uf tlif uui: i-ainlld t.. tliv lilifs .,t' tli.> 
lint ;i tri:iu-l, iii t1if oHi: m¥nji'\Knii\s t^> ft IHwJi.' ill l!i(^ 
iliii~ |1h> tri.uij- ii) till- luiv.- iii.l.vyoii wliiwu m.lfs ai^- i, 

1, :iuom's|.,>i,.i-f.. iiicii'-i.'.i ill ti..> .-.,«] Hyy""> "'"■■■' 

Tin. liiR.s I. -, ^>,i,| 1. •>, ,,„r:.lk-l c;iuh U, f-M, with the s 
iIk' tri:ui,-Ir, tl„- tii-iii-lt. iti the' t'.PlVL- pulygoil 1, 2,":l, au.i 
lotli,. „„k. /;ii, t!i..Tn„i |i>ly._'.m whriv iii.Tl l)„-liri,-.^ 1 
.■ni.l i, :;,.■!. 

I'Vul.l th.-l.r.wr Mligllt -..nil U.tW- IrrlynuU yS lU- >.h 

ii;iM..i .)iuuh'iU!LTiil!i I, :!, :1. 4 .■m.l 1. -l. :i, + :uia its .ii; 
I, :iT:!:ii"l :ir;t, 4, .'in.l.'«f..rrh, 

\Vh<.i.,v if inlh.WS l.hiil lliv nnnl.iiir,! tnr.r |wly,sm 

lOiii'iiin'il iinii J II ilyguns -ari> iv>'i]>iM' iih 

oi. J:'/'-m, „/;,-,/ DmoHsh'ifin,! »f Ji'iripru,-''/ Qiun/ril' 
— Thr ]M,ssil.ility of t<.rimii- n iviprucal iimnhilatiTal is . 
<■{ 11 \.iy i-h.jiaiit yet t-U'iiieiitary cleinoiistriiliun. 

ll.-niL; .uivuii ii ti-iuu f.irnunl ol'si\ liiiL-s joining; fuur po 
:i iiLiii.v it is !il«;iys ii..ssil.lu to .■uustiiut ii siviiud fiyuiv, i 
Miiiip>isL..i ..f six iiiR'S j'-'iiiiii;; IVmr p-.itits, and suili, fin 
(■;i.li si.!.' ..I' thu oiu- Ji-,'Tirc .■oriv;p...!i.ls t.i n side of tin' 
jvii.tlli I nr piT|K'ii'!i<iilar tn or making a ,i;iven allele w 

lii-i. S m,!, tlial :dl systems of tJnve eonciiiTiuL; Ii 

th<' niii.. iciiTi'spoTid t'l ihri't' sidi's of a triangle in the 
Tlir 1 wn ti'_;iir.'s s:iliKfviii;_.' ihisi' ciinditions arc said 

J,rt AJICD, Wi:. -2S, ]k' \\u- li-Miv -iM-ii. It .'uiiipr 

lo,iitH;ii.^!,.s AIW, JIJJI, ADC. BUr. The fijrures f.irr 



IN ENGINEERING STnUCTURES. 




the six lines joining tlie centres d, c, b, a of tljc cirrlfs firfuiii- 
scribed to these triangles, evidently possess the properties enun- 
ciated. This results from the theorem that the pcrpendiuulnrs 
raised upon the middle points of three sides of a triangle concur 
in a point. We will not proceed with a formal demonstration, 

1. To all lines 1 of the given figure corresponds a line 1' of tlie 
new figure and perpendicular to the line given. 2. To all 
systems of three lines, as 1, 4, 5, forming a triangle in the given 
figure corresponds a no<le of three lines ooniurring in a point, 
I', 4', 5' in the new figure, and therefore inversely. If we turn 
either of these figures round through a right angle, tlic lines in 
the one will then be parallel to the lines in the other (fig. 
28o). 

It does not affect this proposition that, say, the two triangles 
ACD, BCD, fig. 286, should be so distorted from \\hat wo may 
call their normal form in fig. 28, as to be as it were folded, the 
one over the other, though when thus or otherwise deviating 
from the normal form, the demonstration cannot he so clearly 
perceived. 

From this demonstration we might again proceed to the proof 
of the combined pair of force and cord polygons of art. 51. 



^'!APi 



'H'Ul 



""Teiiia-,^ — 
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53. Axial Line and Reciprocity between the combined Fair of 
Force and combined Fair of Cord Folygons to the same Forces, 
Fole being displaced. — The homologous links of two cord poly- 
gons to the same fijrces, derived respectively from two force 
polygons, whose poles are and 0', meet on a line t parallel 
to the line Off (figs. 29a and 29^). 

For we may regard the given forces as e, 1, 2, 3, 4, (e'), t, in 
the first pair of force and cord polygons and as t,e, 1, 2, 3, 4, (/) 
in the other, and the proposition is reduced to that of art. 51. 

54. Resultant and Lhu of Action of RcsvUant of Forces in a 
Flane, — Let (fig. 29) 1, 2, 3, 4 he the given forces in direction 
and magnitude in the force polygon, and likewise in p(jsition 
on the plane of the paper. 

I. Value of Resultant. — In the force polygon join the free ends 
of 1 and 4 by the line 5, then 5 is the resultant in direction and 
magnitude. 

II. Line of Action of Resultant. — Take any pole for the 
force polygon, and form the corresponding cord polygon by 
means of art. 50. Extend the extreme links c and e f»f the 
cord polygon till they intersect in (e, e) a point in tlie line of 
the resultant R. Through this point draw R parallel to R or 5 
in the force polygon. 

For it is evidently the resultant of the two tensions e and e\ 

and consequently with opposite sign equilibriates the action of 
the forces 1, 2, 3, 4. 

Section II. — Application of preceding Force and Cord Foh/gon. 
Theorems to Determination of Tensions or Stresses in the 
Ba7's of Framework, 

55. Condition of Indeformahilii]/ in Frawev:orl\ — Framework 
must possess the property of indeformability under the action of 
applied forces, and, in order to satisfy this condition, it must 
necessarily be divided into triangles. 

56. Example of Irregular cnul Simple Framing. — Fig. 30a is 
an example of an irregular and simple frame A,1, B, 2. The im- 
pressed forces are the weight 1 acting downwards at node or 
joint 1, and its two reactions F^ and P^ at the points (►f support. 




These reactions are obtained after arl 
11 and 13). In this simple case we 
the cord polygon, ^d^ its closing line /, 
polygon, fig. 30 (7>}, formed from it. Forci 
OC or t drawn parallel to AB or t divides 

in the point C. From C draw A2, JJ'l, pi 
frame, meeting A\, B\ in the points 1 am 
equilibrium, for A\ and A^ in the frame ; 
pressure to A, and A\, A2 in the force 
tensions in the bars Al and J 2 in the fi 
same manner Bl and B2 in the force 
tensions in the bars Bl and B2 in the frai 

Now (by art. 22) e, and c would meas 
bars Al, Bi were the bars A2, B2 not ir 
to their presence, the bars Al, Bl are 
(quantities 01, 02 respectively. The resi 
s in the force diagram. 

But we will employ a method more ge: 
tliis and otlier examples. 
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node 1 and the point -4' by a line Q\ and let the frame now be 
transformed to A'lB. 

Notice (1) P^ and P^ are independent of the form of the 
frame. 

(2) The transformed firame is a triangle in equilibrium or a 
cord polygon (fig. 11) of which BA' is the closing line. 

(3) The stresses in P^, Q' and BA' form a triangle of forces in 
equilibrium of which one P^ is given and the directions Q' and 
BA' of the other two. 

The stresses in P^, Bl, BA' form a triangle of forces in equi- 
librium of which one, P^ is given and the directions Bl and BA' 
of the other two. 

(4) The stresses in Q' and BA' and in Bl and BA' depend 
solely, Jlrst, on P^ and Pg, and second, on their own direction. 

(5) The stress in BA' may be regarded, ^r*^^, as the resultant 
of Pj and stress in Q', secondy as the resultant of P^ and stress 
in Bl. 

II. Original Frame, — Seeing that the stress in B2, that i-^ 
BA', depends only on P^ and the direction of ^1, its value 
remains unchanged, whilst for Q' we substitute the orif::inal bars 
Al and s, whence, as in either case the node 1 is in equilibrium, 
the stresses in ^1, s and Q' form a system in equilibrium. 

Again, as the influence of the stress in B'2 was communicated 
to Q' through BA', (BA' and P^ holding C/ in equilibrium) so 
its influence must be communicated to Al and s tlirouij^h tlie 
bar A2, and the stresses in A2, s and B2 form a system in 
equilibrium. 

III. Notation of Art. 51. — Employing now the notation of 
arts. 50 and 51 , for the forces and tensions 

P . bein<jj called 1 

BA'oiM ,, „ 2 



'**' j» M •' 



Then from the previous elucidation it follows tliat 

Q' shall be called 1,"^ 
Al „ „ iT^ 

.11 „ ., 1,2,:^ 



tlieretore, into tliKling the reci})rocal combined ; 
the combined cord polygons, composed of the 
frames. This recpiires no further elucidation. 

57. Definition of Frame Dia/jram and Foree 
shall in future name the skeleton drawin^j of i 
diagram, and the force polygon of its tensions o 
diai^ram, in order to distiiiijuish them from the 
and force polygons of Chapter I. 

58. Method of Sections, assisted hy Line of Ae\ 
of Forces on On-c Side of Section. — Referring tc 
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fig. 30 which we have analysed in art. 57. Let us suppose a 
section (§i) through the frame on the left side of force and 
node 1. 

Now in 56 we have seen that 

(1) P^ on the left of this section equilibriates all the forces to 
the right (in this example P^and 1.) 

(2) That the stress in J52 can be made to depend on data all 
to the left of this section, viz., on P^, its own direction and 
direction of Q' (56, 4), whence we can solve the three stresses, 
viz., those in -^1,6' and B'l witliout any reference to the furm 
of the framework to tlie right hand of the section, (§j). This 
gives the method of sections a generality in application, which 
we can best explain by an example not quite so simple as 
fig. 30. 

Fiof. 31a is a frame diatiram similar to fi^. 30«, but loaded on 
both joints 1 and 2. 

(1) Form with any pule a force and cord polygon (figs. 31/>, 
31c) and by means of the closing line t obtain the two reacting 
forces P^ and Pp. 

(2) Conceive a section (§.,) to the left of joint 2. Tlie value 
of stress in A'l and A\ depends entirely on P ^ and the directions 
of the bars .^12 and A\, whence the triangle of forces, P^, /12 
and A\ on the force diagram. 

(3) Conceive a section (§J to tlic left of joint 1, tlien the forces 
to the left are + P ^ and — 2, and we iind by method of art. 42 
the line of action of the resultant, viz., of -f P.^ — 2, and shown 
upon tig. 31c. 

(4) Extend P2 to the h'ne of action of P^ — 2, and draw in 
the imaginary ])ar Q'. C»>nceive as formerly the frame trans- 
formed to ]iA\ Q' and PI. BA' is under the action of the 
same forces as formerly P2 was, for it depended on P^., the 
direction of PI, and its own direction. ]S'ow as the forces in 
the transformed frame are the same as those in the original 
frame (for P. and P., have onlv been substituted their resultant 
P^ — 2 in its line of action), the value of P^ has not been 
altered, nor the directions of Pi and P2 ; its value therefore has 



uB-traiCAL DETERUIKATIO.N OF FORCES ^^^ 

1 1 ked We ti id, tlierefore, tlie stress on B'2 by 

A iruuik.' f f i''ea formed by /"^ — P^ and the 

/Iwiti*^ - 

1 ik uj, a "ie toil (§4) close to tbe left of 2, and 

1 1 tite 1 u ut action of P^ — P^ in the point A* 

I I by <1 iginary bar R', we do not alter the 

I ivss (11 J I t ir the turning action of P^ Jironnci 

I Hill f i* is i'a - 0. but (P^ - P..) atts in tb«i 

1 P v! nee (P^ - P.)x = P^ 'a, wbt-me bj 

J.1 of f ces formed by P, - P^. and ihi 

I II U can be dfttTiniued. ^ 

1 I t! turning m.'t ion of yll is cqiiilibriate^ 

i U n. by ^, and as J'^ . a = (Z*^ - Pj,U il 

c therw ee know, Al and ^12 nui be detoji 

I r *»glt of forces formed by P^ and llie direclion^ 

irj t fiui -'I] by means of tlicUnk P', but ^ 

1 ng 1 e of two eord polygons differing bj 

I 1 n 1 OU3 sides meet in tbe line of action (^ 

lire nd fur niug their recijirocal figure, we Ba$_ 

1 b,r^-41 Ai,s, 
I 49 a d 50 in fig. Sir, 31/, 

P -T', hy 11iL-.'^ynil...l 1 
] s ess n b i/2 ,, „ 2 



Ji' tukfs the symbol J^i 



recognise tbe combined cord ; 



,.,i|y,i;uiisuf art. 51, fig. 27. 

i,'X Mdh<«^ of Sedions with Line of Action of Pestdtaiil on 
Hue Siih- of Sniion, vonliitvdL—lh'ia method is perfectly general. 
Let. ns now take a more complex frame diagram, (figs. 32, 33, 
34, 35) and let there he fovind fir.st, by means of fone and cord 
polygon, and pruposition of art. 42 (these polygons are not given 
in figure), the value and jiosition of all the forces acting beyond 
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1' ' 
I' I 
I' I 



a given section, for instance to tlie left of §.^, fig. 32, that is, let, 
as formerly, P^ and Fj„ tlie reactions of tlie two points of 
support, be found, then at §.^, P — P^ — (Pi + P.^)^ (P^ and P^ 
acting at the joints 1 and 2 respectively), and equal but opposite 
to the sum of the remaining forces to the right of §.j. 

The three bars of the frame 7t, s, and Q hold tliis in equi- 
librium, and if, as in (58) Ave draw in the imaginary bar Q' 
meeting Q produced in the line of action of P, and conceive tlie 
frame transformed so as to have the ])oint (Q, Q') f<jr the jioint 
of support, then P . x - P ^ . a — {P^a^ + -^V'j)> ^''^' turning 
moment being resisted by Q, either in the transformed frame or 
in the original frame, whence P, the stresses in Q and in Q' are 
in equilibrium and forn:i a triangle of forces. 

For Q' %ve may now substitute R and >S' ioiS, II.) which form 
with Q therefore a system in e<piilibrium, wherefore stresses in 
Q\ s, and 11, form a triangle of fjrces. 

In the same manner, by taking a section to the left of joint 2 
we might find P\ and we have again the combined cord polygon, 
whose combined force polygon is a reciprocal figure. 

We can thus proceed from section t(^ section and determine 
the stresses on all the bars. 




(a) 



Fig. 35. 



\ 



\3.. 



Ur/'-RiA >v 
1 Q :,v-,- 2 

(s- A. 



-^*4 



•^"or 



r 
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60. Variatiom in Form of the Force Diagrams, — The force 
diagrams, fig. c and d, represent another method of obtaining 
the strains in Q, 2i, and s, by resolving F into two forces S and 
S\ whose directions are given. aS" going through tbe point 
(Q, R) must equihbriate Q and B. 

These forms of force diagrams are in many circumstances more 
convenient than the previous forms, figs. h. 

61. Method of Sections, with Line of Residtant of Forces oil 
One Side of Section, ajypUed to Forces acting ^(pon the Joints of a 
Frame in any direction. — Fig 30 is a frame of perfectly general 
form, with forces acting on its nodes in arbitrarily given 
directions, and the direction of one reaction, say 7>, given. 

With any pole form a force polygon and corresponding cord 
polygon (50 and 51), and by means of the closing Hue t of the 



Fi5.36. 



(QR)v: 









cord polygon transferred to the 
force polygon, cutting the re- 
^ action /> in tlie point (\ we 
()l)tain tlie value of rea* tinn P> and 
direction and value of reaction 
A. Taking a section (j:^^ to tlie 
right (»f P and through the bar 
1, :\, and extending/ the sides I' '1' 
and / of the cord polygon, their 
point of intersection is a point in 




/. 
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a reciprocal figure, and fumislies, as formerly, the stresses in the 

bars 1, 3, 8 and Q, 

In this manner we can proceed section by section for every 
other group of three bars. 

The demonstration in art. 59, being general, completely 
includes this case, remembering that the lever arms of a turning 
force around any node, are measured by a perpendicular to the 
line of action of that force let fall upon it from the node. 

62. Cases in which Force and Frame Diagrams are Similar 
Figures, — The force and frame diagrams are similar figures when 
the force and the bar s are parallel ; fig. 35 ilhistrates this for 
the ordinary case of a vertical force and vertical bar. 

63. Method of obtaining Force Diagram hj Method of Sections^ 
independently of Lin^ of Action of Ea^idtant of Forces on One 
Side of Section under consideration. 

I. Frame with Simple Nodes, — Fig. 37 is a perfectly general 
and irreguhir framework irregularly loaded at the joints 1, 2, 3, 
4, 5 ; the stresses on the bars are required. 

By means of a force polygon, with any jiole and its corre- 
sponding cord polygon, we find the closing lines t, and thence 
the two reactions P^ and P^ = CA and BC respectively. 

Beginning now at the point A and working towards the right, 
consider first a section (§^) passing to the left of 1 and through 
A2, 

The reaction P ^ = C^, the stresses in Al and A2 are in 
equilibrium, for, yll and yl2 are the only members which 
transmit a force to the point A. 

On AC describe the triangle of forces required by this system. 

Consider §2 passing U) the left of joint 2 and through tlie bar 
173. 

The reaction there is Pj — 1 = C'(l, 2), and this is held in 
equilibrium (fig. 33) by S' and S, that is by Sy Q, and It. 

In force and frame diagrams, fig. 33 

P (J R S 

In this diagram 6'(J, 2) A'l I, 3 a 

Of these are (Jivcii (liven Req'^ Ke(i''. 




/ 



.J^ 



o 



F'ig-.3S. 




t_ 




•UK 
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Consider §3 to the left of joint 3 and through tlie bar 2, 4-. 
The reaction is now P^ - (1 + 2) = (7(2, H), held in equi- 
librium by S and S' as formerly. 

In force and frame diagrams, tigs. o2 or 33 

F 2i Q S 

In this frame diagram 

6/(2; 3) 1,3 274 h 



Of these are 



given given re({'^ roq'^. 



wherefore from the point (2, 3) draw 1', 3' equal and parallel to 

1, 3. From its extremity draw h parallel to bar 7>, meeting the 
ray 2, 4 from C parallel to bar 2, 4 in pcjint 3. 

We thus obtain the closed polygon C{2, 3), 1', 3', h, 2, 4, 
whose sides measure the stresses in the bars having the same 
symbols. 

Consider §^ to the left of joint 4, the reaction is now 
P^ — (1 f 2 + 3) and has become negative and is therefore 

measured from C downward, and is thus measured by (7(3, 4). 

The same process is repeated until the line JJo has been 
drawm from the point of 5, when, if the drawing has been 
accurately done, the Hue Bo w411 go through the point B. 

In the same manner, by taking sections to the right of the 
joints we might begin at B and end at the point A. 

It may be made a matter of observation, that for every node 
or joint in the frame diagram there is a reciprocal closed polygon 
in the force diagram. Take, lor instance, the node 2, from 
whence in the framework issue the lines, force 2, bars A'2, a, h, 

2, 4. In the force polygon, force 2', h, 24, ^42, a. 

II. Frame icith a Compound Node, — If three connecting bars 
unite in the same joint as in tig. 38, where the three bars t, r, d 
unite in the same joint 3 the determination of tlieir stresses is 
worthy of notice. 

Beginning at A proceed, as in last case, until we obtain the 
stresses on bars 1,3, and h. From tlie point (2,3) force diagram 
suppose the line r drawn (it need not be drawn) ; r is the result- 
ant of the stresses in the bars I, 3 and h. 

Consider now §^, the reaction is P^ — (1 + 2 -f 4), wherefore, 
from the point (2, 3) lay (►ff force 4^ downwards, and througli its 



stresses ])y ini-ans of tlie three burs 1, 8, c^, A, 2, \ve (Icterminc it 

by means of A\, 2,4, a. Fig. 80 in the next article is an 

exaiiiplo. 

04. Method of Sections continued^ applied to the Coiistniction of 
Part I'd Force J) ia grams, in order to determine the Stresses r/i 
coniurtliKj Bars ichen in front of an advancing Travelling 
Load. — Fig. ''M)a is a girder with vertical bars supposed 
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I. Loaded on all its upper joints 1, 3, 5, 7, (fijj^s. 3I)(^ .SO J, 
39c). 

Consider §i 

Force polygon, fig. SS F Q R 

Tn this diagram 39a, 39c, P^ 0, 2 0^1 

given. recpiired, reqnircMl. 
Consider §.,. 

Forces, fig. 33 PR Q S 

In this diagram P^ 0, 1 2, 4 i. 

given. given. reiiuired. re(|uire(l. 

From the extremity of 0, 1 draw i. vertically meeting the 
ray 2, 4. 

Consider §3. 
Forces P Q R S 

In this diagram (7(173) 274 1,3 /> 

given. giv(»n. recjuired. reciuired. 

Consider §j. 
Forces P R Q S 

C(3,5) 1^3 4,0 ii. 

given. given. required, requires 1. 

In this manner the diagram for a full lead may he completed. 

II. Incoinphlc Forcr Dia(jra)ns for Part ial Lo(idin(j, Jlj, 39rf. — 
In the cord polygon, fig. 39/^ find the Hues t' , i!\ i"\ and from 
them the ])oint.s (", C'\ ^'"' fer loadings (41 and 't\)^. 18), 
respectively over joints 

\ 0, 7, 

5. 7, 9 

7. !) 

I) 

i. For loadings over joints 3, 5, 7. -K 

Con.sider i^^. Focus C. 
Force polygon P Q R 

Tn diagrams 39^/, 39.7 A' \)~t 0, 1 

given. required, recpiired. 
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F.)rce polj-guii P 11 Q S 

In (Ii!it,'i-aiiis ail-j, 3i)(? A' 11,1 2,* i. 

given. yiv'ii. ici|uircil. ifi|iiii 

From llicT\ti<-iiiity of lT7 I drnw i. imriii,- :!, 4. 

ConsicliM- Ij,,, Focus (" 

(■'oTCf|).>lyn,,ii r i,' i: X /,- 

In.ibgviui.s.-ili^', W.id A -Z.-^ I,:l /' .< 

yivon. yivvH, ivij'i ivn'i i>.||' 

Tlmaig!! [Mint {I , :i) ,1n.w 1, :i, lunl iV.^i.i tIk- ci.il j.niiit .il 
■ Iraw h. 

ii. Fvr l..ii.liH-so%iT.ii,iut.s.'i,7.!'. 

Cunsi.itr S,. F>"'us ("■ 
Force polyi;iiii /' (,' U 

I^l.!iagriVlJl^:tl^^ :i!(,^ .1' {<,.') | , :i 

Coiiiplett? by triiiiigk* nt' FnnH-M. 

C\uisi(ii.T Jij. F<,iciis V". 
Force iiolyt,'oii /' 7/ (,' ,s' 

In (liagi-iiiuP ;trv, at)*/ .1" iTTi 4. Ii ii. 

Tiir..iigli tliu I'lid point nf I, :; ,,r :"'l Jraw ii. lu.ctiii^: Hi, 
+, li. 

Ciiisiiita- Jj,. Fncns f" 
F.ircc;poly<j.',h f (.' /,' .^ /.' 

In .iiagraniw ;i!),(, :(!)./ yl" 4,"(> :t, 5 -■ «" 

-ivfu ■■ivfn _ ru.i'i. ivii". roii". 

Tin-oiiyh thf puint (:i, 5) ilraw :), b, and trniii tlit- cxti-euiity 
of 4, Ij.irawiii. 

In like manner we may obtain tlie stresses npun iii. and li t'ui- 
a loading- 111) joints 7 and 1), ami on iv. and -■ fur a load on <.). 

\\\- liavp nut complicated tliis dingram by taking- int.. a.rniinl 
tlio stnu-tiiral weij;iit of tlie ■;in!er, bnt llie jimuunt „f m,Klili- 
ration of tliu stres«^s wliich this occasions woul.i be most easily 
obtained by the formation of a diajjrani of stresses for the 
structiiral weight alone, ivhidi efmld be added to those found by 
the partial diagrams, taking; of course Llie si;,ni of the stress into 
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'.for tht\ 



05. Gi-"phiriU SohiH'M o/ the AuHli/ticat Ej.-prcH»ioii for 
hr^is in the Burs of « Frame. — Let it be ro<iiiU'cd to Hiui llie 
ress on ilic luir !J, 5 uiidiT a full liiad, wIior- r is tlic Icvcr arm 
■miii.l tho j.>int. U (figa. 30ff luiil aOr). 

TraiisfiT r In tlie my C of tliu futn- pulynoii lityinjr it ntf from 
il.^ 0, Inmi likewi.=!C Iiiy "ff .m my r the l>L-iii]iuj: luoiii.-Tit 
■liiuiitij ,lf : ;< mitior joint 0. TIk^u from t!i.> lu.l i->itil nf c u 
r;iw a linr iiioL-ting tlie itoirit // whvlv llio lionamital liiii' A 
iwfs tlir lin.' <>( Wfiglits, ami pariUlL-l to lliis liof .li 
irou^li D.r itiJ point of :»/■:/(, then 
j1/ .1/ 



; h 



h 



h AAAA , 



, ,s A 
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Stction III. — Simplijicalions in Force Diajrams. 

66. Env.mcration of Sim pUjlcat ions occurrin{j in Forrc Dia- 
grams. — In forraiug force diagrams by the preceding method, 
certain dispositions of framing and forces k'ad to extensive 
simplifications. 

i. There may be a simplification arising from a symmetrical 
disposition of framing and weights, the reactions at the points of 
support become equal, the line of weights is then bisected in 
the point (7, wdiicli is therefore given, and the construction of 
force and cord polygons in order to obtain this point is dispensed 
w^ith. 

ii. Another simplification is frequently co-introduced, viz. 
considering the joints of the lower bars as rmloaded. 

iii. Another simplification occurs when the upper an<l lower 
bars form respectively a right line, as in the parallel boomed 
girder or form; each series res])ectively two straight lines meeting 
in the axis of symmetry is generally the case in roof framing. 

In these cases the grou]! of upper and of Iowxt bars form 
each one and two groups respectively of parallel lines on the 
force diagram, the group or groups of lower bars proceeding 
from the focus C becoming suiieriinposed. 

These various simplifications in the force diagrams go a long 
way to conceal the steps by wliich they are obtained. 

G7. Force Dicojrams of a Parallel Boomed Girder. 

i. Under an arbitrary system of weiglits hung from eacli joint 
0, 1, 2, 8 fig. 40(/. 

For this case the force and cord polygons (figs. 40^>, 40() must 
be drawn in order to find the point C. 

The bars A\, 1, .S, :3, j . . . . in the upper boom become 

parallel lines in the force diagiani. The bars 0, 2, 2, 4 ... . of 
the lower boom proceeding from C are superimposed upon each 
other. 

The polygons in tlie force diagram are reciprocal, for instance 
in node 1, the rays in the node and the closed ])olygou sides in 
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. ruder an arhiirary sjslciii of weights Imiig fVuiii tliL- iipp 
Is only (figs. 4lfl,?.,r), 

i. Loaik'ti Kj'nirnvlricnlly uii i(s ujijii-r liouiii (figs. 41«, d). 
-. Loiiilf.l on ,1110 joint as ti (tigs. 41", . onl triangle c, .', 
gs. 41/. ana41.')- 
Loaded on tlie wiilral joint, (tigs. 41rt,/). 

s. For/iaf Fon-e Piatp-fom in n I'ornlM HoowH Gin) 
W'l). This, aftei- f>4 11., ro.)iiiies no cxpliiiiation. 
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69. Foixc Diagrams of Hoof Framinrj, — As the siiiipiitications 
of force diagrams, so apt to perplex, mostly occur in roof framing, 
we give a considerable number of examples. 

I. Roofs tcitk Simple Nodes. 



Flg.42. 




B 




-^^^ 



i. Simple lio(f Framivf/. — Fig. 42. This has anaK)gy to 
i\<^. 80. In fig. 30 the dis])08ition of the additional l)ars 
A'l, JJ'2 was to diminish the stresses in A\, ]l\. In this tigure 
tlieir effect is to increase these stresses. 



Fig.43. 





Y-" 



ii. Early L'aihoa// Iu>of—¥\g. 43. Here the bars a, b, and 
2, 4 take the place of the bar s of tig. 42. Beginning at A 

§., gives thi* stresses on ^11, ^-12 

Jii e(|uilibriates A and B\. 

iii. Man:<anl Rcnf. — Fig. 44. At the risk ui prolixity \vc 
will u() over the determination <»f the stresses in this roof in 
detail. 

Jlji gives A\ and .12, whence the triangle A, Al, A"!. 

Consider §.^. 
Force polygon P ^ - 1 Q R S 

Fig. 44 ^'(l,-0 ^^- 1 -> ^' 

gi\en. .uiv<u. iccpiired. required. 



.Ci «.«K RiItCES 




l(,,..n.;l, |.>...iMl,:ii Ji.i« l.:t, iLU.H'rnriiCxtreimlyi.f ,-!:;, ,)mwt 

t..„.. ,-!>'-;-" '"^-1 '' 'i ■**' 

^:ivt.|i. givcu. rei|uiruil. rftiuiivd 

l'lu>.iii^li ( '.intw ^, +. mi.l tliruuyii uxtrL-iuiry uf iTT* 'Iniw i. 

l\- H ("ji, 5) 2,4 :},.-. 

t'iviii. ■,'ivi'i]. ri'ipiivrii. icuviirL'tl, 

Tliiiiu^li tiio jKiiiit (3,5) draw 3,5, aiul through the extrciiiU 

r,„..i.i..rs..,. 

!■,..,,■ |...|yijnii P^ _ (1 + ;t, R (,< >5 

(-"(rCs) 3, ■'- /-', 4 '/ 

j,nvc-i;. givc-ii. iv.iuirc.i, iv.]uin..l, 

'I'lir.iii^-h the cxhemily >ii' 3", 5 draw r/ riioftiii^,' ray //, 4. 

ruiisiihTi)^. 

l-'urrr [.oh-Koli P^ _ (1 + ;t + 5) - r„ Q It 

\-'i-' 44 P., 11,'i B, 5 



'rhruii-h lUo ,■11,1 |.mil ul /l,i,h-.,^v li,:, «l,iHi mi^'lit 1,> 
i|,i.,ii-hthr,.Miviiiil> nl ih,. hn.'.^l «ei-lits. 
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II. Roofs vnth Polyangular Nodes, 

iv. Swiss Roof. — Fig. 45 is a simple example of this eomplex 
node. 




Fi^.45. 







Consider §j. 
From §1 we obtain the stress of ^I, At. 

Consider S.,. 
Force polygon P^ — 1 Q li 

Fig. 45 t', (13) A,'l 1,.S 

given. given, rec^uired. reipiired. 

Througli point (1,3) draw 1,3, and througli the end point (.►f 
At draw a meeting 1, 3. 

Consider §.j. 

P^ - (1 -f 3) QMS 



Force polygon 
Fig. 45 



- --^-^^- Result^ of 



At and a ' ' 
given. given. ro(juired. recpiired. 

Through point (3, 5; draw 3,5, and from the extremity of the 

result^mt r of At and a draw c meeting 3,5. Cum}>lete by aid 
of §,. 

V. German Roof. — When tlie Swiss rouf (hg. 45) is so modified 
that the bars a and c are in one piece fixed horiznntally, it 
becomes the " German roof." 

vi. Crescent Roof (rilh Polyangnhtr Node at centre. — Fig. 4(5. 
The weicrhts have been taken irre^i^ailarlv, and the cord and fore e 
polygons from which the point C was found, have not been 
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vii. English Itoof. — Fig. 47. This is but a simplification of 
tlie last example, and does not require therefore further eluci- 
dation. 




III. Trusdng and Trussed Boofs. 




Fie.4S. 



"^^A^-- 


Ai 


A 


a 




"^ 


B2^. 


Bi 


6 



c 
1 



viii. TrurnyaUrr Trass,— V\<i^. 48. Tliis is tlie sim])lest I'uiin 
of trussing. It may be lookc'<l u])on as ;i 8im})liiied form of tig. 
30, in ^vlli^]l tho pulo is removec] to an infinite distnnri^ and 
on other ^rrounds we also kiunvthat jin intinitelv ureat horizontal 
force can alone e(pdlibriate a. vertical force however small. 

ix. Compound TriaiKjuhir Truss. — Fig! 40. We give this 
truss and its force diagram witliout commont. 

X. Trapezoidal Trtfss. — Fig. oO. This truss must be counter- 
braced for inecpiality of loading, for it is evidont that thon the 
shearing force h:is opposite signs at 1 and .S, and an unbalanccMl 
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xi, F,:n,h Roof.— Tig. 51 is thy thiiiR- (lia^Tmii uf tli.' Fr.'iu.] 
i.",f, ir.AWA l,y tlii-iii "Charjxufe « l<i /Ww.wj'." I 

Whrti flio" sijitJliT tiTisses, tlml is, tl..- I.;,rs n. ?<. ,/, ,;. n^ 
uiiiit(c-il, ill lar-^e roufs, tlio member A7 becomes a girder rcstiii; 
upon tbri.>f jMuiits of support .4, fl, 7, uinler tbe ac-tii.n of f.nc 
prrpcii.iiciiLir t.) its liiivctiut, aiLil ol.li<|U.> fuLvw iiK.iig its l.^ii-tl 
iiiiil limy re.[nire 1(. Ix- tiviitwl as ;i coiitimums beiini. 




IN ENGINEERING STRUCTURES. 77 

Section IV, — Clerk-Maxwell's Theorem. — Reciprocal Force 

Diagrcims. 

70. Condiiions necessary in order to ohtain a completely Reci- 
procal Figure as Force Diagram to a given Frame divided into 
Triangles, arc Equilihrinm of Impressed Forces and their Cyclical 
Seizure in Force Diagram, 

In the method of sections (58) we have seen that we obtain 
for every node, taken separately, a reciprocal figure fur force 
diagram. Attending now to fig. 54, and beginning at node A, 
we have the line A\ in tlie force diagram, connnon to node A 
and adjoining node 1. We have also the force 1. Thus we have 
two lines of the reciprocal force diagram for node 1, wldch com- 
pleted as that of A has been, gives tiie line 1, 3 common to node 
1 and adjoining node 3, ami it gives no other line by which to 
step to another node, whence if we lay there at its extremity the 
force 3 we liave again, two lines of the reciprocal force diagram 
of node 3. But the impressed I'orces being in equilibrium among 
themselves, form a closed polygon wlien seized in any order, 
reofard beim; had to tlieir simis, and hence also when seized in 
cyclical order. Now completing our reciprocal force diagram of 
node 3, we have so far a completely reci])rocal figure, thou 
seizing the next in order, and so on, we arrive at the lines ^A 
and a, already found, and which must ajj'ain have the same values 
owing to the etpiilibrium of tlie impressed forces. Thus the 
whole figure is reciprocal. 

This mav also be demonstrated after Cremona ^ in a more 
general manner, but involviuLi* the consideration of forces in 
space. 

It will be observed that the method of sections, by which we 
have till now obtained force diagrams, has led, in s(nnc cases, to 
partially reci])rocal figures, e.g. figs. 37, 38 .... and in others, io 
wholly reciprocal figures, e.g. iigs. 4(), 47 .... and we can see 
that the failure to (»btain figures wholly reciprocal occurs in 
those frames which are loaded on upper and lo\Ner nodes, for, 

^ Kr/ifle und Sci!p()IyiL2:(Hi als reciprokc Pi;igraniino iiii Sinnc Clcik- 
Mnxwclls. — Xr'it^ilinf'f r//.s ( h y/f r/'t /clu'si/ini ln'J.- 'tad A re//.-] < if ins, 1873, 
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P'lff.52 
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i'*iR..vj 
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71. h'.nun/i/ts tfj Fifrnuitioii ([/' Jitciprora! Dlay 
t>f lurfti'tlff (ft n* nt/ Fiuiii irilh Fonm in inn/ 
riititt. \Vr i^ivr \\\ tiL;s. o'l i\\u\ y>\ tw») siin})lo i 
.»- : Lt't I ami (ho <lirrrti»»ii of />* ivaotiiiii Iv ir 
:\\\\ point (^ iis |h»lo. wt' obtain tho linos (*. <•' an 
(lio lino t of liio ooi\l polvLion. vvhioii transtorrii 
poK^on ^i^os tlu- pvunt T \\lioro 7> moots / wiio 
imno»l I In tlio loMiltant of" -I and /> torniini; a 
l>'i\-o pxU'jon auvl i'vMiNOviuontlv torniin.:" a Uv\lo 
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.s, bar Ii>' fnrin a rinsed ]M»lyu()ii; IVn'cc By bar B\, bar B'l tnrni 
a triangle. 

Fi^^ 5o : Form part of the Inrce ]>'>Iyf;on with forces 1, '2, and 
the direction of the B force. Take any pole 0, and by its means 
draw in the lines r, 1, '1\ / of tlie cord ptdygon, thns finding the 
lines / of force and cord poly^^^ons, and consecpiently the vahies 
and remaininir direction of tlie reactions B and ^1. 

Beginning now witli A, we liavc a node, f^rce ^i, bars ^11, A '2 
witli whicli to form a triangh' in tlie force diagram. Pass on to 
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node 1, tliL'U furct; 1, bars \A, s. Ti'fi»rm a cluscd qua^l 
Pjws uu to iioile B ill the force polygon, tran-sfui- it Ikjhi 
ptniit iif force 2 to tlip end point of fnrcc T, nml force H, 

M form there a triaiij;Ie. Now pass on to 2 ; force 2, 
«, and 2.1 firm n trianijle. jind the reciprocal figure is o 

Fig. 54 ia more cmiiplex, Init the i-iienitions are tho 
in the last figure. 

i. Tlie ordinary line of \wvj,h\s uf ihe kiin«n fonv 
4, togetlier with tlie direcljoii at une of (he i.^etiuns 
down. 



ii. Til rd p'ilyj,'nii i: 



: {.>r 



I'd, 



line I 
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iii. The line t is transferred to the force polygon, by which 
means it is completed. 



S2 GKAE'HICAL DETEHMINATION OF FOitCKS ^^^" 

iv. The forces are seized in cffdiftil ortlor beginning (il A, tlioil 
node 1 , tiien nucie 3 whieh reiiiiirea the iorcts 3 to be transferred to 
the end [mint ef 1, then nude B wliich reiiiiirea tlie rejicticg 
force a ;d.-;" to be tJiiusferrcd, then node 4, then node 2; forces 
A, B, and R in frame diagram unite in a niHie beyond the 
boundary of the page. 

72. Aj>plicatlono/ Urciproca! Dicffrriuis to Wimf-pirssiire an u 
Iioof,Ji<j. JO. — Although tbisciiube aeeunijjlished by the method 
<if seutions, yet carrying the idea of a reciproeal figure in the 
mind f;icilit,iles the cwnstniction. 

Having compounded fig. 5J, the wind and roof presaiires 
1, 3, 5, 7, and eiiniiibriuted the impressed forces, by giving to one 
<'f the iractiuns as .^ a rietermined direction, we proneed as in 
the previous examples, 

73. R-aiiiples of AppHeation of Peectding Mi^thnh. 

i. Fig. ji; is theframeworkof a£7n'?)flafterCfiiiMi)N'.\.andmay 
i'itber be Inoked upon as worked out by ihr nic^thod of sections 
or that of reciprocal figures. 

In order to its verification tlie Hue of action uf resultant R 
wa.s fLuuid by means of the oRliniiry force and conl polygon, 
sJiown in dntted lines. Tl.e last three bars A\, B2. b, of the 
figure arc the E, Q, and .Sf of flie general sohition, figs. 32, 33 
.... and with either the imaginary links Q' and K of that 
Kolntion we can verify the points (6, n) or (^11, a). 

Tlic load, it will bo noticed, is not constant, but increases 
st;ction by section, being, first, at node 0, P— ir, for section to 
tlie right'of joint 8, P={ir+ w^ 

ii. Fig. .j7«, olh, are frame and force diagrams of a Tt(rnii>g- 
/Iriift/c after Licvv,^ and, like the previous exanijile, may be 
looked upon as either worked out by the nietliod (if .sections <n 
that of reciprocal figures 

In tiiis case (I) tlie h[ie of the resultant B of all llie weights 
is given, for it must jiass through the ]iivot ^4 ('2] the weiglits 
over tin; s]iau are supposed known, an<l (;'.) tlie weights over the 
loniiterpoisc .in.' requirnl. 

Finding by means of force poly-on 0,,,Thd correspoii.ling cord 
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polygon the line of action of resultant 1{^ of the weights over 
the span, then, supposing the weights over the counterpoise 
distributed in any given ratio, say, equally over the joints, form 
a force polygon 0^ with its line of weights equally divided, and 
by means of its corresponding cord polygon, find the line of 
action of the resultant R.^ when we have a c^se of art. 20. 
Given the lines of action of three forces iZ, R^, R.^ in equilibrium, 
and the value of one of them R^ to find the values of the other 
two. 



Figr.57. 
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the cordi 
of action' 



Si)Ivr.l ;is fiplluwa, extending the oxlreme raya in tli 
jMilyK.iii iif 0|, till tlicy intersect respectively the line of actionl 
III' H^ iiriil "f It, we obtain the closing lint- 1 of 0, and the value* 
•if li n\i-\ /i.iis indicated. 

Itivjili. Jt^ iitUi the Dumber of equal parta ciirresponding w 
i,hi; niiiiihiT of erimi«irtineiits in the I'unntiTptiise, and proct 
t'. fiiid ih.' Hti-i'sses ofi in last examjilu. 

The ;trriiru''v '•( the strt'SS ftia^ramii may he testtd as furmt'rljr 
hy Ihr n .ii.n.r.U in Ih- (l.rci^ diu'!iiim of the imaginary linkij 
(/, A", ill iIm liriiiiL- iliagriim, a!iL-wn dotted and jtartly ili 
ill the: ll-i.i.^ 



iii. h"i>^. iiH in a.n example uf the reciprocal force diagrs 
Uuiujiiuf Girder lufuled on both npper and lower joiats. 



1 of ^ 



/VUXjxJV 
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m V. — Herr Heuser's^ Problem and its Application to 

Hinged Arch Work, 

— Problem. To Carry a Cord Polygon to given Forces through 
I given Points. — Let (fig. 60) 1, 2, 3, 4 .... 9, be the lines of 
1 of a number of forces and A, By C three given points, we 




len, with any pole distance in the force polygon, describe a 
polygon going througli the given i)oint A ; or, for greater 
less of figure, let us first <lescribe a cord p( Jygon upon tlie 
uf action of the forces through no particular points, '(\'g. GOrt, 
any pole distance 0' . This gives us the line of action of 

'ur Stabilitatsuiitersucliimg dor Ge\v«"»n»o," Deutsrlu' Ihni:effung, 1872, 
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llu- i.siilt;uii Hi .il" >.ll Iliu f..nvs. Let tlie p^iiit C. t,hn.u^; 
\vlii,li \M' «i-li t.. nim- till- ultiiiiiito ciirci pKlygoii, lit- bet' 
i;.i>-,'s (1 L.iul T; tWii, K vxtvmliii^ tlio link 0. 7 till it. infills 
ill,- lAtivuu^ niv" •' «ml c' wf rail, wtrli tiii,- Ik-Iji t.f llic- furc-i.- 
,...U^,>.. ..l.|.,M>"l),.- liiH-fl .rf (u-ti.tii uf (lie n>sull.i.iit forous i?i! 

ri..\'iti;li -^:, p. ii,i> .1 itii.l i? ilniw twi. lin.-s c" iiiiil f" iiiltr- 
N,,niK n\ ll . , ..•iiiil.'t.' U'siilt.-iiit Ifl; c" iiial i'" aiv ncctssarilv 
,lv ,«,.Vn(., ,u, ,;.n. .1 :i .-unl p..ly-uii of tnr.vs 1,2. 

niiv-u;li il.. i..i.TM>i'ii,'u of tliu I'xln'itu^ mva <", >." wiili t.)jo| 
H.wi.il u'-iil II. (s //; ami ^. ilniw a line/"' iiifutiny tin.- 
ihi.'uv;!. .(/•' II, /", tli.-ii.r iw t\w line O/f L'xti'iiili'il «f tlie i 
|v■'^>;.'n i;.'iii-; ilili>ilt,'ll -I m"! /' wln.inc fiircv pulygoli JKilc is <f,-^ 
I. lit «liuli •••'1,1 jLilyKiiii it i« iiiiiiireflBarj- tij completf. 

\-;riiii, ,is .1 H ..II till' line AH iiiv llic piiiiils tlin.ii^'li wliiili 
ill,. ,\ Ill-Ill-' i.iv-^ ■'. f iif llif iiltini.ili' t'onl piilygon must pass, wu ., 
\,.\\K- u\" lioiii.'l.i..;.ii(w sillies 111' two cvvA imlygona tutting mi ihiW 
hill ,(/'', '■ ^iii'l ' I'll t'l'' riglil, I'ivut iirouuil B, e and c" im tlt<n 

1,11 |.iv,'i 111 ,1 .1, whi'iire !ill uthcr liutnolMguus sides nmnn 

l>i\,'i ^iioiiii'l |i'>iiilA mi lliis line, wIk'ik'o tlie sictta G7 ut' nil corifl 
|.,,U::,iiis ('I til, SI' riiM'<.'s};<iingtlir»ugli>l iiml }i iimst pivot TinintlS 
^■; ttli.-ii,u ill,' >.iili' 07 tif llif iiltiiiintf ptinl pulygun must pass 
ilii„iij;li /'■('>- iiii'l fig- ^Oft); whence 

riii,.ii-ii tin- iH.ints /' and C dmw a line / whidi will In- i-iit 
liv 111.' liN''s of iiition <.f tlic partial n'sidtiiiit^ R], ll\ in twu 
l„ili,(s. Tliiongli A and V; and tlioHc two jKiinls draw tw. linos 
, :,ui1 ,; Ilios.- linos will ii.ti-rsoot tlio ouin|.loto rosidtant lf[, an,! 
ill,. iiaiaH.'iw to llieiii in tlio fnroo iK.lygon will intorsL-ct in tliu 
,„,iiit n on til,' lino t tliruuyli (f paraIk-1 to /. Tiiis i>oint <> is 
III,- ii,il,; of tlio fi.n-o pnlvgon for tlio nltiniato i-onl pfdygon. 
(<'"■ iro Hg. :i!l6.) 

'I'liiji proposition is niaiiili-st IVoni inoro oircnnislantial reason- 
iiij,': ^ «.",/", t", is a coi-d Hyj;..n of two foi.vs ;,? and /i"^ and 
c.f tlii-ir r.-aoliun.'^ al J and /{, F is a imint in tlio lino of action 
„|' i!„. f,.i,v (A - j;;) ■ I. ,■, /; ,■ is a ronl |Mh-oi, of tlio siuno 
f.iii'S wlii-n.v til,. >j,|,- /■ no.'os.v.vilv passo.- (iii..n;.|. tlio sani- 
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When F is inconveiiioutly distaiit, linos proccfjiliiig towards 
it may bu obtained by means of a problem given in Cliap. IX. 

75. Ajyplicalimi of Heuseu's I'roUan to Hhiyid Archirork. — 
Fig. 61 i3 an example of hinged archwork, being hinged at the 
crown C and apringings A and B, snpjxised loaded as far as 
node 3' with structural and travelling load, from 5' to U' with 
atructural load only. 

Tlic coiiatructions of the preceding problem (Heufer's) can 
easily be recognised In the figures. By its means we obtain the 
line of stress Q thronj.'h C und its value in the force polygon. 



.■••1-r-.. I 
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prcct-ding methods of the chapter of ' 
rcfiprocfiL figures is the most cuiiVfnii-nt,. 

It ia scarcelv nereasary to remark llif 
nnd BC being eaoh in a straight line the ki 
iiiiil C'l', '1'^' .... are all measured from ( 
on cru'h otlier. 

Ill Ru example in whieh AC iin.l tiO 

Ci, 2, 4, 4. 6 wouhl be taken jih 

Mouli! have a pencil ef nij.s wl, (J+. 'A 
l.lieir stresses icspcctivt-ly. 




7G. AnnUj^ik of Uic Coiidifions i/ir'mg 
in B.,r.<i. 



i. A for.'p .irtinj,' upon the joint of tv 
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FigS2. 



, 1. r i.1 1 rri 1 • compression , 

two supports ot these bars, ilie bars are in ^ . accord- 

tension 

ing as they are to tlie direction in which the force acts 

concave 

(fig. G2). 

ii. But a force acting upon the joints of two bars whose two 
supports are on one side of the force — 

A bar is in . accordin^^ as that bar produced ^i^ives 

compression in 

('( )n vex 
a form to the direction in which the force acts, 

concave 

77. Jiide hy vjJiich to Discover the Sign of Stress in a Bar. — 
If tlien, in the force diagram of two 
bars witli a force on tlie node, it aj)- 
pears that, causing tlie pencil to travel 
over the stress lines of the bars from 
the orimn of the force till it arrives 
at the other end of it, and then, placing 
the pencil at the joint P, causing it to 
travel along any bar or the continua- 
tion of any bar in the direction travelled 
over previously on the stress line of the 
same bar in the force polygon, then the 
bar is in (1) cowpre.ssion or (2) tension, 
according as the pencil moving from the joint has travelled over 
the (1) bar or the (2) rout invation of the har. 

What is true c>f a ])olygon of three sides is true of one of 
many, and the enunciation c)f the rule is the same. 

We will not formally demonstrate the statements in this and 
the previous paragrapii. 




Seetion VII. — Lihiit to icliirh a Tra relit )i(/ Load mifst extend over 
an Open Framewor]: in order to (jive a M/eiifnuni Stress in 
any given Bar. 

78. Limit for a Girder of General Form, fig. G3. — In this 
figure, we observe that if a weight W be placed (nor a joint />, 
its whole weight is employed in adding to the stress (~>n that 



joint, ami if lliis Wfi^lit )»; muvcii fniivarJ (in i>m' ligiirc I 
left), its tfffft oil joint i? dimiiiislifs aud its tiffeetoiiju 
iui-rt-'jisesi, but ;it first, its influence on joint £ is greati.-r 
its iiiflueiit'i- nil juint A uutil a point If" is readied 
its iiiriiRiLri' on joint A is equnl t" its iuflucncii on yAuX i 
Ix-yond w hifli its iufluciiL'ti on B would be luss tban ou -f. 
It foILjws iVoiH this, that betwi^i-n B aud tb<? i>oint IC, n 
of Wds suoli as wheels may bt' plat-ed, each of wliii'h tn 
tbfi stress on thu bar h. in proiKirtion to its wc-igbt, corn 
with its jiruxiiiiity ty Ji, wherefore (i\}, II.) the strain o 
bar (' li>r any ^iven series of loads is a maxiimini, who 
bridge i.- toadid up to the point IT, 




Fig. 0:i show., how this point i# ..blaiiied, Extuiid IJ tU 
verticals of support, eivinj^ tliL' jinints .-1^, IS^. Joiii.-(,-I 
jiroibice them till they intersect in (V, then the vertical tli' 
K'cuts the jilntform of the bridge in the point up to wli 
may be loaded in order that the bar i may be subjectet 
niaximum stress. 

For, consider JC -m the resultant of two loa<ls at A : 
lospiTtively, who.se reactions arc -f,, /',. then AiABli^ m 
coii.-;idi.red a cnrd polygon f',^ }^\BB^ a lOrd jjolygon f 
weight at /{ (for (j!l is the intorsectinn i 
sei[uently (42) a poitit in tliu line "f reaction i 
then ;;- 11, passes throu-h <,>R it e> 
and as 



nd AB. : 



inHncn. 



IN ENGINEKUING STRUCTURES. 



91 



then In substituting the resultant oi B^ — B at {Q, U) we do 
away witli its equivalent A^ — A. 

Now consider a weight to the left of W, it is evident that the 
resultant will pass through a vertical to the left of W and 
influence h negatively, on the other hand, all weights to the 
right of W influence h positively, W therefore is the furthest 
point on the bridge up to whicli a load must be brought in 
order to increase the stress on h. 

In the above, we have supposed the pressures to the right of 
B not to be altered, but this is not strictly the case, for in 
moving forward a travelling load, we move forward the resultant 
of the whole and may thus move the point C in the force 
polygon uj)wards (figs. 30t-, d) to more than neutralise the effect 
< f the advance of the load beyond B. 

It further recpiires this niodiflcation that the maximum stress 
on a bar h must occur when a wheel lies over a joint B, so that 
we must limit the rolling forward beyond B to an integral 
number of wheels. 



79. Limit in a Parallel Boomed Girder. — In a parallel boomed 
girder where this construction fails the formula is simple. Let 
AP be the weight of the w'lieels rolled over between B and W. 
Let n be the number of compartments in the girder (supposed 
e(pial), then for a maximum stress on h 

,1 . Ar=^ P. 

Consider such a girder for instance as fig. G-t, having a = 10, 

TlgXA. 




emtko 

8 




o-oo. 



with a train of engines and tenders upon it, then (fig. 7) taking 
the weight of the first wlieel within the points of the compasses 
and stepping down the line of weights, we find that 9 x weiglit 
of first wheel comes between the weight of the eleventh and 
twelfth, so tliat wlien there are more tlian eleven and less than 
twenty-two wheels upon the bridge one whe(d must be rolled 
over the joint, fig. (>4, where this occurs at the eighth j"int 
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ulii'iii'i' u wtii'cl iimst be rolled over for the eighth and nic 
juiiil"; wlit'ii tliLTc arc h^sa than i;Ieveu whctis, no wheel an 
k- H>llt'.l ••\-vr. 

Hi), l.iiiiita ill n Himjed Archii-oi-k. 

i, l.iiiiit for Ui-'jOHnU.f-j.iSoa. — Let tlio ioiul eoiin- cm fr< 
li pioeeeJiiig to liiC Itfrt, 

'riirnnf;li H ami C tlraw a line. IVnin ihe point .1/ ^^Iictl- I 
liiiipiiiikl iiK'i.-1-s tim arch liraw a taiipent MX meeting; t 
.■xtiii.lns ill X. Through A and -.V limw a line inttttnoctiiit,' / 
Tlinnit,'li tJic |ii.iiit (if iiiUirseelioH draw the vertical .s^, whiTu 
I'lilfl tiiy i)l.'.tt'.-nii ia tho furthusl liiiiit f>r a loa'i yi\iii<,' 
iiiaximuiii on the diagonal, d. 




Tho i.oint X in rliis figure is tln> jhuuI {(J. 11) ..f tig. (jH. ' 
oxtradoa forming the Q ami J/.V the H of tig, ti:i am 
figs, 32 and 33. whence a foroe through X exerts no iiiflii 
on diagonal d. Ni-w a weight whuse lino of action i.s iti 
tlic conditions of the frame acts in CB and AX, whence J 
the line of actjuu of the weight in -',, and exerts no jnfluer 
diagonal d. All fiirces to the ri,i;ht of Sj have their re; 
\\ith BC, ]wissiiig in a line tlirongh -.1 and tliroiigh a |) 
the right of X, thna affecting iliagnnal d with stresses all 
sign, l^n the other hand all forces t.. the left of .'^ ha 
risnltaiit jia.-^.-iug in a line thnnigh A and through a ■ 
tlio left of X thus nftoetiiig .liag.nial -/ with stres-es a 
other sign, s^ l>eini.' the limit in which the influence nf 



■ f 



.rdiii 
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U ---Comp:(d) 

l -Tonsuv-)- 



F4g.65.b. 

Tens:fd) t Comp:(d) ^, 

-. Tens:Cv>--- ►: 



*^-Comp:(v)T 




ii. Limit for Diagonals near Stnnmit of Arch, Jig. (job. — In 

diagonals near summit of arch, the point N lies on the other 

side of the line BCy and then a section §^, through the diagonal 

d is a second limiting line, so that wo have a maximum of 

tension . . « full load , , .» i .i ^ r 

arism^ trom , , between ^, and s , the rest ot 
compression ° no load '^'' '' 

,, , . , , . unloaded 
the bri<lge OQiivr . 

*=" ° loaded 

iii. Limit for Verticals, Jigs, ijoa, (yob. — The limit for verticals 
V is s^^ as for diagonals, and in the case of verticals near the 
summit of the arch there is also a second limiting line si^,., viz. that 
through the vertical under consideration, fig. ()56, the condi- 
tions of loadini{ that give ^ . to the diagonals cjrivin 

tension 



cr 



compression 



to the verticals. 



Fig.es.o 




B 



iv. Limit for Extrados, Jig. i)oc. — Let the load as formerly 
come on the frame from B proceeding to the left. 

Through B and C draw a line. Through the points A and 
M draw AM cutting BC and thrinigh the point of intersecti(»n 
draw the vertical s^^, where s^^ cuts the platform is the limit for a 
load uivin<»- a maximum to the extrados //. 



lU 



:I1APUICAL DKTKKMIXATluN UF FORCES 



A wriijlit, (IS formerly in the vertimi nf s^. l>y thu cuiiilitions 
"f till; Iniiiif iwts ill BC and AM, uml thus cxerte uo inrtueiici- 
im t!ic jii'iiit .V. The pmitt M ia l!ie turning point luiil is in 
ftic-t for ttic cxtrados k tlie {Q, R) of figs. 32 ami 33. Uf 
n,iiil vertical nrc tlie Q antl 7! of these fi;,iires, and accnnlirig iis 
till: weij,'lit. is to the luft or tn the right of s^. s>,< iW-n tha dree 
tlirougli AW act above or bcUw the jLiint M. nn.l affect 
the oxtruiius /( willi opiioaite signs. 

\Vc luno io fact a iimxinmni of 



-ht 



..ii>prc.=, 
from *. is fiillv luaiiuil, the- 



t of thu hn.lge., 



aoronli i 

being niiIo;>.h.!. | 

V. L,„i,/ foi- Qmm Arch Mcmicr, Jl.j. fij<-.— Draw tlie linc^ 
AL loi'i'titi^' BC, an<l through the p:iint of inttirseetion draw 
the vi!rtic:il .*„, whtHB s^ cut* the phitforiu ia ttie limit for a lon-l 
giving a maxiionm to the arch bar a. 

The point L is here the turning point, whioiee iho resultant 
AL is in that line of iiction where ila ioHiienfo on a passes 
thniugli ^oro and changes sign, whence. !kc. (7S). 

Tlie n lowiderations of this section are reipiiivd in thi' formation 
of pirtial iliiigranis. Thus in fig, CI the limit for a mnxiiiuim 
nu .jUii^i aivl, member 4'li' has been lak.Ti, sn fi.r as the 
>ii]i|Misi(iiin •''i concentmted weight over the joints allows. 




An-ht'-o.k. 

i. For IH'iijoiiah, fi'js. 05(^ G5c. — We may obtain the r<.'sultaiit 
force iKtiiig on diagonal by a nioiliHcatiun of Hiuser's probK-ni. 
Find, by nu-ans ..f a cord pnlygun if necessary, tlie resultnnts P 
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and Q oi all the forces acting on the left and right hand respec- 
tively of a section through the diagonal in question and their 
lines of action, also the resultant E of all the forces and its line 
of action, then carry a cord polygon of these two partial resul- 
tants with the help of the line of action of R through the two 
points A and C and having BC for one of its extreme rays e. 
We thus find the ray f of the cord polygon, and its value from 
the corresponding force polygon. 

The ray /* is the resultant force acting upon the diagonal d, 
and is the P of fig. '32. In fact comparing figs. -Vlff, 32/>, with 
figs. 6'yd, Goe, P in the former is/ in the latter. 
The point {PS) in the former is the point (/, d) in the latter. 

.. line S' in both figures is the line A'(/, d) „ „ 
„ „ S m the former „ „ d „ „ 

Whence the partial force diagram, ^<s,' ^^•>^, corresponding to 

The following considerations enable us to simplify the fore- 
f'oinf^ method of obtainini^ f. From the nature of the frame, P 
and Q necessarily decompo.^e thenij-elves into forces P., Q 
along the continuation of BC and into forces P^, Q^^ radiating to 
the point of reaction A, (the forces P,, 7^, are marked on 
fig. G5(/ by </, c, and the forces Q^, Q^ by a', c) ; and a little con- 
sideration of fit]:. 65^/ will show without formal demonstration 
that/ may be regarded as the resultant of I\^ and y., that is, of 
Q^^y P^ and Q^, or of Q^^ and P, and in the example we will 
presently give, it will bo regarded as the resultant of Q^^ and P 
{a and c of the figure). 

The continuation of BC bevond C on the left mombtr of the 
bridge, and the contiimation oi AC on the right member of the 
bridge is the locus of the intersection of the resultants P^J^ ,^ of 
any weight P upon it passing through the springing points A 
and P. 

ii. For Dianonah near Siunmlt of Arch. — In this caf^e we 
only reijuirc the losultaiit of Q tlirough A us the value of _/'. 
Fig. C',/: 

iii. The reason for loading with both 7^ and Q \\i the lower 
set of loft-hand diagonals, having tho ])oint N on the sanio sido 



. >■•..'. V >, w^ .iiirt loadms only witti V m ine upper 
.' ,(,. n' -A., ,■: : ..■.■n,iU Iiaviiig thi- |iijiiit A'oii t!ie right 81 Je 
. ■■■ ". ™; . iv .<,i'iv.;,iii from tlie filKiwiiiff consuifratioiiB. ir 
K ■>.■. \ "v 'i)'iii 'li« lino HC,we have upon the arch 
u ■ ,u^' i:o-s' r.niin! by thi' tliajfii 1111.1 d, the line WC. llie 
,.,,.■,■,1,^ ,<t;,t .'>,.>!' whti-h the (.■ombiiiBil fori;!; jiiilygoii r', 
.t-ui , 1^ :i nciprocnl Ks'nv, (iml thi; valiit- yiveii to 
«^'..M N- -An- >-<nu- in Iwtli C.-isoa (.'il). In fiict y.V is tho line 
. ■ : .-.-v^ «iu>-li «^ail.i have to bt- oiHfiloyed as the lim- fV(Oj 

I ■■..?,■; ;,■ .'l>l;i1l< :l I ri'ijiriiral forw polygon ;51J, whL-IICC, who-u 

. , ,. ;!■„■ l.-f! of /.'f. ('^) will Im? (o Ilio rijjlit of IIC giving 
,,x ,^11. \ .1 li's- \:ilu.' Ill (' but Bij'inl to Hint fjivcTi by C uIoiip, 
■;,■ ,,■ ." .ul.l-i !'■ I'l'' i:iliii? (if i( in tliia (-use. 
\\:uu .i^.uu .V .s <>ii til.' risht Fidu of liC. lh>.n (0) would 
^pluv■ t.' U- ii' 'ii.' Il 1*1. "f JiC m iinler t..> -iiVLi ;i rfci|iiocal 
■uiv- iiiii ill ihi- iii:it:iii.'.> wniilil give the Hiime vuliie to (/ as y 
:'.,„'«1„»,-,>VN.(I, in\ ,m (hi- lino «r'. tk' my (.S') is „i<m-(i 
;,v,,,„K i^itvilli'l t.- iKi'If. iiiviiifj H K'ss v:i!iif t.< ./ thrill tVi.ni V 

u V:irli"l />/."/'■"" /"'■ Krtniffos h, Ji'j. (>o'j. — Here we have 
■ 1111,1 f«iih.>iil lUiiMliurtinj; the cord ixilygoL, by means uf the 
iiililitii'il iiii'th.") Ill' lliis article. ,V ia uow the point ((?, A) 
! li>;, .'il', aii.i .S" now ji.iiis the point M riini th^ jwint (/ /d. A 

.-uigNi.r ti.i;. ;):;, 

,, V.^,-ru>} IH"'jmm for Arrh M<:n'hn\ fi;,. (ij/-.— Here tin- 
ii„i [i,.^ I...t.weeii Ii and s,. The lead nntiirally divides itwlf 
i(,i Inn Iii;ids /"and Q, one on either side of the point C, which 
..;,ilv.' tlii'iiisLdvc-s in the structure each into two other forces 
' ;iiid l\ :ind Q^. Q^; P, and Q^ going through the apniigitig ,1, 

■ I 'id Qi_ going through the springing fi, P^ and I\fire marked 
,iud /' "11 di-a^iijg, Q^ and Q^ are marked <(' and h'. These 
in- fiiives ;iri- cnnnKiiinded in the tigiire into li^ nml i?,, by tin- 
iriil''loi,'raiii of furi'i'S, A'^ being the force/ acting ujion the 
vh. It meets ill.! diagonal (I in the ]ioint (>/,/} and, con - 
lining the lim- "I' the arcb mcnilier till it meets the extrados A 

llie puii.t -V, join (././) nnd X unw^ lU- link S\ tli.n the 
r<v dia-miii is eiinival. lit to fi«. :V1<\ i.reli ;iiiil A h-ing (he (,/ 

id /.■, •/ :U,-i S- Ihi. S U\„] .< nl (Iril ti.OUV. 
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82. Comhhud Scries of Partial Diagraiiu giving Maccimum 
Stresses in Hinged Arch Work, — The methods above unfolded 
can be applied to the arch loaded in any manner, e.g. with 
a train of locomotives and tenders, the resultant weights of 
which can be obtained from a diagram such as figure 7, but on 
the supposition of uniform weights being ])laced over every 
vertical bar, we can form expeditiously a figure giving the 
maximum values of the stresses of the four series of bars, viz. 
f diagonals, verticals, extrados, and intrados. 



Figr.65.f. 




B 



Ftg.65.h. 




In fig. 65/, form the auxiliary figure C2) thus :— 
The vertical 00' measures tlie k)ad over a joint. From lead 
one i)encil of rays 01, 02, 0:\ .... 00 alternntely similar to a 
pencil .10, .11, A'2, from A, the points 1, 2, li . . . being 
vertically over the joints 1, 2, ?> .... and upon the locus of 
the intersection of the resultants P^, P^^ (SI, i.), and a second 
pencil of rays 01, 02 ... . 00 alternately similar to a similar 
pencil from B. From 0' lead two transversiils 0'0\ O'C, parallel 



y< .;i;\rilir.\l. DKrHUMfNATIilN OF FOIiCES ^^^B 

[ • /■' '. ,1 ' ' t III- 1 wo mo at oiiee th:tt any one of the tavs a& 05 
i-> tli>- r, 1^1 ;. U.iil 00' over joint 5, whilst 0'5 is the P^ of the 
■.iiim liKul ; r„ W^'iujI tlironj^h ^(, i\ K'^ing throujjh C ami ^. 

U\ ti-s. ;i iiiiii 4 lay off O'i. 0% O'-A .... O'C, Of), (JS, '/T 
.... 0\. 00'. 

\V>i ni\' iKiw ill a jioaition to form thv four aeries of |jartial 
ili I'^i-aiiirt, Takf for iustancu thu comiHirtmeiit '.i to 4 on thf 
l.'IMmuil aitli- Tlk'ii for the diagon:i] 3,4, llir loati P on the 
Ull is 1, ■>, :l. iliL" loiol V "II the ci^jht is 4, 5, (!. 7, «, then a liii.> 
j>.ii.iii>; l.lu> |ii.ii.U {ai, 04) and (08, Or)) is (?„ (coiuparo fig. Go<i'. 
mJ a linr ,.,|>m1 >uu] ]mmllL.l to ((/I + (TS + r/3) of fi- 4, an.] 

.ll!.^Ml IVa,,, ,1 ,„1 j-iint of (?„ is /",, Thew sivc/ From ^ 

ili.i« II Hiir .11 .t slir.wii ill IJji. but, tv.ni]i;iro (!5'0 I«imllt.-1 to Q^ 
"f W'l .'1, iiiL,! Iniin till' iKjiiit wlii'i-o it piiU yff continued draw 
in / ; wi- ii.ii\ ■iliiiiin 6° mid ciiii finish a partial diagram similar 
lu t;:.-'. ',', /■ /; .S", are mnrlitxl on fig, {Gji, 3). S' has Iwoii 
iii:irkr.l, 1,,',^-, .^,.|. f,.r4, 3 iusli^ad of fur !t 4, 

]<'■>! till' {>;uli.i1 diagrnni for arch bar 4, :i. on thu right side, 
ti.L,'. (li.'i;, ■) ', /, ■/, S, li, arc marked and oidy require coiniiarison 
Hilli ti;,', {'.'i/i UiT its lull coTiipfLdieiisJoii. 

(In li;,'. (i;."(, :^), nr.' worked out tliD jvirlial diagmins of tlo- 
i'\lr,'idnrt ;uiil ili:.uimrils. On fig. (G5i, 4j. thoat- of tho arch and 
viTli.':ih. 

Tu tl.r r-uhs ul.iaiivd in Ihia maimer ninst Ik.' ndd-'d flia^in- 
n'^i.iid til sijfii) the stresses arising from strnctnral loail only, 
w hicli itro bfst obtained by means of a coni]ik-to rcci[ir'n;d fnrn' 
ili;i„'rain after art. 75, and tig. 01. 

K.). Cf>n-f.^imuV,>'j Maxima am] Miniw" /,"JV //,.■ .■^amr 
K"hin-iri-l Vahir in a Si/mmc/ncal run-hoUr. Arch h"t villi 
Vha.t'jr nf Si'jn. — For tbo maxininni of tniision or niaxinnnn in 
a mciiibi'r has tho same numerical vahic, as fur tlic niaxinmni 
of eorniircssifJii or niinirniun. For I'nlly hnided the t-xtrados 
nnd oMJi[ue bars an; zero in force diajifram. Let tlio one side, 
as the left, be li^aicd, then they have s.mie vnliio. Now load 
the otiier or right side, they aiv again zero, tliat is, the netii.Ji 
of the two Joailing.s is eijuiil nnd contrary. We linve, therefnre. 
in thi.s case, "idy to obtain one of the niiiNima .m any given Iwr 
and thu other i^ given, being equal in vaJae bnt ojiposite in 
.si-i.. This is ni.pri.ximatcly true nf a fiat eireidnr nreli. 
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— J«^ — rttlillll 111 IIUUlll Jl 

r 



M 

= Q — strain in boom LK 

Intercept on cord ]>olygon = - 

> that if in constructing the cord ])olygon we clioose n 
f // a innlti])le of 

r or // as 2r, '^z*, . . . . 7/r 
iicn inten e])t 

M /. , . . ^[ 11 strain in 

= = ni this instance „ = ., = .. 

t is evident that the interce})t must be ineasureil o 
olygon scale. 

1'hc force polygon lias, on its line of weights, thr 
>ads : — 

First, or central series, structural weight of irirder 
\ er the nine joints. 

Second, or upper series, weight of travelling lo 
)wards A ; taken from fig. 7. 

Third, or lower series, weight of supplementary lo 
)wards H^ the front buft'ers of tlu^ two engines t^ni 
thcr. 

In iig. GG, the foremost wheel <>f the travelling 1 
ver the sixth joint ; //(«S), fj{}\\ are the verticals tl 
•ntres of rrnvitv (tf the ci'dit wIkm'Is of the travrlhi 



Q? 



the force polygon giving tlie two supporting forces ^^^(^u '*^^<^ 



jHi\y 




6 



(0) 



P^,,.) --(structural weights 7 + S -f ^>) =^ ^,; 
= shearin^^ fune in front of load. 

The intoi-ce])t 6 0"' = strain in booms -f- .S measured on wciL;ht 
scale. The cord polygon being formed by the ray e passing 
through the resultant of the lond, and not by the separate 
weights of tiiat load, the intercept (40) is not a correct measure* 
of the bending moments to the riglit of the vertical at ()'G''. 



By means uf the ray (I'J wi> iru'luiie tlie bcmlifij,' iinnui.' 
the series of supplementary wlieels, and obtain tlio lunxi: 
beuding niumeiif) t.f., the nmxinmiii stress,-;- 3. viz., (1*6' 
that joint (G). 

In fig, ti7. These opi'ratioiis h;ivf lu'tn rejieateiJ tot ■ 
joint of the girder, ami joining' thi; points ti"o"V . . . . 
6"'5"'4"' , . , . we ubtuin by menns uf the lattiT liiR' the max! 
stresses on the booms. By nn-ans of tliP elosiiig linus /,„ t^, t^, 
t^. . . . transfL-rreii to the forcG polygon vi*i obtiin the she 
forocs at each joint, and llii'ui-p ^, "^ »-, \. ■ ■ ■ the mtnsu! 
the .sttT'Ssr-i in ilit diagiiiuds. 

Wu uhsrivc that from i^ lo a, inchieivc, the shci.riu.i,' 
being ujuvaids ■]» and arising from \\xv ronctiim 1', uf ^u])|" 
the stn.-ss in tiieee bill's folh>wing the notation of W-^.M \\\\\ 
and in c'oiiipressiua &s fui as n^, nnd thuti suitable fnv traii^ni 
till' pressure lu support A, and Jis tlie sU¥!«.s in bars 4 ; 
nuisl \ii- \ tlicy are nnsuit.thle to tntusmit tlie pR'ssun- 
whercfun.' iht* panels j, 4 ntid 4, 'A naiBt bu comitirbrac 
oi-der to transmit under coiiiiiri,'ssiiin the pri')*8iire to A. 

The strains appi'opriate fur bnrs 1, '1. 'A. 4, .J, (i nri.' Hnv 
bars 9, S, 7, li, 5, 4 (ilniady obtained. 

„, o 7, «, 4. ;!. i '" ., ,■ . , 

The iiyinvs — - t-- , , on ilii.- line g niimi'd 

below tin." j;iiili-r (ii'C point.s in the verlieals taken fimn i 
fig. 7, (hroogli the ccntits of gravity of 7. C . . . . 8, :; " 
of the travoiLing load, the front wheel of earh gronii h 
arrived ju.st over the 5th, 4th .... 2nd, 1st joint of the g 
For the Sth and 0th joints however one wheel was rolled b 
the joint (art. 70, fiii.(i4). 

Scctioit /X. — Forms of Girders salU/i/itiygirfu Ccmliliu 
So. As the •Stfciscs on tbf Diagonals of n Ginlr arc i/i/Ji 
on the Curvitfvrc of the Jloomif, ve mnij xo confi/n"-/ tlii'm 
mi>ify ccrt'iia C.m.'litions ofHlr<:n'< i„ /lu- Di>';/u>n>/s. 

8)1. T/ie Pan'MI-- Ginh-r.~Lct the con.iition be given 
there bo no stress upon the diagonals under a full load. 
the form to be given to the boom is that of the coinbinei 
polygons of full ioa<!, for then the re^^ultaiit of the pressu 
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\i \i \. 



1^ | B ft fi n » 3. w ,1 3 f.a |9 p p ;fi A ? |8» 




I'M '^t; Miiu'Ar. iiKi'ianiiXATiiiN of forces 

• ^w si.lr ,>f liny loiitl iio llironj-li tlie fi.rrespumlirjg (QJ^j \->-\ut of: 

Tlu' K'"''''* "1"™" I'll fi^. »S li"'* l"^-'^" ileiivL-.! from iIr- cnvd, 
|"'lv^; !■ I'xll l.wl..rfli:. U7. 

, 1 I F 






a I ■■iQfi;iiQa)i ■ V^^V 



^"^s^^ — — 



Vliri, il,i- l.v.il is ciiusiiliTe^i nnilunii "V f-4ualIjMlistrilHiti.-ii 
]■ tlu-Joii,r,-, ilK-f.^riiioFthe liooui is jiaralHilk- (-ta). 

;7. y/ir S'-hi'V://,,-"!- i{!ii»-rhiU>- Gii'hr.—U we compare itrt 
iuiiirii;il |iir.illel-l"")mtd gin.KT ttitli.sjiy, the (iitignnalsfroiu 

LiiiiiiUt; falling towards the jioints of siippurt, the maximum 
Lliis ciiso jutpniiiiiTiites aii<l is in cutniirL'.-isinn, the minimum 
II tL'iision in ;ill the punol.-i, with fho e!Ci'i']itioii uf the middle 
icls, whicli liowfvei' Duiy h*^ put into tviisiim by u sntticiencly 
at irifTL'jiSf of tin? iioniiniifiit ]>;i',ssiin- Ki.'ni.'t; we may 
H-i-l an intermediate fnnii to exist fur whicii llio hiiaiminii 
Ik- i/i'if/oii'd s/ir^ini iiii'i/ /" ;■/■('. 

n . Tiler to satisfy this ronrliti.m, llie resullatil P '•( the 
ssiu-es in front nf tlie L.ad nin.st ■xo llir.nigli the point (Q/,') 



I the 



W'r. 1 


ave itij; 


(i!li tiila 


11 


c re? 


from li.^' 
Hants i 


67, iiii.l 
1 tliat 1 


ad 


■iicti. 


ll,c ,. 
1 bcv.n, 


1 i.,l„t : 


'■■ 



le eomliiiied ronl |iolygoiis of partial 
;tnnteil the reiiiiircil girder, s.. tlnit 
ij,' for part nf the hoom 1, ■>. 3. gi. 
(V, -/■'). '0. J^'y The si.nic ron- 
dd 2ive\l MISIMII IIlc middle nf the 
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boom, an impracticable construction, whence that part requires 
to be drawn in liorizontally, and the condition cannot there be 
strictly fulfilled. 



;(Q,R), 




(Q,R)2 



(Q,R)2 



Fig". 69. 



88. Pctiduic Ginlcr, or Bow and Striiuj Girder icUk equal 
Stress throi/f/hofd the J^oo HI. — Having tuund tlie bending moment 
polygon for a full load, as in lig. G7, and decided ori the central 

depth of the girder above ^ below the horizontal line AJ^, 
^ '^ or 

fig. 70. Let M be the central oidinate of the bending moment 

l).>lyg<>n, and c the central ordinate of the girder from the 

c 
horizontal, then ,. is a constant rati«>. 




Fig.70 



At any point in the horizontal line of the girder, with . . 

X bending moment at (7= r as radius, describe a small arc. Do 
the same at other points. Draw in the boom touching these 
arcs. It is unnecessary to give a formal demonstration. 

For the principle which regulates the proportion between the 
depth e above and the* doptli r' bolnw the lioriz »ntal lino, see 
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ii. H . h is the bending moment of the pillar at the surface S 
and H is the force producing bending moment on the piUar 
above 8. 

iii. H^ . d is the reaction moment (30) equal and opposite to 
H . h. The value of i/^ may be obtained either by the com- 
pletion of the furce j^olygon 0' to the force 7/, and the throe 
points, the point of action of If and the two reacting points S 
and P, or directly by transforming Q , q z= H^ . d (43, 44), see 
iii. in figure. 

iv. H^ is the force producing bending moment from *S* to P 
and the cord polygon corresponding to the 0\ force |>olygon 
marked (ii) in figure, and hatched measures the bending 
moment : pole distance, in pillar. 

V. For the reactions I"^, F^ in the bolts at A and By we have 
the downward force Q with its line of fiction, and the two pt)ints 
of support A and B^ whence we can construct the force polygon 
0" and its corresponding cord polygon, marked (iv.), whose rays 
are (t), [c), and (/). The reaction V ^ puts the bolt at A in 
tension. 

vi. For the reactions V ^, V j^ at A' and B' , we have again 
the downward force Q with its line of action, and the two points 
of support A' and B, The pole 0" aud tho extreme rays {e) 
and (e') of force and cord polygons serve also here, but the 
closin^i^ ray {t') is not the same. On account of want of space 

^ has been employed giving - and -^- 

vii. The figure marked (v.) gives the stresses in /, c, and 7, 
the reaction at 8 and the obliciue reaction at the pivot (i<*, and 
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CHAPTKR III, 
Tuv. Bk.vm, 



I 



ill. D.jh,;ilu„ i>J n «.•»,„— Tlie tuiifuriti hi^nm is yon 
hy tlie iiiiiiiiHi nf i\ givi'ii cro^s portion, in a ilirt'Ctimi al 
aTigks t^ il.- ]il,iiii>. 

The cent M' cf L.'ravity nt' tills Ciifss section ei-'aei'.iiiii;,' 
S.1II1C time ;i Hrn' c.illi^l tlio iixic of llio beam. 




'yi. Th- K'irrior Fojr<^ ,q>pH.-'l In a Iiram.~By the pai 
]>\\n-<\ of fdivcs (si'c any work on .«tiitifs) nny force P ap]i 
;i l-oam, fi-. 7:i, can be resnivc.l into tlnw f irces -Y, 1 
j'iu'lit nni;Ii>= to imi- sinotliiy n«il acting upi>n tlie same poi 
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Any number of forces P,, P.^^ ^3 • • • tlie coordinates of whose 
points of action from a convenient set of axes, are x^y^z^, '^VZ/i' 
x.^y.^.^ . . . acting upon a rigid body, may by the extension of the 
method of (25) be replaced by three forces 2T, SF, ^Z, acting 
at any point G and three couples 

M^ •= '^{Zy — Yz) acting around axis of ./'. 

M^=^'-Xz^Z..) „ „ y, 

J/. = S(F.f - A» „ „ z, 

moments tending to turn the couple from 

.r to ?/, 

V to z, 

z to J\ 
being reckoned p^^sitive. 

98. Resisting StrcsscH in a Beam. — Let fig. 73 represent a beam 
having the appHed forces transferred from their points of action 
x, ?/, ;: to the centre of gravity G of the cross section, and let the 
point G be the origin of coordinates. 

In considering this beam, we suppose the applied forces 
Pj, P^ .... so small that they occasion no distortion of form in 
the beam. 

The exterior or applied fones may be c nccntrated on certain 
points of a beam, but the resisting stres.ses are distributed 
throughout its whole material. 

For the sake of greater simplicity of notation we will denote 
IX, ^1", i)Z by A\ Yy Z, and consequently Vvq\s out the svnibol 
^ in the notation of the couples. To the longitudinal force Y 
at the centre of gravity G of the cross section, tliere is an equal 
and opposing stress which under the hypothesis that Y is too 
small to occasion distortion, is distributed equally over the 
cross section. Let A denote the nroa of the cross section, v 
the longitudinal stress ])er unit of area then 

3' 



P 



94. Nomcnvlafuir 0/ the S/resses in a Beam. — Tlie three forc^^s 
A^, Y, Z are resisted l)y tlie reactions of the beam, Z is the usual 
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vortical slicariuy force of clinptur I, {25 — '2S), X in at 
t riiiisviTst- liorizontal slieariug forco, Y in a. lungitudi 
zontal force, rfjuiatoil by the reaction of some obstiiclL- 
against tite i-iid of tho beam. 

The iiiamier in wbich the opposing shu.iriu^ sti 
ilistributfil nver the JougituOiuid ami cruss sectiuiis i-f 
will afterwaiils ap])ear. 

Of the tlire.' cmiph's M^ = /ii/ - I'l is the iisui.i 
iiioTiieiit avnuiiil the axis of x with wiiich we aie 
M = — .1: + y^j- is the moment of torsion, which ou^ 
to occur in WL-11 liL-signeil alnictures, but becomes of in 
ill the ilvnaniics of machinery. .V, = Vx — Xij ii au 
bciKliiig moment around the vertical uxia :. 

05. Hmiolhe.-^i--^ ill. rc'jard to th- StrcKsety i„ •• Bn-w 

i. The ii]ipiiL'd forces arc so .'!mall, that they cause i 
lion in tiir ioiiii of tlie beam. 

ii. Tliat ihe material of llie beam ia stressed in pro] 
its distanei' (k) ftom a certaiTi lonj<itmlinal hne, in cat 
aioi), (b) from a certain longitudinal plane in the ca 
other two L-ouples jV^ and JA^. having a line for its t 
in longitudinal and cross Ewtions. 

This line is called the neiiti-al line <>r ii.\!s, and the 
neutral plane. 

Let VI be an indefinitely small area of a cross seel inn 
)». 117). Call it an area particle and at a distance z 
nentral axis then tiie stress is proportional (ii) to w;. 
the stress ]ier scjnare unit induced by any one of tin 
and at distance unity from the neutral a\is, then t 
oil any aiua paiticle m is pin:, and the sum of tliest 
■ ■ver the area of llie cross section is 



,V,v//o„ IL^Ikum I 


S;/m uiclri/. 


■mhi ni III. PI 


to. ComUlwus vf,v.. 
cMfs vheii wily .\" 
1 in th,- Pla',>e nfii:i 


iiri/ til Ei[nilibrii 
rinni Fwn-s net oi 

iMiilry. 


m. hi-lweiu Ft 
a Symmdrii 
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i. Forces in this case — 

Y = 0, A' - 
M^ = 0, J/, = 
./ = 0. 
We have therefore only remaining llie direct vertical U 

Z 

and the couple 

M, = Z,j. 

ii. The first condition necessary to equilibrium in this 
(a) that the neutral axis pass through the centre of gravi 
the cross section. 

We know from statics, that for perfect ecpiilibrium to « 
among a number of forces at any point the sum of these fo 
must be zero, and their couples zero. 

Tlie forces here to be equilibriated are 

Z and Zij. 

Of these ^generates shearing stress on the beam equal a. 
opposite to itself (distributed in the interior of the beam in 
manner afterwards to be elucidated) and the turning memo: 
Zy generates the opposing stress i) . ^mz, the stress at ai 
particle being (00) 'pmz, and acting with an arm z, whence 

Zu -f p^inz' - 0, 

and, as a couple cannot be e(iuilibriated by a force, the forces 
this cou^jle must bo in eciuilibrium among themselves, /.r. 

2>^//iz -- wherefore 2///,: 0, 

which means, that the neutral axis passes through the centre 
gravity G of the cross section. 

iii. The second condition necessary to e([uilibrium is (h) th; 
the neutral axis must have no tendenev to rotate around G im 
a new ])osition, i.r. the forces excited in the beam nuist not fori 
a couple around G. These forces are vim and their leveracr^ 
around G are x', we must therefore in onler to e(piilibriuTi 
lave 

pEmzr = 0, or ^}/}z:c = 0. 



rul tlie c-onclitioii nccossary P.> oi 
eiitral axis in the cross section g<. 
iigles to the axis of svmmetfv. 



uililinuiii is litUilk.i hv 
liiifl thriui<,'li fJ, ana at r 



97. Ji^dius of Gyr(dion.—:S,m:? is k1lo^Ml ..s t 
>crlia of the cross sirliou. If .-1 U- tli.' .nvii 
■ctidti = i:'», and 1.- :sni'h a ijuaiility, lliiil 

is known as the ra.iius nt^^yratiuii. 

!»S. Finuhmeii/dl Formtih far Slm^ iu Ont.r Fil<" 
kam ill (his Case. — If the initi'r Hhnicut ol' iIil- beam uli 
ml Ijcliiw the neutral axis h,> 4isl:uit fn.ui it c:\n>] 
iij. 74i, jtagc 117) and !i^ 



Htrcss ill outer rilm 
riiiKUiiiieiital rurruulu. 



? X iM'Tiiiiiif; moment 
mumont of iuertia 



DO. C'ompurUon bcticmi, Fanniiln for Stress m Ihis Case anif 
frcss in Booms of Oprti Gird-'r, — In ojit^ii ginltra the resistances 
) beiidiug have been reduced to direet tensile and c 
TC-ssea tlirougliout tfie svctiunai are;L of the boom, by i 



IN ENGINEERING STUUCTUUES. 



115 



Stress on unit of area = 



bending moment 



depth of girder x area of boom 



This formula, though so unlike that in (08) is essentially the 
same for (fig. 76). 

Calling c ■{- c = V and A, the area of one of the booms, then 
the ordinary formula is 



2!/ 



2!/ 



pc = ^, ^j and po- = - -^„ 
and applying the formula of (08), viz. 

pc = -,— ^, ^//iz^ becomes c'^A + c'^A'. 
Then when c = c and A = A' 



[fi'^ 



Fip.7G. 



nr = 



V . Zf/ Z// Zif 



± . rA '2c A r/i 



the same as the ordinary formula. 



Ea- 



100. Mochdv>i of Blast kit}/, — The formula Zij = p . Xmz' = pi, 
is only true on the principle of infinite rigidity; we go therefore 
to unfold a formula whicli takes elasticity into account — 

Zy = — 

Let a bar, (fig. 77), be dra^vn in the direction of its length by 
a force P ecpially di.stril)uted over the cross section of tlie bar. 
Let 

...P Fig.77 .p 



L be its original length in feet, 



m ii\ 


lAl'llICAL DETKILMISATIUS Uf 


[ EjiiM-'riiiHiUt liaa shown tliat 


( 


is (lirwlly propurtiunal lu llic- f( 




t., llie li 


and iuvt'i-at-ly in-qjurtiuiiiil 1.. llii; 


: 


, ,. '■■'■ ,, 




' - '- . A- ■ ■ ll ' 




i.,•.^^. „. 


.diL-K- 11 is n 


cunstaul. 


C'.lliui; 






c.] . CV 




^^^^ 


l.nl Is, it 1 


VL> coiKvivL-' tliu iiiaivrial tu r 


Jiroucli siidi 


au fxti^'iit ilini alkT ivpeiviiiy; a, 


f 


'=/- (■'), 


t would OU V 


dtlnlrnwal of I' rfcover its origif 


Ix- tli8 fcroe J 


icr anLiare inch of section nocesa) 



E is called the modulus of elasticity, 
experinioiit. 

101. Sadius ofC,n-valiu-c of a Beam. and L 
of D'formed Keiitr'd ^l-.'/s.— From tlie val 
iLiati-rial, wc art- aWe to iiiiii tlio liiK' forii 
axis TUiikT bfjiilin;,' funo.*, 

Takiji,!,' tlio LTiiialimi (4) 



ging the svtiihols in tlioso of ti?. 74, 
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* '. 



Fiff.7l. 



^ ( b 



1 

i. 




but the similar triangles ^^hicll have the sides r and s in the one 
corresponding to 1 and ds in the otlier, give us 

r/.s 1 



From (G) we have 







J. (Is 
]) = h — . 

6" 


substitutinL!" 


we 


have 

E 


From (08) 
substituting:^ 







/' 



•7) 



(«) 



(9) 



(lU) 



(11) 



calling ^mz' by the symbol / 

y EI 



. (l:i< 



»!■» 


(h; MIIICAI. I'KTEItMlXATrON OF FORCES ^^^H 


.,1,,.... 


/y li ill'-' bomliug lu'iraent, ■ 




/;, tli^ nio-klti9 ..f flastidty, 1 




/, llii; iiiunii.'Jit uf inertm, 1 




r, till; rittliua of cun'atiire of the beam. 1 


II > 

/-.II u 


. titU. t|,.- mutral axis bofort- ik-fomiatioii as axis of 
., 1/ ii.'u.j -.ill aW'isa, : an orilinate. wt will liave, by the 
'.'/.I, Jltfifjiitiairormola 






'll.< 


fiiMWw'f .it rill' -ii-furuiaii-m ix.TmiTs ns in iiu^'iect 




(i;/ 


.,r..„ 


IKii-is'-'h ivith tlllitv. Mtieni:*^ wl- Lav>> iit>|injN.iiiiatL'ly 




^:^ --' 


a,„l .-. 


nation 1 I'll bfCOiiK'd 




■/.<i = El .'']'. . IJ 



ari.i i.s tliu <liHi.TLiiti(iI L-cjimti.)ii of tlio <k'foriiie'l iKnitml axis 
i.t ^1 Ih-:iiil lyin;,' lljmii its f^upi" >rts. 

Vvl. O'-omelfic'l Sionijicul ion of - \. — Let «, 'i, c be three onli- 

iiiiii-.s to a cuvve (fij;. 7d), ;u ii vtTy small ciistance A from each 
iitlnr we liiive, tVir siifcei-:ive ilirt'ereiioes, 
<lnliiiiitr 
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•k — 




*>, 



-y+^y- 



111 the notation of finite differences this would bi 



z 



zN: 



'-**l 



A'-^:; 



and h would be written A?/, h^ written Ai/*. Now 

d.h ox c - 2b -\- a = 2 . BG - 2 . BE ^ 2 

But if DEF is very slightly curved, DG = /i = Ay, 
of osculating circle to DEF, wlience {Euclid, iii. 85' 

DG' ^^ ,, DG' 

ITE ^^^=2^ ^' 2GE='' 

neglecting the value GE in comparison of r. 

But 

DG' = /r = A/ and 26^ii' = A"'^, 

whence 

1 



Av' A-^s 

A-;? Ay^ 



7" 



and taking the limit 
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lO-*!. Rntii} of Distances of Ui/per Arched Boom and Lowrr 
Arched Boow from the Common Horizontal (.'hard in. the I'avline 
Girder. — \Vi.> iiiUT|HiIiitt this articly vsitliout foiin.il dt; 
stratioii. 




pr is till' mill of stivss (Hi,'. 7S) in llu- nppt-v Imom, jk t.lidt 
in the LwiT l.nom. A -iiiii .-I' liii- iiri'ss "f \\w iipptT and 
luwor kwiiis n'3]]cotiv(*ly. i'ftinl £' the nnxliili of piuslioity of 
thi'ir niiitrriiils resiicctivdy. Tlivn, as tlif hnriKouliil lensti'-ti 
g.;iif!ak><l hy tlie iipinr bftoiu iiuist la- i.'(niililirititi*(l bj the 
lioriKoiitiil iTiui|iiY'Ssi<ni sr-iifmiiii hy tin' Itiwiv hwMii, ^ luul A' „ 
must !»■ iiii>]"irtional (liroftly In /"■ .'iml /i/iiiid iiiveraely as 484 
!\n(\ i". I,i-t f ' he IV coiislflii! iiitriiilmvil In ]i[n(hic(' f<iiuility, wM 
iiav.' 1 



.1 . 



III.! .)' 






HI4. (/rnphiad ConstrHcliim of Mom.uit^ and Prodorts of 
I.wrfi". ill Ike C>f-^r of « Sfisle,n of Ilcfuy/ Bn-lich.^. 

I I..t (li- 7!l, }.. '\-r.) 1, -2. S, +, ho ;i iLiinihir of heavy 
l«ilirhs «ith wei-ht ,■ (■niivs|.ni„liu- to 1, 1', :t, +, oil the line 
of «.i-hls of the force ]>o]yg01is, hi.viii- ii JH.Ie ,li.-^t;inee h. By 
iii.aiis of two foive polvjioiis ;is iii (ID), we tiiid through the 
iiit.-i^^ection ..f two axes." .V iiiul / the eeiitre of gravity G of 
thesi.. luiriiiles. K\teii,liiig tile rays of tiio t^vo eunl p,".Iygoiis 

to these two axes, wo tiiiil (+) c,--, :"/., !■.,.., : /. for the value 

of the intereepts on the % j,\is, ami r,;, : I; >:,:.. ;?-.... on the 
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iL Call t\Xj : h, ?y'2 :&.... a new line of weights for the 
same particles, choosing any pole distance c (pole 0') from 
whence to form a new cord polygon. This new cord polygon 
will have an ^-^^^ form, and (extending its rays to the axis Z we 
find for the value of tlie intercej^ts on this axe i^' j : he, iv ;; : J>c 
for hy similar triangles, c f/. 

• b " ' ' hr. 

and the sum of these intercepts is 

2^v' : he. 

This expression is the moment of inertia : he of the heavy 
particles around Z. 

It is seen from the formation of this second cord polygon that 
the values of v.r" : he are wholly additive, and this ainves with 
analysis, for x^ is always positive. It is also worthy of note that 
tlie first and last sides of tlie cord polygon are parallel, for the 
first and last rays of the force i)olygon c coincide, for 

Agoing through the intercept of the extreme rays; a similar 
procedure would give us 

but this is not given on the fiirure. 

iii. Turning round the force jiolygon c (pole 0') until its Hue 
of weights is parallel to tlie X axis (see pok- (0'}), we find for 
the value of the intercepts on this axe 

for by similar triangles, e.g, 

b he 

and the sum of these intercepts is 

5 
I 



2.[r.rz : Or. 



This ex]>ression is the ^^/wZwc^ of inertia : he of tlie hoavy 
])articles around the centre of gravity G. 



:', the ordinate of an area particle m from axis g 

:, the ordinate of the centre of gravity of the lamina 
from axis s. 

Then by algebraic multiplication 

l>ut as 

^mz = 0, i^mzz = 0, 

wheiiee 

:i/..r = :£/>«(? -fr'O. Q.E.D (I) 
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lOli. Tlnorrvi. (i.) The .)f<j>ncu/ of I„trtw. uw\ (ii.) . 
of iiijratmt. of a Kccii'iiyuiar Lawinn, animid an A'i-i g 
thrua>/h its Centre <f (Jrai-ihj „nd Puralkl to Om: of ll. 
a, tht fth'i- Side hem;; h. 



. TliL> ^i.'Lii'itil cx]irL'ssiijii ; 



' llu 






ill. Tin's ailmits of easy gri 
fduslrucliiin. As -j*^ = J x i ; ii 
■ tiuscribv a Htjiiiidi-cle (Ii*:;- f*U' 
ujioti llie iliiitiiL'ti-T tif this sen 
lit a iUsl.aiic«' },h li-urn its l-.xI 
iTi'et ft iiiT]it'TiiliL'iilar. Thi.' sen 
NTi.l ili.iiurl.T L'nt utf /.-. (J: 
14.. 



1U~. (/rajJurul Cotixirurlimi of tin- Moments of hint i 
Ittiiaii'jiihir Li'iiiiiiii, fiwniil ani/ o.i'h jvinilM to one of ili 
— LiM. it iK.w l,c R.i[uiroii tu ol.taiii litjiiihiually the valut 



■' + -.'1 



WViiavcSL't'iittiat 
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Figr.81. 
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and the equation of tlie statical moment bein^^ 



^Linz = .z^)n, 



we have 






F 



s 



■f- 



Zef 



ab 



fclgVk^) 



abc 



-*.. 



(5) 



('>) 



whence the following construction — 

Let 5 be the axis (fig. 81) around whicli the moment of inertia 
of the rectangle ef is required, s being parallel to the side /of 
the rectangle. 

i. The centre of gravity G of the nctangle having been found, 

through it draw z perpendicular to/* then from U perpendicular 

to z lay off h = 0*280c' (lOG, ii.), and, to tlie hypothenuse of 

the trian<de, whose sides are r and /•, at the extremitv of k let 

fall a perpendicular intersecting the Hne of : prolonged beyond 

A:' 
G, the intercept upon I prolonged measures - , for, by similar 



trianirles 






Ic' 



Now, referring the rectangle (/'to any chosen base a (15 and 
fisr. G^O ^"i:, H\a, we have for the line of weiuhts in the force 



r2ii UIIAPIlIrAl. DITKIIMINATION OF FOliCKS ^^^H 

pclygoii, from wiiich, with & pole distance b, constructi ug llie 
corrospondiiif,' I'oril polygon wc obtAiii from the inlerccitt of thu 
extreme rays un a the statical iiionieiit : ali, I'lr, 1>V similar 
triaiijjlus 

ii. A-aiii, ,niistriiL-tiN,ij ii slvoi,.! ioive ami loiM vnlyyoii «itl. 



for the line *if weights lunl nii; 
vertical throii^'h thufiiil t>iiiiil i 



/,■■ 



f(]r the angular i»)iiit uf the coril polygon wo have in the saiiu> 
r . ,/ 1/ , (?■ ^ /■■-■)</ 

This is thi' i'\|iie3a!(in (cqiia, 4'}fyr tliemotneiit uf inertia ; «&<■ 
of the rirtaii'4ul,ir lamina rf, iirouml an axis li parallel to the 

Note, ■'(( uiU lie relaiui'il In roi)re3eiit an area particle, A n 
whole aiv.t, Avhcin-i' ^iii = j4, iinil .1 a delinitc measurable part 
of ^1 whence ^^.1 = A. 

lUS. Qmphival C<mblnirlwn of (he Ccmbiimi Moments of 
Ijiciiu and Cumhinui £ai/i".^ :f(J<jmlio,i o/s.m-al Rccianniihtr 
Liiiiihia:— Let it now In." ri.-qiiireil to finil the moment of inertia 
anil niiiiiis of gyration of si.'veral rectangular lamina', so placed 
that tl.e axis aidun'i whieli the moments nro nieasnrcd goes 
through the eeatrea of gravity of them ail, innl is hkewise 
paralh'l lo a side in eaeh -{ them. 

Let;/(fig. .S2) be the a^fis aruvLiKl which the emnhined moments 
of inertia an<l cuiuhine.l raiHus of gyration of the rectangular 

Erect /.■], /■„ /■,, the railii of gyration of .1,, ,L, -I.j respectively 
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i: 



,._■ I»ii,iiia' til liii 
J, -J. .1, 



.itights in ,1 foiCT i<.lvK"ii, ai.il ivitli a pJc Jistan 
:il_v - ] . '^D f..ri,> a c.rJ H.W" »"'' l"'»"' 
111- .listllicoa A-,, I:,, /.:,, to ilrtrLlliiuf its Nllj^ll 
itv.i.l its si(k-j till tlK-y iiifi't tlic axis /;. T 
his axis measure, by similar triaiiglus 
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ii.l tlic Sinn nf the iiitL-rct-iits is lliLTi-foro 



„h I A 

Coiisiiler t!ii?ae interccjifii as a new line of wciglits, anil i 
any pole ilistiuiot! c {lot it bt^ fiT nnivi-uienre liud utf fr 
fxtR'iiio oml oi' tht> inttTft'iits) form n scwnd wni ]• 
fiaviiii; the ilislanws /■,, K\, //j, for tlit- tlistauocs of its 
|>oiiita from \\iv a.xis^, and esleml the siih-s till tliey uiei 



T1j,> iMtlT-Tl.lSim till 



e smi] i.r [W idlLTcfiits 



b)' siuiiliir triitii^lt'i 




Ad.l I to the k-ii-ih of the intertvpt s 
projHirtirnial A' Id 

; >...! -•"' 

5-' 

(&(■/,.', ii. 14) i.e., fiiKl A'sikIi tl.iit 
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whence K thus found is equal to tlie radius of gyration of tlie 
sum of the rectanguhxr himiiife around the axis going through 
their centres of gravity and parallel to a side in each of them. 

100. Graphical Construction of the Moments of Inertia and 
Eadii of Gijration of tlie Cross Section of a Beam. — Let us apply 
the foregoing graphical constructions to finding the moments of 
inertia and radii of gyration of tlie cross section of the beam 
(tig. 83, p. KU). 

As the beam has an axis of symmetry, one operation according 
to (14) suffices to obtain the centre of gravity G of the cross 
section. 

• • • 

We have A^, A.^, A^ the areas of the upper flange, the ^veb, 
and the lower flange of the beam respectively, and 

• « ■ 

a ' a' a 
their respective lengths (marked 1, 2, 3, on the figure) on the 
line of weights of the first force polygon i^, ^2> ■"•^3> ^^^^ respective 
distances of their centres of g^'avity from G, 

PZxtend the ravs of the cord polv£(on to meet tlie line throucjh 
G, Construct the distances from G, viz. : — 

/•2 p 7- 

2^ - Z.^ Z 

(In our figure the points i^ and i.^ practically coincide with 

7- 7- 

z^ -f . and z.^ + . , 

so we will enjploy the indicated construction (107) to the web 

Then with the intercepts on the axis through G and any pole 
distance e, construct the second ^-^'~" formed cord polygon, the 
sum of whose intercepts is (107, ii.) 
2?/?^' 2.4 (r + A:'0 2.4 (i'-' -f /r) -^Aiz' + U') 



ahc ahc 1 A c . 

a - c - A 

1 a '2 

then finding (108) a mean proportional 

A ^/ - — \ ^^^ -f /v ) 

~ A 



(1) 



(-: 



K 
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Again, for the value of A" arouiut the axis of symmetry erecE 
upoD this axis A'„ k\, k'^ obtamiut; A" exat^tly aa in (108), i', is 
not marki;il mi Kf^re hut ita oxtri'iiiity b marked by 2'. Tin 
^m, i.e. ihc i'j" force poIyEfon, lina to he tunieil rouiid 90" 
order to (.-;irry out the niii.sfniolicni (It)). 

Note.— If tiie nioiuoiit of iuortia nloiio is rf(]uin?d, it ia well 
to take for poh.' distaiicea two nuinbors whose value is 10 or 

10 X 10 or vvm 10 ,or li x 10 or S x 10, for then the 

numeral. ir in ihe fraetiou (f<iii,i. 1) hL'in,^' the nwiueHt of inorlittt 
nieasuriiJL,' ihi' riirrvsi*"in!ini; iiituri-'O])! snin on tlio appropriate; 
scale, 111- i;iii eiaily multiply thia inu-rcept by the numbers 
(■orres]Kj]iilHi',' In iho jjolu distiuiei;* 

l/ir Bending MoiiUHtt 
■ stronjth of a b^aniP 



no. - 


'/V 


,-/in, 


11.7 llu, A 1 


m,.fa 


It.m 


to 


We arc 




ill I 


ptwitioti 


« (Iwll 


mil 


II 


to siistai 




4:iven 


bending' i 


J i>:il 


X,,. 




Rmir 


ni'_ 


toll 


K (.'quatioi 


,.-,, 














K' . r 


.( = 


-/ 



pi- and Zi/ Kiiiii,' ^,'iveii, we i-an apportintL lln' un.-iL ,1 ol' !i I 

by api'roxiinate triiils iiiilil the s.'i'nuil nn-'niliLT gives tba 

reipiired vnhtc to /'c. 

1 1 1. Moments 'if Inertln ..nul liiuUi of (lyrodoii. hi a Rail.— 
Plate I. represents, upiiii the eross seetion of a rail, the same 
o|)eratioiis as have U-en iieiformed npoii the beam, %. 83, and 
described in (10£l). The cross se^'lioi) of the rail being divided 
into many more ^A jMitiuns, there l.eiiij,' ..nly three i,-l or A 
]iiirti"ris in the beam, while there are :,iiirteen i.I in the rail. 
It consequently ^;ives l■.^ the stniii-nt a MVr view of the 
prevjiiuaiy dt.'seriln-il (.vni^tructjiins. 

The A.'I in the rail being so narrow, i nnd i + '. in each 

of them ha\e been taken as praclicallv ci.ineidin^' in oht;nning 
th.. moment of inertia and the v;dne'nf A' around the A' axis. 
For th.' ihlMc of the moment of inerlia and of A' aruund the / 




Pifir.83 



ixis, the ojjerations on the beam and on the rail are those o( 

;i()8). 

112. DistrtbiUion of Shear inj Stress on the Longitudinal 
Seetion of a Beam. — Let fig. 84 L*e a graphical representation of 
the tensions and compressions in a beam at the points y and 
y — A?/ at all ordinates z measured from the neutral axis of the 
beam, viz. j)2; and jiiz, by means of two pairs of triangles. Let 
fig. 84a represent the two ])airs of triangles superimposed, 
forrainf^ a new pair of triauLfles from the ditlerence of breadth 
in the first two pair, the breadth of this new pair at any ordinate 
z will measure ^p . z. 

Now suppose the beam compressed above and extended below 
:he neutral axis, then at any layer it would be less compressed 

n the new section — *- ^^^^'^^'o ^s the figure is drawn an 

mbalanced force towards the left, to be resisted by cohesion 
Detween the layers, the resistance being shearing stress. On the 
)ther side of ii at the new section there is an unbalanced force 
:oward the right -. 

Let us now interpret our equations with the help more 
especially of ])late L and of figs. 8:^ and 84. 

K 2 






-it. 



f-ar ..» 



/ 



' .'y 4 ct iLr sexcri ciiri pAji'C'Ci p^i^ L^^ this 
. "^- 'IfT r-r^'^a^u: ■: i iZ tii^e i':r^r* ^i-ci riiier side of 
-' --_ :• iLr:KZ3 the TTj extrrfne r^Ts ^ asil <r' and 

• :-: of tL*r oD-r, an*! S'l-r ^.^ ot ih*r -xlier, 

^' :> 4 of th»r one and Lvj'. :>. 4 cxtcndei of the 



A^r^iii, Ah r- 3, 4, extended, meets e and i, are two points in 

rh^r lifi-: of a/ *i'>ri of two resultants B\, BI^, which are necessarily 
^'f[u;i\ rxhf\ opj/A^ite. We have now turned the couple round a 
ri'jUr. nnjlv and its forces are now R\ an 1 li^ , while its lever 

/'irrri i- // ,. 

W'f }j;jv.: th'.-ri, for th» first sectic'ii 

Z.j ^ IC; .h - >.l.r . : . A: X ~^^^— = .-AT-.-J ... (2) 



po - — 



PO 



n 




/ \ 



/ 



\ 



\ 



FiB-.84. 



tApoi 




(a; 



n 



For second section 



K'A 



For tlie resi<lual force between the two sections 
ZAj/ = AR . //3 = Apllx , z . Az X ^,3^ ^ = ApK'^-A 






If we had taken the side say 5, G we would have fo 
equation of tlie residual force 

whence the resultant force varies inversely as its lever nrm 
is consequently the greater the nearer it is to the neutral 
for the nearer the axis the steeper the side <>f the 
polygon. 

The second cord polygon whose sidrs are i\ 3, 4, r\ h; 
force polygon Oc for pole 0,.(r), 0^{r') for its extreme rays \ 
coincide, and 0,(3, 4) for its other rays. Its two impr 
forces .MIT + 7?J, — //^\ ninl tlie horizontal tension introduf 
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i;i = c, wlieiict' 0,(3, 4) ia the ( ray of earlier constructions, and 
the vertical coinpuiiont of tlii? sfri'ss is the intercept on the force 
polygon Ap'^'^.r . s . Az, which ia therffore thp vertical force at 
the joint 3 of the curd polygon, which c;in only he resisted by 
ciihcsion between tlic layei-s. 

Tlie follo\\iiifj may nssist the conception. Conceivu tlie beam 
divided intu imaginary layers coinciding with the extremities of 
the cord jiolvyon aidt-s niid the cor.1 polyjoti drawn upon it. 
Then each layer is a link in llie cord polygon. Now take tliu 
1 iiks or layers .'i, i and 2, It, the tension on 3, 4 is the n'sultant 
of all the oiln_T tensions. The h«rizontal force is Ap and the 
vertical fun-c ia ueeessjirily Aj>%\r . t . Az and Ihe resistance of 
the joint of ihe Ihife.'i to this fnree, that is the resistance to 
-sliding hctwi-rn flio two layers :*. 3 nnd 37+, is this vertical , 
resistance = and r.p|i(Tsitc ti 

Helnrning tu Ihc eipiatioi 

Tliis force A/.|/(. is distriliiited ovir Ai/ of the lougitiidin! 
section ; ihviiii- hy \>i and we have tlu' intensity per unit i 
length of lon^'itndina! 

Air, 



and wcie it distributed, therefore, with that intensity along 
(lie longitudinal section for a length equal h^, it would 
eqnilihriiito Z. 

1 i:i. Ovaphio'l VnmlfuHu.n nnd lir/u-'-.^cni-lion of Ihe IKstri- 
hiilioii of Shrari7i;/ Sln-x" in n Beitii'. — In the ease of a beam of 
nniforni hreadtli, the expression for the shearing stress over Ay 
of the longitudinal .section, l)eing 
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for X being a constant may be taken out of the sign 2 of 
summation, and tlie law of distribution of shearing stress in 
this case can be represented by simple summation of A^ . z 
as in fig. 84, the curve formed by the ordinates assuming the 
form of the parabola. 
Taking tlie equation 

and substituting that value of A^> in the expression for shearing 
stress at any layer, we have 

A vr c ^tA// ^c A rr t. ^m'JC » Z , i^Z 

A '^\ 71. '^l 

The area over wliich this shearing stress is distributed is ./• . A//. 
Let <T be the shearing stress per unit of area, tlien dividing the 
above expression by ■'" . A// we obtain 

/j ^ >• -v A - 

O" = — ' 

Writing down the iollowing propiations — - 

\mz' , y Z , I) . (ilic _ , 

^l-.c . z . Sz Z .h . ahr Z . h . ahr . ^0; . : . A: 

. _ • • • 

• — » 



c : 



W lien h = o" this eX]»r<ssioii ])ec<»nies 
" (I * 

.1 r /• . : . A: 
2^/* A'-.l 

It will be observed that the last term of the tirst propoitiou 
is the third term of the second. 

The fourth tertii of the sec(nid jjropoitiiai is the expression 
for shearing stress ])er unit of length in the longitudinal 
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sectiiiti iniilti|ilii;.l liy /', and a.iniita of the following graphical 
cuiistnictior]. 

Takiii,'. in fig. So, iLe cfist-irun boani of fig. 83, auJ construct- 
ing a^MJii iliv lorct' ami cord polygoiiB, modifitid, by dividing the 
urea iiitu a yre.it uUUkbcr of A.-l Irimiii^-. 




«r liHvr (Mii<trui-|i'.| ill ■ twri ]irei-i'ilini; |>rii|iiii-tions in the fij^ure 
l>vinvaii-.ufsiiiiil:uti;.in,L:l.>s. Tli.' t'.urth trvm nf \\ii- first has 
h.'ru ui:'vh:\/, iIk' tniut h t,-rni u{ \W- s^TMiid )ias bci-n niiirked 

nis-il. It. will h,' ii-;i-f-il t.) rfi-.i^Lii.sf this construction on 



T;il;in'4 .1 suffirioii! iiinnln'i- nf vahii'sul' ,'.' . !■ (.seven have been 
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them off as ordinates from the axis of symmetry over tlieir cor- 
responding lamina;, we obtain a number of points wliich, united 
by a line, we will call the curve of shearing:' stress. 

But a is a base to which all our AA are reduced, and we shall 
find it convenient, instead of finding a = shearing stress per unit 
of area, to find cr . ah. Now 

S 

a = 

and we liave the projjortion 

, , S , ah 

X : a v. o , b : = a . at), 

.>' 

or Avhat is the same 

X a S . ah - 

X 

Lay off (fig. 85 (^/), horizontally r or - and aS' . ?>, and vertically 

a or -. Complete the figure as shown, by forming two similar 

riirht-ani^led trianiiles, and we have iiraiiliicallv solved the abuve 
proportion. This construction has been carried out (f\<^. 8 ">(</) 
separately for tlie valu(^ oW'^Jj. 

It will be found also on plate I. at SA^^, where 

■1' n \ A -1 

arc marked. 

114. JU'nfjH'tulaflon of Fon/nf/a\ — Distance uf outer filaments 
of beam from neuti il axis 

r and c'. 
Stress on out>i«lv; filament per unit of area 

p'' and />r'. 
Stress on filament at distance : from axis per unit of area 

J'-' 
Stress on whole breadth and (lej»th of filament at : 
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Murnent >■{' wliijle stress at i 

}jz . jA: . 2 = }>.'• . z- . Ai, 
Summatiidi nf moments of stress armind iiL-utnil asis 
pXVcX . s-A:. 

ProcL-ediiig to aaothiT cross suctiun diatiiut A,'/ from the laat. 
Bending luntntfut at first cross sectiuti 

Zi/ = -j> . 2!rJ: . ;'A;. 

Bfiuliiig iimiiicnt !it st'cunil uioss aeftioii 

Hi!/ — Si/) = - p' ■ ^-tt'X . a'A;, 

Force lo ill.' rtiuilibiiart'i! hy the bi-am between the sectio 

Lonfiitiidiiiiil shiTirhig Htri.'t> iil imv uuliiuilL- ; between thfl 









MCtiull 


sity I'l 


slii'jiviii^ stn.'ss i"-L- unit in lui 
A'-.l 


lutvl 


Mly .. 


■ ],r..rms .<im-s ,»•,• iiidt „l' a 


s.-,ti.a. 


,t „i,y 


railiuale ;, 



Hei.ieiLLhci- that in llie I 



.y.v/,w< IIl.^n.,n.i ,r,ih OI.H'/uc lW:r^ V /« ?;,..■ nam of the. 
Verlivl .hi^ nf S,/,,,, „<■',■;/. 



llj. ^Jlaf •'/ Uhli.,M F-nr ia the l'!.i,ie oj S'jmnulvy in 
'.f.orufj th.- Xfutr-l A.ris p^ntlld lo it-^'-f/' pom Ike Centre uf 
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Moment ot' «lioli! stress at : 



I 



pz . xAi . i = }"■ . ^- . Az. 

Sumtiiatiuu <il" moments of stress around neutral axis 

p^'llx . z-A::. 
Proci'oding tu aaothcr itoss section Jistaut iy from the 
Beniiini,' luoment at tirst cross seution 

BorKlin^' [iii<Lii<.'ut at second cross section | 

zft// — iy) =- p' . tt'^x . i'A;, 

I'Voc to ill' iii\iilibiiiitt-il liy tlm 1jl-;iiu between the seel 
Z. ^!, ^ ~ S,j . -ii",x . r". Ar, 

Liin-;itudiii;il slienriiif^ slre^-s ;il any oniiiinte c liftwet 



ingS 



Iniu'iisity III sliL-ariji^ stri'Ss ]«'i' nail in li-nglli of loi 
ii'Ctioti at ain unlimiti.- - 



lllt^■ll^ity 111' .slifiiriiii,' stress ]ii;r unit of area in longit 
scitioii at any oixiiiiato :, 

""- " >, ■ A--.I 
Itoiii.iulirr lliat ill tW- (..icsuiiig 

'■ A; = A.l - .1. 

X../.i»( l/r.-^]l,.nn rill< '>lj;,,ac l^mt /• i„ llu Plane 
l>,-(;,-./.l-,< ,,/■.*, ,/,■,. 

Uj. »:-/ ,,;■ (/W,,,.., f«nr ill ll,e Plane „J Sijnmi 
n^iweuaj llu Xailr"! A.a.i [jnmlhl lo iUcIf from the Ca. 




u. 



.^ 



6.. .9 
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^ 
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i. The forces in this case are resolvable into 

J/^, Z and Y 
but in which 

M^ = jy;, = 0. 

ii. Accentuating z when measured from the axis through the 
centre of gravity to correspond with notation in (105 and fig. 
80.) 

The bending moment is now 

J4 = % - Ye, 

Afj. being equilibriated by the moments of the stresses around 
the neutral axis going through the centre of gravity, viz. by 

jy . 2.mz -, 

then, the effect of applying the horizontal force Y is to remove 
the neutral axis parallel to itself through a distance (fig. 8G) 



when 






\ 



mr^ - A-- 
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p;c4z) ^ 

pC ■■-■•'*-- py - •■ 
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Py = 



Y 

A 



For the stress on m previous to the action of Y is 

but by the application of 1^ the stress is increased Iw ;?^, and is 
then 



anci wnero i, 


IJIS !.■ 


xpressirtn cqiinis zuro la me iiiie oi neuirai a^is,^ 


viz. wherii 




1 


whence 
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llti. /'..(, 


'' ';/ 


Arilnii iA CfoA^ Section «f lleuiUant of Stresses. 


—Lot z uii; 


■u'cei 


iteil h: till' vrilu.i c.f ; iiioiisurfil from the new 


lu'iitral iivis 


. (■«!•. 


.S(i), tli.'ii 


amitho^rr, 


■w Ul 


1 aii_v f!fii\oiit is now 


and tl,e siii, 


L|..f 


tht* iiionifiiw is (105) 




/■-' 


,(;■' = }i^m [:^ + z'^) = p[k' + i'):Lm 


2 Mnmeii 


;(-■,■ o; 




Ttie dism 


111,-,- 


frrim the timitral nxU at whirh p^mi acta is 


llK-rvfoix. 




/■^ 



117. /■'■//(/ *;/■ .l.^i"/; r;/" A'r^id/aiit of Stresses and Trace of 
N'lilral A.IIS iii Crcxs S''i'fii'ii are Pole oml Antipohu: — Xoting 
till' 'MMslriK-tioii i.r Iii,'. fS7. YU tlic pole of the line n through 
.riiiiil iii;ikii)._' r.r'=('X A'' is the autipule uf the linen, ths 
li.)r y,',!,'oii,._Mliroiigli A" is thf niitii.nhH- of Y.rxwA {Proj.Gcom.) 
_ AX _ BX AX _ AY 
A )"' " II Y '"^ BX ~ BY 
<ii- .Mib-tiliitiiii; llieir valiie.s in terms of k anA : marked upon 
tlirm, tin'ii hy.-imihrlfimi-les 
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z 

i 

z 




(>V 



and 



;in(l 



r 



A- 



k 



-r + /.' 



^'^r = c + 1', 



wherefore if 7^' going throui^h X' is tlie neutral axis, the point 
of action of the forces goes through }'. 



118. Point of Action of Re sn.lt ant of ^Strcssts and Trace of 
Neutral Aj is in Cross Sceti(rn are iiitercJianqealAe. — Inversely as 
pole and polar are interchangeable [ProJ. Oeo/n.) if Y is in tlie 
neutral axis, A" becomes the point of action of the forces. 
For tlie same equation still holds good, for, exchanging the 
svnibols, we obtain as fornierly 



110. Point of Action of Forces icJten Xcntral Axis is removed 
to Ed(jc of Cross Section, — If by means of force Y of such a value 



14:; GHArUICAI, HKTERMI-NATIO-N Of fURLKS ^ 

that tlie noiitrnl axis ln^Minies ri'iuoved to the edge of the c 
section, theti : = c ami 

p.; + ^1^ = p(c + :} = 'Ipc and f + -'■ 

gives the poJTir of ftction of Ihe farces. 




Ill the same mauner, should the forco 3' be of a value which 
rauses the iicntral axis to tie rt'iiiuved X<^ the opjiositc edge of 
thf cnisf^ SL'ftiiin. then 



gives the point of action of tlic resultant strains. 
These two pohits, .it distances respectively of 



111: cither si<le of the centre <•{ gravity are two jioints on the 
houii(!ury of a fnim within the cross section of a budy whose pro- 
perties will he elucidated further on, c.illed the mrt or heart of 
the cross section, 

Tliesc two however arc its most valuable points. 

These points jire tlie antipoles of lines throuijh the cross 
Bcctinii nn the axis cif symmetry (o the circle described from the 
.■eiitrc nf gv:ivity '-■ witii fadius" K (fi;^. SS; 
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(a) If the neutral axis is at the outer edge of the cross 
section, its antipole to a circle with radius A^ around G is a point 
in the line of action of the resultant forces. 

{b) If the point in the line of action of the resultant forces 
(in the plane of symmetry being understood) is at the outer 
edge of the cross section, the neutial axis is the antipolar of 
that point to a circle with radius A^ around G. 

120. Findimj hi/ means of Theonnn. of 117 the Neutral AxU at 
a (jivcn Section due to a (fiven Oblifiue Force P. — Fig. 89 repre- 
sents longitudinal section of a beam, acted upon by an oblicpio 
force P in the plane of symmetry. Recpiired its influence on 
the position of tlie neutral axis of the beam at some section s. 

Tig.69. 




Decomposing P into Z and F we have, Z tlie usual vertical 
shearing force at 5, Fthe longitudinal com])ressive force resisted 
by an obstacle at the end of the beam, P . r = Zy — Yc the 
bending moment around ^r ; r being the lever arm of P 
around G. 

Produce Ptill it intersect .s. Through G draw the radius of 
gyration, k of the beam at right angles to .s, and from jjoint 
(P, s) draw a line to the extremity of l\ and to that line from 
end point of A' draw another at right angles cutting s in a point 
of M. (117.) 

The action of the force P has now been decomposed into the 
shearing force Z' = Z, and the bending moment Yz, z being 
now measured from n to point (P, .<?), the point of application 

of y'= 1^ 

121. Tltc Neutral A.rls in an Areh^ or Petai}finf/ Wall. — The 
preceding theorems (11.5 — 120) find their most important 
application in the theory of the arch and retaining wall. 
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When we I'oini! to treat of the ftrcli wc eliall find that for any 
cross section of it (as Jt fiy. H!)), \vt> nre able to find (tentatively, 
no doubt), thi- nbltqiie presaiin? /'at that section and its point of 
action (P, «■) in tLe wictioii, from whence (ifttT (120) iveean find 
the neutral axis for tliat cross section. 

Now as an ai cli ought tu be wliolly in compresKion, the neutral 
axis )i must li« without the cross secliou (for the stresses are on 
tlie one side of n in romprcssion and on the other in tension), 
whence, after (llilj the ixiirit of «etioii of /' must be within 
the two pyint^i X' and A'" (ti^. S!S), for if it be outside of these 
points t!ie neutral axis is within the cross sectioii. 

Keeping in view the coiistrnetinii "f Hij. HOn and fig. 88. and 
R' men I be ring that the angle witiiin a semicircle is a right angle, 
wo can see tJiat in an areli with a rectangular cross section, as 
in a stiine arch, the presstire J' must fall within the central third 
of the depth of the arch stone, in order that the whole depth of 
the arch sionc may be in conipTcssion. This agrees with the 
ohi-cstablished m.-.xini, (122,20 

I2l'-I2+ d'OiDClru'nl CoitDii-wlhn </ liri(Axri-("'r.AYK'-s 
Hj/iirrloh".^ 

121 i'l-uU.,,,. T.I ro}>itri"i the Vnh^r* Y of AVr,-.« in ii Jkcl- 

nii'liilui- CV(Kv Sn-tiiHi, it jimy h- o/ im Ank,f\'r e Be ri/ point - 

of il.i ii/i/'/iffitii'ti tnitfer Cimsffnir S/rfss of Outside Lamina. — Let 
till- line .V (liij. iUli be tjie elevation of a rectangular cross section 
iinilrr ennstant stns-^ ii of outside lamina on the most compressed 

side, rei|nired 1' for every point -^ of application. Let v be the 

dislaiiiv fiojn " to puint of applieation of Y. 

1. When r^r(=\ depth of rectangle) 1' goes through G. 
\\v nculr.il aNis is at iuliiiitv. }' is distributed e(|uallv over the 
ciwssreti.m, and 1' = in,.' 

•1. When V = I,- (= \ L'r- 1' goe> thron-h tlie jx.int X' (119, 
lig .SS al the rd-v A the eoie, and tlie neutral axis is on the 
-ail-ide edge uf tlie er..^- section. Tlie one out.side lamina is 

' Aii:il>ii'-.tlly ir,MU'.l l.v M. Piir^ind-tlNVc in J;,w. .7. ;-"»/* tt Chavn: 



neither compressed nor extended, and the compression increases 
regularly from zero on that side to u on the other. The force 
Y is now measured by the area of the triangle having u for its 
base and 2c for its height, and Y = cu. . 
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Fiff.90. 



nil \ 




3' 






4 "■ 



i^H 



When Fis within the central third of the dL'])th of the cross 
section, i.e. within the core of the lamina, for instance, if I'goes 

through 1 the neutral axis goes throuuh )il, the value of Fis in 
this case equal to the trapezium wliose parallel sides are u and 
u^ and depth 2c. 

Taking tlie mean or central depth of this, or similar tra- 
peziums, i.e. 



^ nixf \'( fcrtii'O *< ii»£ f Jro they r 
- I,« » Duoiiirr i<f piav ".1.1 3. 1 5 C 
". Iji- (Tirt-r ^ 4. S. " 1. i !*»* been c 
- . t»)Bi» >f Ti*' lilt b*K Se. 






\ 



act on the 
.c^^mU asis. 
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and as 

z being measured from this neutral axis, we have 

n 1 . 2.mz = 1 = - — ^ . z . Zm = 1 , 

c -{- z c + z 

a . ^mz = Y[c -f z) or it , z . ^vi = Y{c -f z) 

and as the product of the extremes is equal to the product of 
the means, we may write this last expression 

(c + z) : u :: ^mz : Y or (c +1) : u :: z . 2/;i : Y. 

Now (fig. 83), at a distance c from G the intercept of the 
extreme rays of the first cord polygon 

= c^7H : ab 

whence the following construction. 

Take (fig. 91) and at a distance c' from G lay off 

at right angles to axis of symmetry and join its free extremity 
with G, and produce it, we liave thus a line whose ordinate for 

any abscissa z is 

Ini 
z'^m : 2ah, and b beini^ = }, — ; 

this line shall make /.45'* with that axis, whence the construc- 
tion given, being based upon the relation 

z = zlni : 2ffb, 
for any value of z 



\'^/if ( }( 



{(' -f ^) : // :: \ ,- : \- , : . zl.m : 2ab 

:{Y: 'lab). 

A 

The special choice for the constant b, viz. I—, has given to 

this construction a certain sini|)iicity, for it gives 

lah 

so that all values of zlrn : 2((b fall on the line through G. 

I *^ 
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w. 


iiii^'lil. tulcu any cttluT vnlui> tor '', but Mie (-• instruct) otn 


woul, 


wiitit. simplicity. Tlii.' i^unstructioii given, i 




l-:-2'ib^ Y: li"!|^'= 1':'4 


is reti 
(122 


:iiil 111 (iif I'OTiMtnutiou uf tin' iirurtilliig prnljlciii, articlo 


12 

ll.C T 


rlii'ul tlimugh (7 is llie ime asynifiUite, and a horizontal 


<lr;.«, 


tln-ou^;!! a iKrint in the vertjcal at a distance -r, above G 


is iIk' 


..lluT Jl'VMiptOtO. 

IVuiii tin' pmptirlioii 


liuri/, 


: + '■ 

w 111.- .■.\|.ivssiiiii t'lir lliit v.-ilii.-s uf ^'1, CVJ . , . . upon th« 
iihil llir..ii,i;li (/' Piiual t.. 




i + .■ 




1- (■xi-i-gssiijii fvr the rectanfjlc forint-ii by the Rsymptoteii 
eri'iiiiliriiliins upon theni fvom nny point of the curve ia 







ii .-■oiist^mi. 

This ihiorL'Tii miiiht ais.t he imm-ii froTn the pmperties of 
|.^>niilsof nns in invu!uli..ii, 

S,,/i:d /r.^Cx^r of .',1 l'„:'!i,.<m.-lrin.l liaun, or of a Si/ni- 
vi'tnc'l J!'''.,, ',r,i^;/.,imfln',-ul!>/ pliu-al. the PUuic in uiueh 
the Fonr^ »rl .jim'i'j tkrwjh tlu- Cmtir ,./ Gravity of the 

\->y t'v,ulil.mi of ]■:,,„,/ ihrimn in rn.^c ni i'-/.ich the C'oupUs 
Z,i - )■-. .,„./ - A': + ;;•: L\asi, Iwl /..- = U. i,f. i'l n-l,ich the Br- 
s,ill,,„l '.J X, y o.ul /, i-: i„ f Pla.f, /■as.iiiif/ /hroin/h the Ce»t<cs 
of ilr.n-ih/ ,f Ihr r,v,^■s ,S'.,-/,V,„s ,/ the /,',"«(.— The vorlical com- 
IMiK-nt ,.f tht's... tliLv.. f.„v, ,, X. V, /, whi.-(i «-o shall for brevity 
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call Z, determines the tlirection in which the leverage z of 
the reacting stresses, i^mz, must be measured, but the neutral 
axis from which z must be measured must have no tendency to 
rotate round (7, that is 

^nnr = 0. 

It is evident that the axis of .r fulfilling that condition, cannot 
be laid down without previous investigation, except in the case 
of Section II., viz. that of the beam symmetrical to its vertical 
axial plane, vertically loaded and vertically placed. In fig. 04, 
we see at once that a horizontal x axis would not fulfil the 
condition 

)imzj: = 0. 

We must therefore extend our knowledge of the theorems upon 
the moments and products of inertia. 

126. Transfer riinj the A.res around which (he Moments and 
Products of Inertia are taken ^ ^)(nY///c7 to fhcnisttres. — Let x and 
::, fig f)2,be the co-ordinates of a lamina, having any point (J 
for origin, ni any area particle, 

^ni = A = area of iamina, 

2..C = a , 

V-- = Jr 
^w — f/ , 

Let there be drawn a seconVl pair of co-ordinate axes, parallel 
'.o the first, having any otlier point 0' for origin, and let the 
o-ordinates of their origin V)e Cj y^, then 

X = x^ -\- ./•', 

^ = z^ + z\ 

Xxzni = 2(.r^ 4- x) (:, -f ^'), 

= 2(.rjr^ -f z^x + x^^z' + x'z')/n, 

remembering that x^, rj, are constants and can therefore be 
outside of the sign of summation 



GRAPHICAL UCTERMINATluN Of FUHCES 

Let the co-orcHoate :ixes '■', ;' go thmugli tlie centre of gravity 
the kniina, llien 

i.fV,( = mil] TJiii = 0, 
id tliii eijuution biTnnios 

^.r:iii = Aj:i!i + "S.x'z'rti, 
^j-.m=Aix,Z, + C'). . ■ . (3) 
or CA =Sj*«f -A;r,:,. 

Iiis result may be thus expressed. The ililVert-nee betweeu the 
■oducts of inertia n-ferri'd to auy co-oniinate axes through any 
nnt and when letVirfd tn pnrallfl po-ordiiiate axes through 
,e centre of gravity of the lamina is fijiml to the product of 
,e co-ortlinate3 of the ''i-iitre of gravity with the area of the 



Let us write 



= (tM, Sj-:)!! = C. a. Si'm = h'A. 
= k'J. S.i-Vw = C*. ,1, 2;"m = A».J,. 



C.A = C\A +.-J.r,.-„ 



mcmbering that 2j-'i, 
3 finally obtain 






= Sr'm — anSJtn + j-i-S»i 



IN ENGINEERING STRUCTURES. 



161 



Fig.93. 



/ 
/ 

X i — 

A- x' 

/ 



> 



/ -X, 



O 



that is 

III the same maimer 

(Collecting the foregoing expressions we hav 

d' = /:'^ 4- a^i'^ . 



6' = 6" 



ar 



1*1- 



(') 



(2) 



0) 

(2) 



127. 7'urnwg the Axes, iyi refercnrc to whicli the Monicnts and 
Producis of Inertia arc tahm, around their oriy in, gives an Ellipse 
for the locus of C, K and K' irhen their Values (nr laid dovjn on 
these Ares. 

i. Knowing the moments and products of inertia 

^x'w, ^z^ni, Xxzniy 
or a^vl, PAy C.^tj 
relatively to given axes ^A' and OZ (tig. 1).S) required 

%l^rn being taken around an axis ffQ going through the same 
oriirin Gn beinu' measured as the ordinate from G() in finv iriven 
direction. 
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Aa tho diroction of q is undotenniiicd let us choose GZ for its 
dirtctiun, and let the equation cif tho new axis GQ referred to 
tile old axi>i '/-I' be 

7 ■ ■^. 
ihuii tlio ordinate of any particle m to tlie original axis GA' being 
Z, tlic ordinate of the parttclc to the new axis GQ will be 



s been given on fiy. '1:1, but fur p read 7.) 
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Substituting this value in h^^m 

= yV:S.m -'2yC.-S,m + b'S-m, 
or A" = 7V - 2-) f? + b\ 

or ;r = (a7-^y + &'-^,. 

This last form beiug one by means of which h is easily con- 
structed geometrically. 

Lay off on GX and GZ, the radii of gyration 4- a, + '>, = GX, 
and GZf — «, — i, = G(A') and (72^' and through end points of 
+ C(, + &, — a, — J, draw lines parallel to the axes AA\ AZ, 
A'Z\ {A'){X), then GX, GQ cut off upon AA' the length 

XQ = ya. 

Lay off from X 

a 

and from upon OX erect a perpendicular 07/. 

With the point X as centre and distance h, describe a 
semicircle AHA'. This will {Euclid, i. 47) cut off' upon the 
perpendicular the length 



Oil = 



"J^'-'C- 



The distance HQ = h {Euclid, i. 47). 

Bv means of a semicircle Dill)' from centre Q and radius A 
cut A A' in 7) and 7>', and draw lines parallel to GQ. 

For an indefinite number of positions given to Q upon the 
line AOA' as centres we obtain by means of semicircles 
BllB' .... an indefinite number of lines in pairs, parallel to 
each new position of GQ surrounding a form which they 
envelope. 

When Q coincides with 0, 



/ i 
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ii. Tlie piini'tuelle marked upou AA' is a pimctuelle id in- 
vi)lutioii of wliioli ia the centre auii OH tlie semi-axis {Proj. 
(ko»i.),ani\ A A', BH'. DD' . . . . an: pairs of corresponding points, 
jind the foiuis whieh the \mt& of |»ar!illels siirrnmid, is a coiiio 
sectiun, and, iK'ing finite in iill dilittliuna, is au ellipse. (J beiug 
the centre of involution is the point which corresponds to itself, 
OA k therefore tangental to tlio ellipse at 0, and GO is therefore 
the conjiigfitc kA' /,'Zr 

iii. n,- ( ■,„i^tnirfiun af f!u Fnwiprd Ax'M.—LeX. G T, «{(/') V 
be the pruu'ipal axus, then VfiV is necessarily a right angle, 
whence, in order to obtain the t^'o corresponding puints V and 
V, the coiitve Q of the necesstiry circle must be that point on 
the line AA' whont Q'l = Qff. To find that point is tin 
elementary pruhlcin. It is the point where the jRTpemliciilar to 
OH from its middle point cuts OA. 

iv. The cii-ontiimtes of the pi.iint of contuct referred to the 

first, axes an' 

. ,„„i ;; 

Similarly llie ro-ordiniit'S ot llie iioint of contact 0' are 



l.uu<\ " 



mill their protUut 



i.s the same. 

As we have niaik* no \i\ pi>tlicsi.s over the position and direction 
of the axes, the folluwinj,' vesnit prevails generally. 

That ^vt'.: in relation tn twu ch^ison axes is equal to the 
]irodnct of the. cii-<irdiTiates of the end poiuti^ of a conjugate 
diaineler of .c or : in the ellipse of inertia. If .-■ and .; are 
iiiiLJugate, then is Si/(.-: = U : f.ir one urdhiate, 



IN ENGINEERING STRUCTURES. 1.05 

V. The area of the trianigrle 



The area of the triaiiirle 



GOX = % . ^' = 

2 a 


a 

• 

2 


;le 




GO'Z' = r, . ^' = 

I 


a 

2' 



whence it follows that O'Z' is decreased in the same ratio that 
GZ' is increased or vice vcrsd. 

This is obtained by drawing 00' parallel to A'Z'. 

128. When the Vertind Componoft Z (116) of the Applied 
Forces only e.rists, the Neutral A./is is the Diameter of the Ellipse 
of Inertia eonju(jatc to that Diameter v-hich, in the Cross Section, 
is the Trace of the Plane f/oinr/ throw fh Z and the Centres of 
Gravity of the Cross Sections of the Beam, — For, for that axis 
:Lmxz = (127, iv.). 

We can now deal witli the svinmetrical beam unsymmetricallv 
placed (fig. 04). Having found its moments and radii of gyration 
K and K' for the two principal axes for which C7 = 0, w^e can 
construct our ellipse of inertia, then the semi-diameter on ZG 
measures h — "J^ff taken round its conjugate axis wdiich is the 
neutral axis. 

120. If the Line of Aetiun of the Besidtant of Airplied Forees 
jfosses through the Point Z, in the Trace of the Vertical J^lane 
through ZG in which the Applied Force lies, then the Neutral 
A.ris is removed to the Antipole of Z and lies pandhi to the 
Conjugate Dia meter of ZG, and conversely a line n' through Z 
jmrallel to the Conjugate Diameter /x the Neutral A.cis when 
the Point of Intersection of Antipolar qrith ZG is the Point of 
Action of the Forees, — The method by which tlie antipolar to Z 
is obtained is obvious from the fi»:ure. 

130. Core or Heart of a. Lamina, — Suppose the neutral axis 
to pivot around the circumference of tlje cross section, then tlie 
point in the line of action of the forces which is always tlie 
antipole of the neutral axis to the ellipse of inertia traces the 
circumference ol* a l>ofly within llic rilipsc, called the rore or 



heart, nml a:i tlif poie iiiovea in a stniight line- wlieii the |)oltirl 
pivots rnumi :i ]ioint (/"to/ Gniui.), su wheii the neutral axis jiivota 
rounil n. sjiliont angle of tlie figure the poiut of action traces 
a straitrht litiL-. 





In fig. 05, the core is given, ami the method of finding its 
points is shown, n is the position of the neutral axis parallel to 
a diameter n of the ellipse, draw in the conjiiy;ate diameter of 
u' cutting n in N, then N is the pole of a Hue parnllel to n in 
the ellipse, and proceeding as in 120 and fig. 0+, we obtain the 
corresponding ptiint in the lienrt. 

In onler to obtain tho straight line in the circumference of 
tlie core correspiiudiug to the pivoting of the neutral axis around 
a salient angle, it is but necessary to reuicnibor tliat two points 
determine a straight Une, so that we have only to find two points 
of the core corresponding to two positions of the neutral axis as 
it pivots round. 
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Lg. 96 is the cross section of the rail of Plate I., giving the 
. It has been kept out of the plate to avoid confusion. 
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tSectio7i V. — Problems in connection with Moments and Products 

of Inertia. 

131. Having the Central Ellipse of any Lamina, to construct 
the Moments and Products of Inertia of that Lamina around any 
other given Axes GX, GZ, and point G, figs. 97, 98, and 99.^ — 
Equations (5 art. 107 and 3 art. 126) give us 

Xxhn = (J:' + k'')lm = x(x + ^^m . . (1) 

^xzm = {xz -f Cy^m = x{z + — )2m = z[,c + ^)-/>^ . (2) 

:2.z'm = {f -f k')^m = z{z + |^]2//i ... (3) 

where the ordinates of 0, the centre ot* the central ellipse, are x 
and z. 

Now, recalling tlie constructions in figs. 81 and 83, and com- 
paring them with the form to tlie right of tlie above expressions, 
we see that we liave x^m and zSm or the first moments. These 
of course are found in the line of weights of tlie second force 
polygons, and (dropping the accent of C for simplicity) 



. Ir 


Ir 


c 




- + -.' 


z + - 

X 



are the lever arms for the second moments and product of 
inertia, and must consequently meet us in the cord polygon of 
second moments. 

Our problem (•( insists then, first, in constructing the lengths 
of these lever arms. 

i. To find . /r 

X 4 -• 

X 

Draw tangents tu the given ellipse parallel to GZ (their 

tangental points are the extremities of the diameter = 21/). 

These tangents cut oft" tlie value k = 7/.' on a parallel to GX, 

and give us by construction of art. 129 (fig. 94) the distance 

/j- 
from on that parallel of I • 

X 

^ '''(ji ^g *^f these and other figures is the f, z r>t' tlie it'Xl. 






is the k'ver arm fur second moments of the 
GZ 

It will be observed that the diameter pj 
Conjugate to l'\ 

In the same manner we obtain (fig. 08) 

t -^ — 

This lias been ^iven in a second fifjure to avoid 
ii. To find 

c + , that is 5 -f ^. '• 

Ij(r\ we know (127, i., ii.), cuts off from the 
to GZ a length 

a 

= f 

rind we liave the following j^roportion 

/• a • • t ^ 

C 

■ ■ 

We have thus tlie lever arm 

C 

z 4- 



is carried out in the secM)iid cord polygon as formerly. 
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iii. There are eases In Avhieh tlie above niethuds of finding tlie 
moments and prrulnels of inertin are net a])propriatr, and we Live 
anotlier method. 

Heferring to eqnations (1, 2, IV) and taking tlie contral f»rm, 

—J-lll = (.'- + L-}2,lll .... 

we can, by .simjjlf algebraical (lcciiiu]ii>.sitiiin, wiite tbein thus — 



^u: 



1m 



(r- + V)im. = i,T- + /,) (.'-• + /,■;-; + (,.■• - Z-) (.;■ - /,■)-; 

U, + C)\m = (.r + /,)[{: + ^j ^ -f 0- _ A-M : -f ^, )-^- . . .,>) 

iv. Ecniation (2) of this artiele ean reroive a uenorahzation. 
whieh will be recpiired wlicn ^v(• eome to troat of tlie Klastic 
Arch. It is tliis : 



;b«J 



H>2 lilLU'lUC'AI- DETKILUINATIUX UF FUKCES ^^^ 

Let V 111* tliu Coord iiiiiU' iixU from wliiuh x is measured at 
riglit ari;4lLs tu i", and w tliat from which s is niuuiured at right 
angit!s 10 », .111.1 caDiiig thu wrdiiiatea of (6gs. 97, 08) tl 
ct-iitra! (irdiiiJili'S, «« may I'xiiri'ss the genera] iiiatiim thtiH 

ii.'-; = iy nriliiuiten from axis ex: onliiiatts from axis v. 

= ('.■iiinil .)riliii;ttcii.''frnrii f x iiiitiiiular ordinaUj of r from a. 
— Ci lit Jill nidili'ktusi fr"m " i' uutipular ordinate of a from i:. 

For, the j»iji[it i\ fig. !)(, di.'tnriiiiiio(l hy 2 + — is the antipole 

(if the iixis of ; (art. 1 17, I i«, J2H, HO] iiaA is iadcpendeut of 
the diriTtiuH uf tlits a.sis of j', hikI we can see from tlie 
toiistiurtiMii tli:it if' jiaralh'l to ihu axis of .c can have auy 
(itliLT liiivtimi <( piYividod ihi' oriiin.'iti's from n are at right 



lti-2. J-:„<j,!,.,/,.<chI oJ th.- Mil/wh ,./ L"d Arlu-h; tu Ji.al ths 
MuintnUuiii! PfudaH itfJitii'liii .i/./ib UitSfjMiiulrimL Aiujlc Iron- 
Ill-oil ml A.f:^ 'JO' it^ throii'jh Cnthx of Gniciiy <•/ the vjhulc.^FJg, , 
1(J0 is iliL* '11..VS f^iH-liim at an aiigit-jr'>ii, i!ividi.'d into tiiroe^ 
,s,'ii;initr liiiii-^ !■ I, !;, :i, (ill- L-aL-h of whirh lliu lvuIriL eUipSffi 
iif iin-n 1.^ K..- Iiii II (.■iiiiiilnicii'il, .'Hill thL-H the moments ami 
ptodnru ..i lu.'TtLi ai-uimd <iX. CX. mid G luv fomid, G beii^l 
ti,.-rciih<,:| -t.i^jly nf rl..'«h-l^^ l;uiii.i;i. 

i. First iif all, will l>r nlisTVL-d tho omstruftioii of the 
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= Imz : ab = A,z : «/>, 

and comparing tlie construction of ^ -f — on the central ellipse 

of the 1 himina, with that of the same on fitj. 1)8, we have the 
lever-arm 

A- 

with whicli to construct tlie intercept on the X axis in the first 
of the three second c<>r<] polygons, wliich consequently measures 






iii. For the moments of inertia ^nix^ around the GZ axis, 
compare in lamina 1 with fig. 97, and observe the intercept 1 
on the second force polygon liaving its line of weights on the 
GZ axis, having the lever-arm 

■^ + 7 

given to it for the intercept on the Z axis in second of the three 
second cord polvu'ons. 

Tlie same operations nre carried out for lamina 2, wliich being 
an exact sciuare. they become simplified from all conjugate 
diameters beinii' at ri^ht angles to one anothvr, and no marking 
has been i^dveri on the fi^uiiv 

iv. Lamina .S, being so near to tlic two axes, more especially 
to the GZ axis, the metliod of art. 181, iii. lias been employed. 
For to carrv out this metliod A., has to be halved on the line of 
weiglits of the first force polygon and carried into the construc- 
tion (^f the first cord polygon. 

C 
V. Note the construction of ..',. (Comparing the construction 

in lamina 1 with iig. 1)8. and as a leason for taking A'' compare 
with i\o\ 0*^ Note that 2I\' has l)e<'n taken as tlie pole distance 
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Wc have given these ou another figure (fig. 101), as it would 
liMve coufnsed the previous figure. 




133. Constnidion of ElUp-^<' of Lirrtic ■trmad any Point of 
II Laminn, havinij givni the Centra} Ellip^<\— Let (fig. 102) 
be the point around which the elHpse of inertia is required. 
Unite the point with the centre of gravity G of the lamina, 
by a line for the axis of A', ami t;iving a diameter 00 of the 
central ellipse. Through 0, again, draw the axis OZ' parallel to 
the conjugate diameter of OG. Then in equation (2, 131) 

and the diameters being eoTijugate, C = 0. Further - = 0, 



whence the ; 
clHpse at 0. 



: cliosen OX, OZ' ai 



runjugate axes for the 



iMiAI'IUCAI. DKTKUlllNATluN UF FUKUKS 



(1 ±7, fig. i>:t; ; i'luiii tliia fiiUuws tlmt tla- Z (iiamutui-s in IwtL tlii: 
ellipses ar^. ,.,|iL;[|)y luiig, i.e. OJ?' = '// 
Liistly 



wlieiK-e tlu* miibtrucliou in lig. lUii, wliifli n^iiuin-b uu furthur 
uliicidatiyii. , 



Sirfion J'/.—ri'ittlriiotion of tJiv Cr.nlrnI Elli/m and Core of 
si->:nrl Ltiiaiiia; fiiu'ituj EUmrnl'iry PUuic Furvm. 

l;U. Cni'ml KUijm fiml Corf of a r«mlkh>jram.—\n any 
figuri' it is Will lu tiiiil tVuui iuwi>ect.iun, if possible, the directious 
ill wliicli ruiijni;!ili- .liiiuiutiTw L>.\ist, (,r. tin; ilii-Lvtiuiia iiruitnd 
whicli we ,.ui*-;,vln>lolvli^.l»l (hat 



In this priihli'ri! Wf wo al oncf that the iliameters of the paral- 
lehigriiui are c-uujugate diameters, that lines parallel to the sides, 
yniiiiC thri.inj,'li the ivntro of tlif tijirnrc, are likewise conjugate 
iliaiiL.'tvis, for in hoth i'asi.-s it is ovi.lout that 
i^; = U. 
Lot /( l.o llio heij;lH >.f thf iMiallelognini. h its breadth, then 

.-T i* 



I, I'h: ^(jf-i(Tiy i.^j' 



= (0l'8S7/O*. 



Figr.103. ^/ 
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In like niaiiner 



V. = 0-2887 . b. 



We can, witli these values, lay duwn the ends of the conjugate 
diameters parallel to the sides of the parallelogram, from whence 
the ellipse may be constructed. 

Jc >:,7/i = :r ^^m = :.-. and 
12 12 



7 ' SV 



12" 



We might from these four points of the ellipse construct the 
core, as in figure, seeing they lie upon conjugate diameters, but 

we will also establish its form by simi)lv substituting -; for z and 
-— for li^ in the expression - + '^ 

^^- T = ^^ + U - 2 -^ ^- 

The half heij^ht of the core is hence ., one-sixth the hei»dit 

of the parallelogram and thus occupies its central third. 

Tlie core being known, we can proceed to obtain the length 
of the semi-conjugate diameters upon the diagonals of the 
parallelogram by means of the converse of the construction of 
(art. l.SO, fig. [)o). 
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We can iilsi) obtain them as a simple fraction of the dir^onal 
d. As tlit: iifutral axis pivots round tUo angle of the pamllel- 
ogram, tlie circumfBrt'uce of the core describes a line. TmftJ 
line becomes the diagonal of a paraUulograni similar to tbi 
given, but whose sides ata ^tli of it, its liiiigonala are likeJ 
wise ^th iii the diagounls of thiit given. This diagonal therefon^ 
cuts the ilia^iiiial d of the tiguro at a distance from its ceuti«»i| 
= iV' ^ti'i '■"ll^^.■([uently 



We liavu 



= T';f^ whence I: = v'b' 
ijht tangents to the el 



<r = 0-20id. 



135. V.:»/ra/ Mipae niul 0>rc of a Triaiu/fe (fig. 104),— WtfJ 
observe beforehand that the line a which unites a vertex with^ 
the middle puiut of the opposite side / is conjugate with the line 
((' going tliroiigh the centre of gravity and parallel to I, for this 
gives X.-; = 11. 



I 



\ 



Oi these conjiigittc diiiiiieters there arc three pairs, a and x', 
/' and b', c and '■'. 

Let us fcike the two conjugate diameters a and a' for our 
aniihsis. Let the line a be the axis of : and the point (a, /) 
the origin. Lot jl/iV . d^ be an elementary area, then 
MX : I :■ a ~: : » 
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or MN = / . — ^* and MN . dz = I , ~ . (h 

a a 

the expression for an elementary area. 

The moment of inertia of the elementary area around / as 
axis is 

/ . . z . l(Z, 

a 

whence the moment of inertia of the whole triangle around 1 is 

I / . . z . dz = I . -- . 

J^ ■ a VI 

In order to obtain A", refer to equation (4, 107) where 

^mz^ z^^m 






and substituting 



</' 



we hav(» 



= 7. for - , and 'rJ tor r = , 

J <f u Z}ii \.V ;' 



^^=';;-t=;8=(^-2^^'")" 



Take 


again 


the 


expression 

^mz = z^m 4- ^mz 


transpos 


ini^ 




xr* 2 ~2^ ^< '2 

z/>/.r — rz?/< = ^111 z . 


For 






J 3 

2i/y/^^ substitute .^^- 


For 






1) 



' ■ i? - >'- ' j/"- 11/ ■ ''' 






This then is the expression for the moment of inertia of a 
triangle around an axis a', through its centre of gravity, and 
parallel to its base /. 

la order to obtain the distance of the core from the centre of 

gravity, Ave have 



d' 



&* ^ 18 _ « 

z a " 1^ 

3 

Lay oil* this distance as the antipole of the vertex in the line 
a, and draw through the point thus found a line parallel to /. 
Its coinpletion requires no elucidation. 

Additional tangents to the ellipse are found from the inter- 
sections of the core with the given conjugate diameters. The 
construction of two of these tangents is shown. 

i;3G. Ctiitnd Ellipse and Core of a Trapezium, fig. 105. — ^We 
again observe beforehand, that the line c joining the middle 
points of the parallel sides a and 6, is conjugate with the line c 
going through the centre of gravity and parallel to these sides. 

Divide the trapezium by means of a diagonal into two triangles 
whose contents are ah and hh, h being the height of the 
trapeziuni. The centres of gravity of both of these triangles 
lies in the third of h, and the distances of these centres of 
gra\ ity from tlic centre of gravity of the trapezium are in the 
inwrse ratio of a and h. Denoting the distance of the centre of 
gravity (/ of the trapezium from that of the triangle a by x, and 
from tliat of the triangle h by //, we easily obtain 

h It a h 1 



*'' ii -\-b' "^ y a + h ' 3" 



^ l'i«»iii e<iiKi]ity ul iiioiut'Htis of tlie two triangles around their coniiuon 
rentre uf gravity, we have (/./■ = />//, A\e liave al^o .'." + — r whence are 
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Finding now an expression for the moment of inertia of one 
of those triangles around the conjugate diameter c . We have 
(135) the moment of inertia of a triangle around an axis through 
its centre of gravity and parallel to its base ^a with height h ; 
by substituting 2a for I and h^ for a^, we obtain 

2a//,' _ ah'' 
¥() ~ 18* 

Then in the general equation 

h h'' 



For 




^2 


substitu 


to 


\a+l 


For 




"^m 


M 




ah. 


1^'or 




2.mz 


>J 




ah' 
IS' 


and we 


obtain 











• » 



^ ., , /> hy , ah^ 

^"^" = '/r+-^r;,) -"''-IS- 



This can be put into tlio form 

b 
+ 'h 



TH + Ua -^^' ^''■"^'- 



In a similar manner we obtain the moment of inertia of tlie h 
triantfle around the same axis 



iTs ■•- (■i(,r+ /j ;'^' • ''''• 



Adding tlie two, we have the expression for the moment of 
inertia of the trapezium around /, going through its centre of 
gravity 

•' il + f-'vA /)'' ^''"^' + 1Q ^ {or '', J ^^' • ^'^'• 
1 18 \r'){a 4- bj 18 \?>{a + h) 

If we divide this moment by the area (a -{- h)Ji o*i the trapezium 
(a sim]>le algebraical operation), we have 



ORAL'llJCAt. IiKIKirMTNATIUN oV TOItCKS 
•r to t-ouatriict /.-, writo it ixs frtlKiwa 



/(*• «'■ ,,1 



ribe a aemiL-irHi.', tiji, 1115, tm the lengtb h as diameter, 
ich of the silk's A ,C of the iiiacribcj isosceles triangle is 
The ordinate AB from the intur^octinn of the two 
lals nf thi? Inipcziiini is 



-=y{,7^-^. *} 



Taking A^B^ = AB, \vc obtain Ji^<^ = :\k. One third of !\C 
jected uiHin the middle lino of the trapezium gives a semi- 
meter k of the el!i(tse of inertin on c. 

In order to obtain the auiiii-dininptiir /.' uiitiii c and around 
e axis c, complete the triangle of which tlie trapeKiiim is a 
imcatcd jtart, then the aemi-dianiDter k' ia tlnj difference 
jtwecn eik diu> to the whole trinngh', and "k duo to the imJOviI 
■iangle. 

The easiest muthod of obtaining this, is hy transforming thi- 
"apezium into one correiati^d. 
Halve a and '- and join their middle points, and at right 
nflles to this lino and u1 those iinddle ]! lints lay off « and i 
ml complote t!ic trnpezium the triangle of which it is a 
■uiicated part ; we hiive a trapezium related t-o the last having 
le .s.-mie vahic of ^^ 
Lei Ifh' the height «( the eomjilole triangle, then 



: If- 



h :: h : U , 

h{U ~ h) 
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17r. 



to 



B 



Ai 



rig. 105. 



Bi 



A O 




-C 



1-7 



k' 






a i 



a 



Ci •♦-b 



L 



b , 



Hfi-lit 



ContiMits 



Moment of Inertia 



Of the lar;;(.' 


Of tlie small 


triatii^lo. 


triaiii;k'. 


Ui 


ah 


l> — a 


}j - a 


hVi 


a'k 


h - a 


h - a 


1 />V/ 


1 aV, 


<; ' /^ - a 


♦) h - a 



1 Ti.;.. ;.. 



This is derived fiv.rn (art. 135). 



r<»r 

Fnr 
and we ubtiiin 



hh 



/ siil)stitiito - 

h - a 
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liKAE'HICAI. l)l-.TKltMINATlON OF FORCES 



,.'■•' + J"), 



wlit'iiCL' the . ■jii-.triii-tinii in tlii- ligun- (Kih-I'n}, ii. 14, anJ 



I 



Section VlJ.-rhnu'xof Gff,>l,tl .la'l Jau*I Slrv»ies I 



J.- 



1 



v^~' 






.M 



A-/ from ,:ii'li "tli.T. <'.iiisiiKT tlic iVKtstaiKv^ /.; and o 
.if Ihii.Hii;,' aiMl slicannu' rcsj»>, tivly, nf ilistaurt- : fro 
iiriiti^il lixis, tlii'ji :it. till- ilisUTu-e ..■ f>f tlic rxtreiiie til 
IV..1II tlio iiL-uti:il :ixis tl]lniiL;ii (.'. :.iiil .^ii a lilio at light 
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to the vertical, lay oti* v^ ^ni, uiul fioin its extremity draw a lino 
tliruugh G. Any ordinate to this line from the vertical axis is 
^ . 27/1, we have likewise <j:iven a . ^ni tor <;iven values of z. 

These two forces pz and a act in planes parallel and perj^en- 
dicular to the neutral plane (tig. 106«^i), and the (questions arise, 
May not these strains be greater in some other planes ? What 
are the stresses upon other pianos? and, Upon what pianos are 
the stresses greatest and least ? 

We will consider these in reference to tlie case where the 
neutral axis traverses the centre of gravity of the beam. Let 
tlie rectangle (tig. 106r/) be an elementary solid (jf a beam, 
breadth unity, length Ay, viz. the di"-tance between the two cross 
sections, we have tluis six forces retaining it in o([uilibrium, 

-\- pz\z, — i/z^z, cA?/, — o'Xj/^ a'^tf, — o^t', 

as A^ diminishes // approaches to jf, so we may disi)en.so witli 
the accent. 

Let it be cut diagonally by a piano A//, (tig. 1(J(>//), then wo 
have five forces in e(piilibrium 

2>:A^, (tA:, o-Ay, o-A/<, /cA/', 

dividing all those forces by A:, which dcios not affect the 0([ui- 
librium, we have 

A// Aft A// 

'"■ "- "S:' ""a:' /''-A: 

Jjoinu in c(|uilibrium, thov mu.st uivc an inclosed force ])olv»'<»n. 

Li order to construct this force polygon, we have two forces 
y^r and o", i^ivon in mairnitnde and direction, the romaininu- thnM*. 
in direction only, and tlio formation of the force i)olygon is 
accomplished by the following goonu'trical artifice. 

Having drawn pz and a (lig. \Wd) extend the line of a laying 
otf' on the extension {a) = a, and describe a circle around the 
three points thus given. From the end point of a draw the 

N 
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direction of the Ajy plane, that is of the a^ force. From the end 

point of (a) draw that of the cr - force, and ftoia the otiier 
point where it cuts the circle draw a line parallel to the ae'tian 

Alt 

'As 



oi pz , and the polygon is complete. 



Elementary considerations prove that <r — and pz -- are at 

right angles to each other. 

Draw the two black lines <r„ and p^z from the end point in 

the circle of o" , respectively parallel to a and pz, and other- 

wise as in tigure lOQd), These are the forces per unit of area 

on the Ak plane. 

1. In reference to cr«. Compare the similar triangles formed 

Ai£ 

by the elementary solid and that of which <r - is the hypo- 

thuneiise, and we have the proportion 

Aii 
A« : Xz :: a ^ : <r„ . 

A2; 



'2. In reference* to 2>u^' Compare the triangle formed by the 
elementary solid and that of which 2\r k^ is the hypotheneuse 

A// 
A/< : A: :: y>„:^. : y>«:. 



1*^8. J'lifiHs of M((. ill, Hf (nul Minima Stirfisa in tlic EkniaUai'ij 
SoinK — The construction of last article can be applied to the 
determination of tlie maxima an«l minima stresses and of the 
planes on wliieli tliov act. 
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of the cutting plane turn round the end point of (a), then 
(figs. 107a, b, r.y d) show the maxima and minima of the stresses 
and the planes in which they act. 

In figures 107, as the plane A?6 (or u) turns round from its 
position in fig. 106rf in the direction of the hands of a watch, it 
cuts (107a) the circle in the point A, o-„ is evidently then a 
ma.xiraum. Continuing to revolve it cuts (107i) the circle in 
the beginning of the next quadrant B where p^z is a maximum 
and <Tu zero, still revolving (107c) it cuts the circle in the begin- 
ning of the third quadrant c, a^ is again a maximum, and when 
it has completed that quadrant (107^^) and cuts in D, /^^^ is a 
minimum and Gu is again zero. 

139. CiUTes of Maximwni and Minimum St resides laid down as 

Ordinutcs from the Vertical and Prinrylpal Axis of a Beam. — 

By taking the cross section of a beam, we can conveniently lay 

down curves, whose ordinates give the maxima stresses at any 

point under given shearing and beuding stress. For exanq)le, 

taking the cross section of the rail (Plate I.), lay down the 

oblique line through (/ so as to be locus uf all values of Ipz . otf 

1 A 
(b having been taken = - • » then 



:: a 

1 A I 



a( 



and let us construct the ordinates of mnximuni stress fur A J^., 
i.e, for lamina 0, we have here Ip': . ah as ordinate from the 
vertical axis. Then at the end of that ordinate as centre and 
with the compasses spanning from tlien( e to the extreme |)oint 
of cTy . ah as radius, describe a semicircle on its liorizontal 
diameter. This semicircle cuts this horizontal line in two points 
measurinu from the vertical axis, the maximum and minimum 
stress p„i \{\)K)\\ a plane u (whose position we will indicate 
further down). 

This constnietion having lieen repeated for a number of jmints, 
we obtain the two lines market] maxinuuu and minimum. 

These lines <^ive also the maximum sheariii«» stre.'^^s bv 
measuring horizontally from the oblitpie line, for (I'J^'S) ihe 
radius of the circle at any point is the measure of the maximum 
shearing stress at that point. 



N 2 
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The force ptjlygon thus constructed for ^A^ is shown but 
without the auxiliary semicircle at fig. a, plate I., in order to 
afford a clear comparison with figures (I07b and d). 

140. Tract ories traced upon th^ Longiivdiiml Section of the 
Beam, fjiriiifj the Direction of the u Plane for any Poirvt, — The 
angle h^ upon the figure of the rail is the angle which the plane 
u makes with the horizontal at 6 in the longitudinal section, and 
it is evident that it alters its value for every value of z. If then 
we suppose it to keep the same direction for an indefinitely 
short length Aw, S then alters its value, and if we carried out 
tins gradual alteration we would obtain a line belonging to the 
I'lass of tractories, the trace on the longitudinal section of a 
plane in a beam, along which the maximum and minimum of 
bending stress occur, but on which shearing stress is zero. 

Comparing (figs. 107rt, &, c, d) with each other, we note the 
leading characteristics of the planes u. 

i. The ])lanes of maxima at any point make angles of 45* 
with each other. Notice the position of the plane u in (fig. a) 
where (t^ is a maximum, keeping in view that 

AH 

an<l a,t or v are always at right angles to each other, notice that 
while It turns from A to B one extremity of 

passes from ^1 to B, and its otlier extremity being fixed on the 

circumference of tlie auxiliary circle, its direction has passed 

through 45' {Ear iii. -20), 

Am 

^'"' ' A. 

thus travels through 45 as its revolving extremity passes from 
A in B, froiu 7i to C, from TMo 1). 

ii. 2^1,^ ^^ <*^ ^^*^' same sign ixs jn. 

iii. At the neutral axis ?i, pz being zero, the traces of the 
jil;mes ff, wliich give tiio maximum and minimum, i.e. the 
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aximnni of op})Ositt' si^ns of stress cut the n\\s at jiugles 

iv. At the neutral axis the plane a r>f maximum shearing 
ress is parallel to tlie axis. 

V. At the outside laminse the planes of maximum hending 
ress are parallel to the axis. 



la-i (Jli.VPHIUAL lUiTKIiMl.VATluS UF KORCKS ^^^ 

vi. At HiL' outside Iniiiiiiii- tin- i)laiR'H of iiiiixinuiin sheariug 
struss make iiiifilus oi +5'' with llic pinncs of iimsimuni beiuHng 
stress. 

Fig, lu.-s is ;i rcprfSL'iitiiU"n of tlic- dircctioii of tht^se i' planes 
upnii .1 boiiiii of unifrtriH liii'mllli, sn iis \-.t j;ivt"' at a vit-w tlie 
fliaraott.'ristics just meiitioiii'd. 



Fiff.ioa. 


\ 


sL--^''''^^^al5»r 


/ /^^<<ir 



!ui<lir.>ri 
fuHoi 



tlu' 



■ic's liave It iiir(.'(.'l pnicticnl vdlite in tlic scarfing 
;uiltu beams iii ctmiitrics where wood is abundant 
ur llie correHiiiinding ti-i'tli of two beams oiigbt 
;ini.' of iiinximurii slirariiii; nt n<,''it angles nnd 



141. (''inii/nirtiuii of the Lines u of Maxima Stresses on a 
//."»(.— Let fij;. 109 be the cross section, and fig. 110 (plate III.) 
till- liiilf loiij^itudinal section of a boani supported at the two 
viid.s, and loaded unifunnly with one Ion per lineal foot. 

For tlip crnss si'ction reducing K'ise 



' = 1", /• = 10", I 



■- 10" 



A.'s thf W'iiin is syinmetiifal above and below the neutral axis 
tlintiif,di G wu will cairy out the construction for the moment 
(if iuLTtia upon one half of the cross section of the beam giving 
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ami we liavf 

/I . ^'11-' = X'/ = iH'tiiliiijf iidniicnt 

*' iibc 2 

but 

-^^'' = full iiit,.r,ri.t nrswnnil in, ..licit omi p.jygo.i 

whence 

ir-.«»> -1 ■< -1 "--?■ 

Xnw the il»lMrr|.l ..f tl„. inj.l IK.lyi;..!! ..f tlic Inugitllilic 



;is tin- lM.'n.lLtli; ni..!ii<'lil illtrrr.'|.l mI" tliO C.nl ]1"ly>;.m Wf [llllBt] 



and niaki' 



-,_;., l„.,.,i,. 



iiiritiuliiiitl scrTimis are (imwn to 



tiiat is. if fpiss sfcliuii! 
the sanic sral.-. 

In .1111- .■xaiiiple tlic longiliulina! PtTtion is ti. a wale of one 
lirilf tliat .,f tlif .i-i.ss sortii>ns, ami as tlie bi'iuUng iiionient 
nrilinat-'s ar.' invn-siOy a-; tlif ]• <]<.■ dist'inrc. we must take 

in ..]<1>T t., obtain J /.<■."/. as tbe m.iinnto. 

K.inniin,s.' ti. rmss sr tion H^j. lull, l.-t nsbvolf ;?= 10 tons, 
;is ill fiy. sr. aii.1 i.lat.. I., witii tliis .iitlVfn, (■, tbat as w,- have 



IN ENGINEEPJNG STULTTURES. 1H5 

only, we lay off not h but \b. We liiive now on tlie line marked 
§, (fig. 100) the values of S .h for six values of z on either 
side of the neutral axis for the section under the front of support 
at which there is no bending moment, and at {),, §3, §^, §3, §(; 
(figs. 100, 110) the shearing stress decreases till at §<j, the centre 
of the beam, there is no shearing and the bending moment is 
greatest. 

For §j (fig. Ill), the angle S is constant and equal 45'' for all 
values of .e, for the centre of tlie auxiliary circle is always upon 
the vertical axis. 

For §.^ (f[^^. 112) the section which the student will find most 
easy to folloAv, having laid off from the h)ngitudinal section tlu' 
coiTesponding value of 

and tlie apj^rupriate curve o\' shearing, viz., tlie values ot" Sb 
(compare fig. Ho), repeat the construction shown on the figure of 
the rail for A^l., (Plate I.) so as to oljtain the curve of mf.xi- 
nuim tensions and pressures, noting that at certain values t»f z 
there are two values of '• and therefore at these points reijuiring 
two constructions, the greater vidue of ./; giving the lesser value 
of stresses per unit of area, and a smaller angle S. 

Transfer these angles, for facility of reference, to a convenient 
part of the paper, and find their reflexions (i\g. 11 2^/). The 
reflexions are the values of 8 i'or the other half of the beam. 

Havinu' made the.se constructions for all the .sections, transfer 
the little crosses to their appropriate places in the longitudinal 
section. Interpolate them, as shown on part of the section, by 
some simple geometrical artifice, and through them trace as 
many tract ories as Ave please. 

In this example the tractories at the angle-irons and tables 
of the tiirder become in the one case so flat as to be scarcely dis- 
tinfruishable from the Imrizontal, crossed bv the others scarcely 
distint-uishablc from the vertical, so we have only drawn in 
tractories upon the web. 

If Ave laid otf hues ( rossinu- these tractories at an<des of 45' 
we woidd have the lines of maximum shearing. 
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CHAPTER IV. 
Continuous Beam. 

142. Prelimimtry Bcmarlcs on Measure of Bending Moments 
aHsing from Forces airplied Outside of Points of Support. 

i. Consider a beam, AB (fig. 116a), overhanging its two sup- 
ports, A, B. Let it be first loaded only with weights, 1, 2, ... . 
between the supports, and from its force and cord polygons 
(fig. 1186, V), and A V 2\ , . . B, any ordinate of the latter (31) 
measures the bending moment at that point : pole distance h, 
and the beam is bent downwards. 

Let it be now loaded only with weights 3, 4 ... . beyond 
its supports and form its force and cord polygons with the same 
pole distance (fig. 116o, c) ; then again any ordinate of the latter 
measures the bending moment at that point. Pole distance h, 
and the beam is bent upward. 

It will be well here formally to recognise that in the case of 
bending moments arising from forces exterior to a span, the 
ordinates of the bending moments within the span are bounded 
at both extremities by two straight lines. 

Let the beam now be loaded with the above wei<2rhts, both 
within the span and exterior to it, then the forces bending down- 
ward and bending upward strive for the mastery over one 
another. And the algebraical sum of the ordinates of the two 
bending moment or cord polygons, at any point (38) measures 
the whole bending moment at that point : pole distance. 

Applying then the two cord polygons to one another, so that 
the line 3' 4' of the negative moment polygon (fig. 116c), may 
coincide with the closing line t of the positive moment polygon, 
and the verticals through the supports be the same, any ordi- 
nate within the shaded spaces (fig. llG/>) measures the whole 

bendintr moment of the beam at that point. Where the 

® ^ negative 

ordinates are greatest the beam is bent , , where the 

° upward 
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ordinates as at -ff, i^ are equal to each other, the sum is zero, 
and the beam there remains straight. These two points, E, I\ 
are the points of inflexion of the beam under the given 
weights. 

143. Professor MoHR s Problem.^ Geometrical Interpretation 
of the Equation to the Elastic Line, — In art. 101, equa. 12, we 
have found the equation which connects the curvature, assumed, 
by the neutral axis of a beam uiider a load with its bending 
moment to be 

r 

We deduce from this equation that according as M is positive, 
negative, or zero, r is positive, negative, or infinite, and tlic 
neutral axis of the beam is curved downwards, upwards, or 
straight. 

Tlie form thus assumed by the neutral axis is called the 
elastic line. 

The diflerential equation of this line (art. 101, equa. 15) is 

df —EI ^ ^ 

Intejjnitiu*:^ once 



dz ^ 1 



-h constant = 4: .,^- \^^<U/ • • (-) 



If tlicn we take the area of the moment ordinates of a beam 
(as fig. llG/>) and tlivide it into vertical layers Ay broad, each 
laver will have an area 

M 

h ^' 

To get rid of constants unnecessary to our present purpi^se, let 
us for a short time consider 

A = I, 
tlieii area of lover is 

^ Heitrag ziir Tlicnric der Holz-uiid Eisenconslructionon, Zcitsclirift dcs 
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Consider now the beam loaded with the values M^y as foi 
and as forming the line of weights of a new force polygon w1 
we will refer to as the Jf Ay force polygon. These areas be 
reduced to representative lines in the usual way by a basi 
which for the same reason as above we will also oonside] 
equal to unity. 

In this figure (fig. 11&2) the individual values of If Ay 1 
not been retained, but the moment area having been divi 

into well-defined portions, L, H., IIL, these are shi 

on the line of we^hts. The negative values of JfAy are 
upward successively and the positive downward, all being i 
distinctly marked. A pole distance named (JEI) has I 
chosen giving a pole (5), the position of {S) being othen 
arbitrary. 

Taking A as origin on the bending moment cord poly 
(fig. 11 G6), and y any horizontal distance from A, then from 
corresponding point A on the line of weights of the JfAy f 
polygon (fig. lierf) the 

2-if Ay 

from A to E has been marked upwards, then the bend 

moments changing sign 

2+i/Ay 

from E to y has been marked downwards, and the sum of tl 
two 

2-i/Ay + 23/Ay = S'AfAy 

is marked, we hope, so clearly as to require no further expla 
tion. 

Tlecalling uuw (et|ua. 2) 

^- ~ . 1 i'^ -i,, 

dy -ii//o 

or infinite ditt'erences 

^^ I 

- + constant = 4- ,,,.2^^/^^// 

\\•\\t^^^ 
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y — ^» T" = tan(a) = .-^ttt 
^ dy ^ ' (EI) 

whence 

j^ = tan(«)±_l/ifrfy (4) 

which, as above, can be translated into the symbols of finite 
dififerences. 

Integrating again we obtain 

— 1 P /"* 

% -h constant = y . tan (a) Hh -rrv / rfy / Mdy. . . (5) 

From the J/Ay force polygon form a cord polygon. Let OY 
be the horizontal axis of abscissae 

OA = c, 

the ordinate over A, then the ray {S)A is the corresponding ray 
to that Ay of the cord polygon which passes through the support 
A (fig. 116c), and at the distance y gives 

y tan (a) 

as part of the ordinate z. c is another part, and the remaining 
portion of the ordinate marked § evidently measures that part 
of equa. 5, viz., 

that is, 

Eih^y ) f^y = ml J^^" ■ y' 

the exterior intercept of the cord polygon (the 2?— PiC : h of fig. 13, 
p. 21) whence this second cord polygon satisfies the equation to 
tlie elastic line (equa. 5), and is therefore an elastic line. 

ii. Construction of Tangents to the above Elastic Line. — We 
have marked the position of the centres of gravity of the moment 
area portions /, //, ///. .... by a small circle. 

Consider now area /. Then instead of constructing the elastic 
line cord polygon from the individual values of M^y we may 

take a group of them as /. (/ /. on the M^y force polygon) 

and draw in only the extreme rays {e^ and {e^ corresponding to 
(a9) /. and (>S') (fjl.), cutting the vertical Rj going through the 
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(if gravity of tlie group {i.e. of area /.), tliese eztrei 
o necessarily tangental to tlie cord polygon at the poii 

.! (fig. 17), and thus giving 



!is formerly. 

L> f9.mc. may he done with the other areas, //., 777. .... 
IIG/), and thru we have a cord polygon necessarily ti 
1 t.» the clastic lineatthepoints3,.4,A'(///,/r.), (IVJ 
f/'", /A 4. 

'i'lil^ is all that is required of the elastic line. We sball c 
this latter furm the tnngeiital envelope to the elastic line, 
iii-llmes, more shortly, taugental envelope. 

it. We have obtained an elastic line which Ilea upon one 

> givsn supports A ; hut the other support ff depends up 
tlif pus'.tion of (S), and in wder that the elastic line may 
upiiii a given support B, we must apply Culmano's tbeon 
lliiit ;is the side 1,1/. of the given tangental envelope (10, t 
litis the side I,J/.. of the required elastic envelope in 
iilt rnfKisiKindiiig sides will cut each other in the verti 
lliMiiu'h .1, whence extending the side V I, Vlt. going thraa 
I!' lill it tuts the vertical through Am a point From tl 
|iiiiii ili~,iw the required corresponding side through the giv 
sii|hiniii 11. A new tangeiitrtl envelope passing through t 
L;ivfLi supports A and 7J, derived from tliat found passing throu 
.1 :iud //' i.s shown in fig. IKy. 

This is cfpiivalent to removing the pole (S) to another positi 
^ in tlie siinic verticid. 

As the sup|wrts A, It, in the new clastic line have been tak 
on a liorizont;d line in (tii;. IKi-/), in (Hg. ll(i(/) Ali u 
coincides with El and (•■_) and (•\) t:ike tlie new p'jsitit 
c. and cj, 

All'h'nii'hisXk line in which 
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tan(^) or -~^ 

at support B, 

But given the positions of A and 5, tana is no longer arbitrary, 
for, joining AB by a right line /, that line is the closing line of 
the cord polygon called the elastic line, or that other called the 
tangental envelope, that is, the closing line to the cord polygon 
of all the M^y forces, acting between A and 5, viz. 

forces; tan a and tan /8 are tlim dependent only on (he momenU 
within the span and over the points of sffpi)ort. 

iv. Again, tan a and tan /S would not be altered if we formed 
an elastic line or its tangental envelope with tlie full values of 
the negative and positive moment areas (fig. 1166), and supposing 
each of them concentrated in its centre of gravity. 

For the pole S of the force polygon being the same, the point 
of support A being the same, 

is the same, whence the closing line t must be the same. I> is 
therefore the same, and the reactions at A and B measured ou 
the line of weio^hts from the closing line must be the same, tliu 
extreme rays e^ e the same ; whenc e 

EFe^Lo. and EVe = Lfi 

just as before. What loc principally require of the elastic line ar^' 
its tanyental lines orer the 2)oints of supporty whicli this motliod 
gives. It will be generally used in the sequel. 

V. In our figure <'. is also e as it is the extreme ray of the 
elastic line cord polygon at ^1, in fact the tangent line at Ay c is 
the tangent at B, and its correspondent on the force polygon is 
S{ VI, VII,), not drawn to avoid confusion. Whence (e.) being 
also Cy it follows that the elastic line has the same line for tan- 
gent on both sides of a point of support. This is the important 
property of continuity of the clastic line, 

vi. In the foregoing geometrical intei'pretation of the equation 
to the elastic Line we have three constants, h, a, and EI, which 



^ = c + , ^ . ?/ . tan a + ,- z.. I dy I Mdy, 

h . a .(^i "^ h . a .HJo ^ Jo 



here call ?i, though not to crowd our notation with them we 
cceded as if h and a were unity, so that in reality instead of 

2 = c4-y.tana + ^j dy j Mdy 
have obtained 

L'uce the variable part of the ordinate z is 

EI 

h , a , Si 

les larger than the ordinate of the real elastic line. 

L44. ConMnictum of Elastic Line Tangent Envelope of a Beam 
ng freely vi)on Two Siqyports A and B %mih forces only hettveen 



kd'r 




Fif.117. 



e 



fkp' 



(a) OiK^ load P upon the span at a point y = a from origin 

A. 

Tlio first or moment area cord polygon gives the moment area 
(IW) forming a triangle, and if we reduce this moment area 
to a representative line in order to form the line of weights 



IN ENGINEERING STRUCTURES. 205 

of the second or Mdy force polygon by means of the ba.se ^ (15), 

. M . 
it is evident that the moment ordinate -r^ in the vertical of P 

h 

represents the area of this triangle. 

M 
Let this reducing base be accepted, then -^ is the length of 

the line of weights upon the M^y force polygon. 

Finding then the centre of gravity of the moment area tri- 
angle, draw through it a vertical g. Taking now a pole distance 

.. (preferred for reasons which will afterwards appear) for the 

Mdy force polygon, and A for the point of support in the vertical 
Ay draw through A the extreme ray e of the elastic line envelope 
cord polygon cutting ^ in a point. Through this point draw the 
other extreme ray e cutting the vertical through B in some point 
B. This gives a provisional elastic line. Join AR for t\ which 
transfer to the force polygon, cutting the line of weights in the 
point {I J I.). We can now, drawing t parallel to the given 
supports ABf shift the pole of the force polygon, or according to 
the method (134, iv.) in the general problem, find the true e, e\ 
giving 

k tan a, k tan /8 

for the tangents of the angles at AB. In our figure we have 
not shown a provisional elastic envelope. 

This tangental envelope gives the two tangents over the points 
of support, but fig. 117 represents it carried out to three tan- 
gents at the points Ay B, C, by taking the centres of gravity of 
the triangles /. and //. of the moment area triangle and re- 
ducing their areas by means of the base ^ to the lines /. and //. 

in the Mdy force polygon, thus giving another tangent at C. 

The Ixmgent^ 

k tan a, k tan /3 

are multiples of a and /3 in which 

EI 



k = 



1. ^ ^ 



20i} 
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(b) An arbitrary number of weights upon the span (fig. 
Having formed the first force and cord polygons givh 
complete moment area : A. 




Pi^.ns. 



r-:.^ 




We can consider the lirst force and cord {X)lygons as com 
of separate force and cord polygons to eacli weight respecl 
for instance, tho force polygon of P^ is composed of P^ on th 
oi' vveiglits, ray c and 0(1, 2). Complete its separate cord pol 
as shown in figure, by extending the ray corresponding to C 
to the vertical through B and drawing in its closing line t^. 
plete in this manner the separate cord polygon of each w« 
tlien as (88) any ordinate at any abscissa t/ of the combinec 
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ilygoii is e(ju:il to the sum of the ordiiiates of the separate cord 
ilygons at that abscissa, the sum of the areas of these separatt* 
rd polygons is equal to the area of the combined cord polygon, 
id if, in order to form the second or Mdy force polygon, we 
duce the area of each of the separate cord polygons to tlie 

ise rr then the thick ordinate i represents the moment area : li 

le toi'j. The thick oidinate ii represents the moment area : k 
le to Pg • • • • '^^^^ ^^^'^^ ^^ these ordinates forms the exact 
iigth of the line of weights in the Mdy force polygon. 
If we know beforehand, as c.r/., in symmetrical loading, the 
litre of gravity of the combined moment area : h cord polygon, 
uw through it a vertical g and transfer the lines e, c of tlu* 

if/// force polygon (having a pole distance -J and find tlie tan- 

ntal envelope ACB, giving 

/• tan a and /' tan ^ 

in the last case. 

If the line 7 is unknown we mav divide the moment area cord 

lygon by verticals through its angular j)(»ints, find the tentrr 

uravitv /, //, ///. .... of each (17), reduce their areas to 

base ^ and lay tliese reductions upon the line of weights 

mm 

m Mth/ i'oYiV polygc^n, and the relation on the hue of weights 
■ // + /// +/!'■+.... (.V 4- 1 ) = / 4- li + Hi -f .... /A 

a means of testing the accuracy t)f the reduction. (The 

ional elastic line is not shown.) 
can now complete the tangental envelope cc»rd polygon 
extreme rays necessarily (14) give a point in g. Verticals 
h i, ii .... give the tangent points of the tangental 
»e. As forinerlv 

1:1 



ic = 



1 ' ' 



'oust met ion of Eludic Line Tangent Encclope of an Un- 
an, with Moments orer the Sii2)2)orts arising from Forec.s 
'0 the Span.— Let M^, M^ have opposit-e signs. We 
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will take first the full value of the negative and of the p 
moment areas : h, viz. : 

h 2 



^ - • = triangle AA'B 



and 



~2 . I = triangle BBA\ 



a) 



b) 



o) 






-t.. 



-i I 




ei— ~xpi-o.^; • i? r j 

'•-^ "~--.^ «Mi 



The resultants of these areas, viewed as forces, act in the 
cals of their centres of gravity at horizontal distances ^ frc 

two supports respectively. Take - as formerly for the po 
tance of the Mdy force polygon and form the tangental en 



Fur the expressions — and 



2 



in tlie force polygon, read 



■'^--•'^.i:iaud •;^.::^. 



h h 



2 2 



H • 2 • 2* 
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cord polygon, first provisionally, shown on fig. 116, in strong 
broken lines (art. 143, iii.), then find the pole S, and from it the 
tangental envelope to the given supports, supposed horizontal 
in figure shown in strong fall lines. 

The reducing base of the moment areas beins: ^, 

A A' and JJB' 

represent tliese nreas in the Mdf/ force polygon, and the pole 

distance being - which is at the same time the distance Gj and G^ 

o 

from tlie verticals tln'ough the supports, the intercept on the 

vertical through A of the first two sides of the envelope cord 

p( >lygon moasu res 

li ' 2 
and as the sides e, b of tlie cord are paralKd to tlic rays/?, b of force 
polygon with tht^ vertical through A in tlie one case, and -, - • ^5 
on tlie lino of weijijhts on the other form tw^o similar trian^fles 
each having a height of -, ^vhcrcf(»re they are likewise equal 

♦5 

and their bases are equal. In the same manner the intercept 
on tlie vertical through B cut off by h and e' of the envelope cord 
polygon measures 

k ' 2 

As / and b in the elastic line envelope cut off intercepts on the 
verticals through supports equal to A A' and BB , (or w-ith an- 
other base than - , proportional to them) it follows from element- 

») 

ary principles that all t and b cut in the line x, which goes 
through the point of no bending moment of the elastic line, i.e., 
at its point of inflexion under moment over the points of support, 
but under no load between supports. 

CoroJUiry. The line through the point of inflexion of an 
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unloaded span, but having moment's over the supports 
same as Ions; a,s the ratio 



M 



B 



between the moments over the two supports is the same, 
iruUjpendent of tlieir absohite value. 

140. Cinisfrurtion of Elastic Line TangaU Envelope ft 
Adj((cent and Unloaded Spans of a Uontinumts Beam (fig 
— The continuity of the elastic line requires (143, v.) tha 
of span /j eipial in value tan/9 of span 4 over the sup 
but ^^ith (opposite sign, that is, that the tangent line 
support be in the same straight line on both sides c 
support. 




w 



Fig.120. 



From tlir List probK'Hi ^\l• liave uiveii 



V 



^f , .Hid J/,, or ,/ 

i h 1/ 



M 



H 



;»nd the liei^hts of the supports .1 and B, i:iving the elai 
vt lope in the o]>onin^' /j. and CiUisequently the Uingent lin 
su|»|>orts A and B. Further, still looking upon the n 
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areas as forces we have given us the vertical lines of action of the 
resultants, viz. : 

u of J/g . ^^ at a distance -^ 

to the left of B and 

V of Mq . ^ at a distance ,| 

to the right of B. 

Whatever be the actual value of M^ these two moment area 
forces 

are as /^ to /., and 

and the distance of their resultants from each other is 

whence, dividing this distance inversely as the near force wi' 
obtain a point in the line of their resultant lu. 

Extending the line h of the elastic line envelope of the span /, 
till it cuts vj in W and the line e of the same span till it cuts 
V in F", we have now two points in the line V of the elastic line 
envelope of the span l^, which extend till it cuts lo of U in U o^ 
/g, tlie line of action of the resultant 

^*' C ' s) 

giving a point in (e') of l^, thus giving the tangent line over 
support C. 

This construction gives, by the same reasoning as in last pro- 
blem, the vertical line .'• of inflexion of the elastic line in tlie 
span /^. 

147. Dejioidencc nf the Inflexion Points of a Series of Unloaded 
Spans ujwn the First Ivflexion Point. — The inflexion line ,/• 
depends upon the ratio 

p 2 
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the point X depending furtLer on the relative height of the 
supports A and B. Let us take this last condition for granted, 
and for the sake of hrevity let us say that the point X^ depends 

upon the ratio 

K 

From the above problem we perceive that the point X^ 
depends upon the position of X^, From thence we perceive that 
the inflexion point of X^ of a third unloaded span 1 depends 
upon X, . . . . whence there are a series of points in a series of 
spans depending upon the position of the first point X, and the 
position of A" is such that 

M^ AX 
M^ " BX' 

Now in a continuous beam the moment over the first support 
A is zero, whence when A is the first support 

M^ _^ _ 

Jl/^ " M^ " BX 

in which case therefore AX = 0, BX = BA and X coincides 
with A, whence, in a continuous beam there are a series of 
points X, one in eadi span depending on the point A, the first 
support. 

Again, tlie moment over tlie last support Y is likewise zero, 
whence we have, proceeding from that extremity of the beam, a 
series of points Y, of wliich the first coincides with the last 
point of su})port. 

14S. A Gcoiiietrlcd.l rrohkm. — Before proceeding further we 
niiist interpolate a geometri(^al problem. Changing the notation 
we (pi'ite the enunciation of the theorem {Proj. Geom., art. xiii.). 
If the three summits (►f a triangle I^J^W (i\g. 121) travel idong 
tiirce fixed lines u, r, iv which concur in a point (in this case at 
infinity) whilst two of its sides UV, UW^ pivot round two fixed 
points B and N, the third side rrj^ pivots roimd a fixed point X 
in the same straight line with S and />. 

Ketnining U and V in any given position such as that in the 
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fi^re, we can again enunciate the same proposition thus. If 
the three summits of a trianji^le SIVJC travel aloncr tln*ee straitrht 
lines s, u\ x, which concur in a point (in this case at infinity) 
whilst two of its sides WX and SX pivot round two points B 
and V, the third side W^ j)ivots round a point V in the line of 
^and r. 

Let then ^VX of the triangle SWX pivot around V till its 
summits W and X have travelled alon<,^ 7/; and x into two new 
positions W and X' and S has travelled along s to S' , then 
S'W by this proposition pass through U. 

We can now enunciate the proposition again thus : 

If the three summits of a triane^le WW travel alono: thiee 
fixed lines v, v, tv, which concur in a point, and if two of its 
sides UV and UW pivot around two fixed points B and >S", the 
third side W'V pivots around a fixed point A" in the same 
straight line with S' and B. The finely pointed triangle 
U"V"W" is an arbitrary i:)osition of the triangle UV^W 
regarded as in this way varying. 

From this chain of propositions we evidently deduce that the 
-ine X parallel to u, v, w (that is meeting them at infinity) 
lepends only on the position of the point B and of the remaining 
ines 5, u, v, w. 



149. Construction of the Inflexion Points of a Given Con- 
tinuous Beam. — We can now construct those two series of 
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points X and Y in a continuous beam referred to in (148)^ of 
which the first X coincides with the first point of support, and 
the first Fwith the last point of support. Let 0, 1, 2, 8, 4, 5, 
(fig. 122) be the supports of a continuous beam of which the 
first -.r coincides with 0, and in which the verticals v, v, ir have 
the distances assigned to them in ^g. 120. 

Draw a line otherwise arbitrary through the pijint 0, cutting 
ii and w in [7" and IF. Draw the line U\ cuttintr v in V, then 

IFF" will cut 01 in X, a point in the vertical X oi the second 
span. Taking then this newly found X in place of 0, repeat 
the same constniction for X in tlie third span, and so forth till 
we arrive at the last span of the beam. 

Beginning again at the last support D, for the first Y carry 
out tlie same construction for all the Y series. 

Corollary, — The points in the X series lie within the first 
third of the spans. The points in the Y series lie within the 
last third of the spans. 

These two series of points are the points of inflexion of the 
elastic line with uidoaded spans, and nre called the fa ndarncnfal 
points of the beam. 



150. Ld there he yiven a Weightless Bcam^ having One Span 
only loaded y and vnth a Cmicentrated' Weight P, to fend the 
Bending Moments over the Supports, and the Elastic Envelope 
giving the Tangents over the Sirpjyorts (Jig. 12.S). — Let ^^ be the 

loaded span in question. It is tlie span 2, 8 of fig. 122 drawn 

4 
to a scale .- and j\ y, the verticals through the tuiidamental 
«.» 

points. 

Let F be the weiiilit and AHJ> = the moment area -f //, then 



n 



takiuL^ - as formerlv for reducing basr 

ril = I = moment area -r // . ;^j 

thus forming the line of weights for the Mdy force polygon, for 
which choose as formerly ,:t for pole distance, and (S) as |>ole. 
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en were AB a, free girder A! OB' would be its elastic line 

ivelope, and A*C' would be 

II II 

lldi/V^Mdy ••=- A . 2 • 3 = A-^iSTB • 7 -^ * • g • 3 

taking A for origin, and similarly B^JT 

AAHB.y'^hJ^.i 

taking B for origin, for A"G and BG are the extreme rays e and 
e of the elastic line envelope regarded as a cord polygon. 

Lay off on fig. 123(a) AC = A'^CT, and BD == BTJT. Join 
AD, BCy and through the points X and Y where these two 
lines cut the verticals x and y, draw a line cutting the verticals 
through A and B in A' and JB*, AA' and jBi?' measure the 
bending moments -r- h over the points of support. 

For, supposing P to be removed, but the span transmitting 
the same moments but with opposite sign, owing to pressures 
right and left of it, then BB is the bending moment -i- h 
transmitted from A'O, which again has been transmitted from 
the left, all to the right being conceived unloaded. In the same 
manner A A' is the bending moment -t- h transmitted from BD 
which again has been transmitted from the right, all to the left 
beincj conceived unloaded. 

But, if we suppose, as formerly, the triangles AA'B, BBA, 

ACB, ABD reduced to lines by the base -, then AA\ BB, AC 

BD represent these triangles (-^ a) and at tlie same time have 

the same moments on verticals through A and /?, as the original 
triangle AHB has, for 

tnan<:,4e ^i^/> , ... I .>, ^„ . ^ 
-^j X k'ver arm 7 — pole distance 7.=^ A C =^ AC 

or / , . 

/ .7 - .^ = AC 



IN ENGINEERING STRUCTURES. 



21 



;ni<l 



trianule ACB -^ -^ = AC, 



Fig. 123. 




The points and D may be a little more easily obtained by 
le following construction/ of which the student may easily find 
le demonstration. Lay off the span AB from F to A"' and 
om P to B'" (fig. 123(f), and from these two points A"' and B'" 
raw lines through H, these lines will cut the verticals through 
[ and B in C and D, 

Whatever forces then, on either side of the span A B w^ould 

' Due to Prof. Li|>|)icli, Graz, Thron*> rhs LomtinuirUrhcii 7'rd/^ers 
onMonfen QvfrsrhxUtfa^ Wion, 1^71. 
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transmit to it these moments, would be equilibriated by the 
replacing of P; P must therefore transmit eqyal moments but 
with opposite sign, and be equilibriated by these forces outside 
of the sjian. 

We can now form the elastic line envelope of the span. 
Mark u = AA' on the line of weights of the Mdy force polygon 
from its upper extremity downwards, v = BR from its lower 
extremity upwards (as our figure is arranged) this gives tbe rays 
e, e\ of the elastic line envelope considered as a cord polygon, 
from whence it may be constructed from an arbitrary pole (S) 
as shewn in a bold broken line, and then displaced (133^ iii) 
over the given support. 

This problem has been carried, out for one concentrated load 
P, but a consideration of problem (135, b) will shew that for 
this w eight any number of concentrated weights or a uniformly 
distributed load may be substituted, the line ff going through 
the centre of gravity of their moment area. 

Corollarif. — The moments over the supports of a loaded span 
are alwavs iie<^ative. 

151. Remfirhs vpmi Choice of Constants, — It is apparent that 

our choice of constants - and ^^ has greatly facilitated the fore- 

going constructions, but in a continuous beam having spans of 
different lengths, the constants must be chosen proportional to 
one of those spans. Let l^ be such a standard span, and let it 
transmit, after the manner of (146) to any span /, (fig. 123) 

(a) A A' = " ^y = (moment over support A) : h and if / = /. 
h 

there follows that 

(/>) A A' is likewise' = ,'•-'• ^ 
^ ^ It 2 2 

= (moment area : h) : base -' 

^f, I I I I 

{r) AA' is likewise = ^- ' V j^ " V ^^ 
= (innmont of nioiuent area : //) : (base^-^ x pole distance ^J- 
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But let / be greater or less tliat /,, and, to fix the ideas, let it 
be the adjacent span, then 

(a) A A' still represents -,- = (moment over support A) : // 
for 

, • ^^ is the (moment area) : // 
to the span /^ on tlie one side of the support, and 

' ' - is the similar (moment area) : h 

it/ Smd 

to the span l^ on the other side. But 

M. II 

(b) -, ' ^} ' 7} ^^ ^^^^^' ^'^^* representative line ol the 

/ /. 
moment area = AA\ '- -- 

, M. I I I. I . 

(c) -A. . - . : i . _' IS now the representative lino ot the 

III *L o u *j 

moment of moment area = iVJi' . .-• 

In this casey= PH {= i of fig. 123a) no longer represents the 
moment area : h = AHB, but it is represented by 

whence, for the intercept A"C" lepresentative of the (moment of 
moment area AHB) instead of having {^<^. 123) 

- : 1 :: 7 : A L or A C ^^ —- or '- .... (d), 

O If 

we must have 

^/^: 7:^:6- or A;C:=^I^ 

This intercept A^Cl is capable of a simple graphic construc- 
tion. From [d) we have, not writing acc(Mits 

37/= AC J ... . (fiir. 124), 
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Fig.124. 



r, the right-angled triangle whose sides are 

3/ and 7 = a right-angled triangle whose sides are A C and / 

3/7. y^ = AC , ^-. / = DC J. 

Tliis amounts to changing the base 0^ AC . /to DC . /,, for, 
aultiply the expression by -*and we have 

AC ./ = ]>(' . /.. 



AsaiK 



•V'7^. = IX' ■ f = A^C . . ■ • ('•) 
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This amounts to changing the base a second time 
tiplying by Z^, we have 

DC ,1 = EC . l^ 

whence 

EC =AC 

S i 

the intercept required. 

The student is by this time familiar with reducing 
to another, and the operations above are therefore t 
presented in fig. 12i without more cx])lanation. The 
(iven in this figure are the first and third S2)ans of ^)i^. 






152. Moments over cdl the Sirpjjorts of a We if/In 
lutvlnfj only One Span Loaded, and its Elastic Line.- 
represents ttie continuous beam of f{^. 122, and to 
scale. The moments over the supports of the luadot 
<'onstriicted after (141) fig. 123, and the moments ove; 
supports are constructed after problems 136 and 137, 1 
the oblique lines of the moments over the su[)port 
through the points J" to the ri^ht (►f the loaded 
through the points A" to the left of it. 

The remainder of the elastic line on either side of 
span {f{^^. Vl-ya) can be constructed from problem c 
The figure retpiires no further eluci<lation. 

We can now transmit from ayy loaded span to any 
by means t)f the foregoing problems, and, taking 
traiLsmitting to it the moments over supports of a! 
right and to left, and sununing tliem, we obtain th 
over its points of support. 

153. Ecaniple of a Continuous Beam with One C 
Load in each Span, Moments orer ]\)ints of Svjqwrt, < 
LAne. — We give an example in fig. 120 or Plate IV. 
ployment of the foregoing principles and construction u 
over ^\(i openings symmetrically arranged round the ce 
iwf. One concentrated load has been placed arbitrarih 
span, their force polygons have not been given. Fig. 
the construction of the lines ./: and y. Figs, h' , h", . . 
the load upon the l^, U . . . . h, spans, and the disti'ibr 
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bending moments over the supports. Fig. 126c gives the sum- 
mation of these bending moments over the supports. Fig. 126rf 
is the elastic line. 

Span l^ = /^ has been chosen as the l^ or standard span, 
whence after (150) the intercepts u' and v' cut oflf by the 
interior sides of the elastic line in those spans regarded as a 
cord polygon is equal to the negative bending moment, and 
there being no other supports having bending moments there is 
data sufficient, by means of the lines u, v, to, to complete the 
elastic line. But had the beam not been symmetrical we should 
then have to reduce the intercepts of the load elastic line, for 
instance as in span 1, over support to 

3/. . f 

(this is worked out on fig. 124a), giving the point 5Jj fig. 12M, 
fixing the point A^* The point Si again fixes the point X^ and 
the intercepts of the load elastic line of span l^ must be reduced 

to 

giving the intercept X^S^in the line x. The point 8^ being 
fixed, X^ in the chain of points becomes fixed, whence lay off in 
fig. 12(3^? X*S'^ equal to X^S, in fig. 1266'". Were l^ the only 
standard span, this chain of points must be carried on to the 
end of the beam, arriving at last at the point S\ in our fig. S\. 
Such a voriety in the length of spans would be a rare occurrence 
in practice, but it is, as is seen, easily solvable. 

In fact by taking, in all cases, the second span of the bridge 
as standard si)an, we obtain the point S^ from whence with any 
values of u and /" we attain the point A^, then measuring the 
intercepts X^S^, tlien XJi.^ .... wc proceed to the end, latterly 
obtaining X^^ ^ ^ S^^ ,, in our figure X^S^, We have then two 
points n and ^,^_^ (j) and S^ in the concjuding line of the 
elastic envelope, giving two points in X^^ _ j and T"^ in the next 
line. 

This method of finding the points by any values of f/and V 
has been employed in fig. 127^/, where DS of fig. 127<^/, is neces- 
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154. Extension of Problem to a Number of Concentrated Loads 
i)i any Spcms. — We have taken a single concentrated weight P 
over each span as being sufficient for our present purpose, but 
liad we taken a series of concentrated loads, the / of fig. 126 
becomes the (i. + ii. + iii.) of fig. 118. The verticals g (fig. 126) 
through the centres of gravity of the triangles 0H\, l£f 2 .... 
are the verticals through the positive moment area, as that of 
^ig, 123. Tliese concentrated loads might be the weights of a 
series of locomotives, and the moments over the supports might 
be solved in relation to them with little more trouble than for a 
uniformly distributed load. 

155. Sini'plijicatiom introduced from Uniform Loading, — In 
uniform loading the moment area is a parabola, which may be 
supposed to have been formed from a force polygon with some 
pole distance //. Let this pole distance be some multiple of the 
depth h' of the girder, or 

h = nh'. 

If p is the load per unit of length, then the positive bending 
moment at the centre of the span is 

^2 • 2 " ^7 • '^^ =^'4 " ^ • 2 * 4 " ^8' 

This bending moment : nh is represented by the ordinate of the 
parabola at the ( entre of tlie span, i.e., 



f = 



^" H 



''i'^ 



riie moment area : nh is 

/■- 1 

jmd let, as foriiierlv - be tlie rcduciii'j^ base (»f the area, i.e., let 
area be represented by 
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7 is in this case = -, and let, as formerly, - be the pole distance 
for the elastic envelope 

representative line of moment area x 7 ~ pole di.stanre - 

•J 

♦> 

This then is tlie intercept for the standard span (see fig. 127o), 
central or standard span. 

For spans whose intercept requires to be reduced 

/ /■- 

'\f ' Ji 7 1>< 't'omes If . ■-, 

for 

moment area , / ^\ ^ ^' 1 

X lever arm 7 = - ~ pole distance -' 

^) 



5 
o 



We may either construct or calculate these intercepts, then 
lay them oft* on the verticals tlir«mgh the corresponding supports 
crossing in a point in the vertical f/ (fig. 127c) and proceed ns 
before. 

l.')G. Ejxim'plc of Continuoffs Beam icith Uinform Locdiiifj. 
— Tnke for illustration a continuous benm over three openings 
the dimension and loading being ns under, two of the openings 
being supposed loaded, «'iiid the third with structund loud 
onlv. 

n 

8 



/, - 1 20 fcft^ ;> = 2 tons, r^ = 3G00, nli = 40 gives /j = 00 00. 



A, = 150 feet, ;; = 2 tons, p ' = :)G2.'>, nh' = 40 „ ./; = 140 02. 

/- 

/.. = 120 feet, p = 1 ton, y> ■' = lsi)(), nit' = 40 ., f^ = 4.V0O. 
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Intercept for l^ = 2/; . -^ = 115-20 = <^/, for brevity. 
n ^2 = -/2 ~ 281*25 = 2/2 „ „ 

.. .. /;. = -Afs ■ i = 5700 = ^/3 „ „ 

'•I 

am 

In the case of the standard span /, we know that Bff, 00^ 
(fig. 1 27//) measure directly 

, and ~j, 
m nh 

and can be transferred to BB, GO, of fig. 127a. The elastic 
envelope {^'^, V27d) can be drawn in after art. 153, and requires 

no further elucidation. 

157. Uniform DlstnhHtion of PrcssHTc over Part of a Span. — 
Lot uniform pressure (fig. 128) extend over the span AB = I, for 
a length = /3/, then ^^l is the total amount of pressure. 

The reaction at J? is 

The moment of the Liad at its extreme point C 
= Iloaction B x BC = 1^^1(1 - /S)/ 

Lay this -j- vli otf a.s an ordinate CDH of the moment area, 
BD is one of the extreme ravs v of the moment area considered 
as a Ciml polygon. The inteivept oft' upon the vertical through 
A is 

The central onlinatr of the })aral)nhi is 

Thee«>ntents oi' tlie paral)t)lic portion A^ of the moment area is 

,V 5^ . / V'. 
The eontents of the triangular portion, ADH or A.^, is 
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The contents of tlie whole moment area is 

^he moments of these areas around A is : 
For the paraboh'c area 

For the triancjular area 

The total moment around A 

The total motnent around B 

= M, = l(A, + ^,) - M^ = ^V/S'(2 - ^f . lY 
For y8 = 1 we have as we otherwise know 

The intercepts, then, of the extreme sides of the elastic line 
ipon the verticals throus^h the points of support have for co- 

tficients, uf 

For the su)>ports adjoining the load 

^-•(^ - 1^')- 

,, ,, ,, tnrtliest tVoni the load 

As these co-efficients will be constantly required in the con- 
ideration of any case, we give tlicir values in the adjoining 
able for given values (jf /3 : 
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158. Scheme of Loadinys to he considered lu the Deierniination 
of the Maxinmm Positive and Negative Moments. — We are now in 
ji position to find tht* negative and positive nionients for given 
varieties of loading, and from thence, by inspection, to find the 
maximum negative and positive moments over tlie beam. For 
instance, in a beam of four spans, the sixteen different states of 
loading shoAn in the following scheme (tig. 120), where a thick 
line denotes loading, would require to be more or less completely 
constructed, so far as to get the envelope (»f the moments 
arising from the combined loadings. 
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59. Eatio of Ordinates of Constructed Elastic Line to tfio, 
e Elastic Line, — In fig. 127 we have obtained an elj 
whose equation is 



1 1 r^ [^ 6 fy P,, 



1 1 1 r^ 

nh 

2 3 



substituting the symbol / for the intercept 

a be- 
have / = c(hti, and as the true elastic line is 

1 /••'' 



Eiiyrl?^'^^^ 



liave obtained an clastic line whose ordinates are to thos 
true elastic line as 

i}El : nhl'iy 
s 
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IGU. Shearing Force {Jig. loO). — The u(|uation to slieaiing 
force over points of support in any span is 



'J' he part 






of this expression is tlie reaction of a free girder at A (80) a 
beinj^ the abscissa of a wei!_^ht rouardin^r A as oriirin. 'Jlie 
notation of art. 80 being such that x = {I — a), and caii !)»• 
constmcted accordiiig to (i^l) or (86). The part 

is tlie part intercepted between tlie lines / and /' (fig. 180), for 
I : ( '*^ - ■' troni cord polvg-on :: // : " ^ 
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whence the construction of Sj, Sj -- I .... S^ in the figure^ 

Af M 

remembering that i adds to the shearing Sj^ and -y? deducts 

from S^. In fact t' in force polygon decides the shearings Sj^ 
and Sg as / in the same decides the reactions A and A 
The shearing in any span can thus be determined. 



161. Most U n favourable Pressures upon a Continuous Beam. 
— For t]ie sake of simplicity, let us consider the beam as 
weightless and take into account varied loading only, and divide 
the investigation into two parts. 

I. A Chosen Span Loaded. — We have already determined the 
moments and shearing forces arising from a concentrated pres- 
sure within the span, and as a continuous load may be regarded 
as a series of infinitely small loads placed at infinitely near 
cross sections, and as in the girder free upon its supports we can 
conclude at any cross section t the shearing is a negative 
maximum ^\tf.s> if the left part a of the span is loaded and a 
positive mnxiniiun s\\^ if the right part of the span {I — a) is 
Continuously loaded. 

ft' 

i. CuHfiUion of Maximum Moment for Cross Sections between 
Fimdamcntal Points Xand Y. — Consider fig. 123, p. 217. As A'" 
always necessarily lies beyond A, and li" always lies beyond B 
outside of the span ADnwA BC fixing the points Cand J9, JTand 
y always lie within A"H and B"IT, whence the points E and t 
always lie hctjond the points X and F, and as EFH is the 
excess of the positive over the negative moments, so it follows 
that for evcay cross seition between X and Y there is a positive 
moment for any <^iven position of a concentrated load, whence 
follows: in evury cross section between the fundamental points 
A" and Fthe moment is a positive maximum, if the whole span 
is continuously loaded. 

ii. Coudifi'ni of Ma.rlmum MomciU for all Cross Sections 
hctwrai Suppi>rfs and Fundamental Points of Sjycin, i.e. for all 
cross sections a in utX and BV. — Consider in fig. 123, any cross 
section t between V and B, we see that if a pressure P lies 
intinitely nenr A, the inflexion point F coincides with F. Let 
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P move forward from A toward B, F also moves toward B, 
Tliere is then a position tt for F for which F coincides with r 
and for all pressures between A and tt the moment in t is 
negative, on the other hand pressures between ir and B generate 
in T a negative moment. We may take in the same manner 
a cross section t between A and X, lience tlie foUoAviiig 
tlieorem : 

In any cross section t between one of tlie fundamental points 
.r or Y and the nearest support A or B the moment is a negative 
maximum when the pressure extends from A or B over the 
beam to a point tt, for which, as point of action of a concen- 
trated pressure the cross section under consideration is a!i 
inflexion point and a positive maximum when the pressure 
covers the beam from A or B to that cross section t. 

TI. A Chosen Span Unloadcil. 

i. Mihi'lmitm S/iraritu/ Force. — In an unloaded span, the 
shearing force is necessarily constant, and in order that it may 
be a maximum, the oblirpie line A'Jf (fig. 1 ID) which unites 
the extreme points of the mommt ordinates over the supports, 
forms with the beam the greatest angle possible, for, AB 
corresponds to t in the force jiolygon and A' B' to one of its rays 
/' (h^^ 130) and between them intercepting the shearing force 
on the line of weiuhts. 

This will ha})pen when the moments over the supports have 
the greatest possible values but oj>posite in sign. 

The sliL-aring force at A is s't>t'^ positive when the moment 
at .1 is negative, and invL-rselv. 

ii. The Moments over a Support heronir (( M(u:iriiiihi wlicn the 
Moments over thut Sifpport arv^iny fiom Fressurc in Other Span>i 
have the Same Sifjn, — Now the reduced moments in two succes- 
sive supports have opposite signs, so the tirst c<»n(lition for a 
maximum is, when loaded spans alternate with unloaded, and 
the second condition is, when the loaded spans are completely 
devkc'd over ^^ith their loads. 

From the span .I/y(Hg. ]ol/>) mark to the right and to the 
left, separately, the remaining spans with tin* numbers 1, 2, 3 
. . . . so we see that over /J,for exam])le, there will l)e a negative 
maximum moment, if the odd spans to the left and the even 
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spans to the right are fully loaded (fig. 131, IIL). The 
pressures give a positive maximum moment over B, wheDC 

The shearing foroe within AB will, with pressures exter 
it, be a sf^^' positive maximum when the odd spans t 
left and the even spans to the right are fully loaded, inver 
'4 t^ negative maximum. 

ii. Nccfatii'c Maximum Momeiit from Support A to K 
iinntal Point Y. — In regard to the moments, consider, 
cially, a negative maximum. Now in an unpressed op 
the moment curve is a straight line, so the maximum coii 
with certain maxima of the moments over supports. 

Let, first, the moment over A be a negative maximum a 
from pressures to the left of the span, so for this moment 
all odd spans to the left be fully pressed (fig. 6, 131, 
Within AJJ the curve of moments will be a straight, s ei 
All in Y and the monuMits are negative from A to Y. 
bring forward tin* infiuence of pressures from the right, tl 
is the inflexion point of the right-hand pressures am 
previously existing moment in A* is not altered, for the infl 
of exterior (to the span A]*) right-hand pressures u}3on X 
oxterior left-hand ))ii^sures upt)n Y is zero. Lot nov 
iiitluence of jnessures be brought from the even spans t 
right, this influence generates in B a positive and conseqi 
in A a ne«jative moment, the straight .s now turns in a ne< 
direction, uc contrary to the hands of a watch, and the moi 
fiom A to .V increase. Hence, they rearh their max 
w hen s^ has reached its outermost position s\ and tins is th' 
when all tlie odd spans to tho left and the even spans 1 
liuhl arc I'ulh' Io;»(lo<]. 
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This condition is the same as for the maximum shearing force, 
for in A we have the greatest negative, and in B the greatest 
positive moments (i.), so that in A we have likewise the greatest 
negative ^>|rfs shearing effort, and on B the greatest positive 
s\]f^ shearing effort, and inversely (i.). 

Let, now, the influence of pressures be brought from the odd 
spans to the right, these generate in B, a negative moment, and 
s turns in the positive direction, i.e. in the direction of the 
hands of a w^ateh ; and the moments between X and Y increase 
negatively, and there is a negative maximum between X and Y 
\vhen all odd spans to the right, and all even spans to the left, 
are fully loaded. 

162. Eccajntidation of Most UnfavouraUc Conditions of 
Loculingyfig. 131. 

Scheme i. Positive max'"- bendin<r moment between A' and Y. 



J) 



ii. Negative shearing maximum ^W^ *tt t. 
,, Positive max"' bending moment in E. 



)} ■) > 



a 



Nefjative max"' bending moment in F. 
iii. Positive sliearing maximum sW* ^^ '^• 
,, ,, Positive maximum ben<ling moment in F. 
,, Negative maximum bending moment in E. 

I. Positive max"'- bendin<'- moment between A' and Y. 

II. Negative max'"- shearing fiave ^\^s from A to B. 
,, ,, Negative max™ bending moment between }\and B. 
,, ,, Positive max"' bending moTuent between A and .1'. 

III. Positive max""- sliearing force between A and B. 



J J 



ji 



>' > J 



Positive max"' bendinir moment between Y and B. 



,, ,, Negative max"' bending moment between A an<l X. 



y) 



IV. Negative max"' bending moment between A' and Y. 



Combining Schemes i. and I., ii. and IT., iii. and III., i. and 
IV., we obtain total maxima. 
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1 G:]. Maximum Value of Reaction over a Point of Supj. 
A. — The reaction at any point of support 'as A is equal " 
difference between the shearing force immediately to the 
and left of it. Hence it is a negative or positive maa 
according as the moment over the jwint of support is a p 
or negative maximum. 

1G4. Struct uml Wciyht of Beam, — It is only necessary 
the shearing forces and bending moments arising froi 
structural weight to these schemes, which can be m 

sejKirate scheme. 

105. Iiijlucnrc of the HciylU of the Points of Support. — 
I IK thud no I lypo thesis has been made in regard to the heij 
the points of support above a level line, and the constn; 
are therefore true when these are not all on the same levc 



Fij:.l33- 




IGG. (Vsr of Coit(uinoif.<i limm ii'itJt Varying Lon 
nal Force. — \\'lien the French roof of fiof. 51 has 
main trussing, one side nf it is a continuous beam over 
su]»pnrts witli an oblique force increasing from the apex 
rouf t(» tin- support at the wall, :ind having negative b< 
moments at tlie central support (tig. lo2). The ore 
hetwei'ii tlie r<»of AltC and tlie line .•? are the values ol 
pre>si\e ton*' ;it tlirir resjiective j>oints. The ordinates 
pirabolas are the vahies (»t' bending nn^ments, and the ore 
t ) thi' obli«^ue lines a< ross the >pans AH and BC are the sb 
forces. 

Tu designing the l)eam it is necessarv to iind the neutr; 
t'-r a nund)er of points after the metliod of 115, tig. 89. 
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167. Loaded Beam Libnilt at A and B {fig. 123) m given 
directions. — This case is equivalent to having the points -4 and 
B given (not necessarily on the same level), the directions c 
and e' in which the inbnilding has been made, given, tlie line g 
given, and 

2/?i . dy : h {i.e. i of fig. 123 or {i -f ii -f Hi) of fig. 118) given, 

to find the moments U' and V over the points of support : h 
so that the lines h and c may cut in a point in g. 

This can be done by making the mtercepts /8, /9', upon u and 
V in ^^^. 1235 ecpial to yS and /3' in fig. 123c, and through the 
end points of yS and ^ drawing in h and c, h and c will cut off 
on the verticals through supports the moments required. After 
what has preceded, this requires no formal demonstration. 

168. Equation of Elastic Line to (f Beam of Variable Cross 
k^ection. — The moment of inertia / of a beam varies with its 
cross section, and the form of equation (2), art. 143, must be 
modified by putting /within the sign of summation, thus 

dz - , , 1 iM - 

r + constant = 4- ,J -ydtj, 
dg — LJ I ^ 

or in finite differences 

A^ _- 1 M 

J + constant = + ->,2-, Ay, 

whence for the Mdy force polygon, we can no longer use EI or 
a multiple of EI as pole distance. 

160. Elastic Line of a Loaded Beam, inbuilt at one end, free at 
the other, and having a Vccriable Cross Section. — Let AB (fig. A) 
be such a beam inbuilt at A, say horizontally, and loaded uni- 
formly 

ABC = moment area : // ; A^^, A//.,, Ayy, 

certain lengths of the beam for which the cross sections give 7^ 
/g, /j for the corresponding moments of inertia, whose intercepts 
on the second moment cord polygons of the three cord polygons 
of the three cross sections are Zj, i,, ^. Lay off upon the line of 
weights of the Mch/ force polygon 
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'I A 



h 



2 






M. 



M 



6 



31 M^ 



Fig.A. 



B'*2 



I 






A^^l' A"^2> ;^-:f3, ^ 

then we employ ij, i^, ig successively as pole distance, as fi 
in forming the elastic line AB\ whose ordinates froi 
horizontal are in the proportion of 

EI 



hi 



to the true elastic line. 



170. Injliicncc of Vitriahlc Cross Section upon the Stressi 
Conf ill nous Beam, — In desioniuDf a beam to sustain the 
mum stresses determined under the supposition of uniforn 
section, we necessarily introduce a variable cross sectioi 
consequently a variable /, and this again increases the si 
in certain distributions of load and decreases them in ( 
This is owing to the displacement of the points of co: 
flexure E and F. Let there, for example, be given a conti 
beam of uniform cro.-s section, and under some given Ic 
one of the sj^ans, let 7: and i^be the points of contrary fl< 
then let material be taken from the cross section over am 
to one of the ])oints of support, then the radius of cur> 
of the beam over the support is necessarily diminished, ar 
i»oiut of contrary flexure moves towards A. Let asrain ma 

L > O 
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be taken from the cross sections near the middle 6^ of the beam, 
the radius of curvature for that place is diminished and the two 
points of contrary flexure move toward C. The point of maxi- 
mum moment lies bet\veen the two points £ and F and nearest to 
that one of the tw o which has been moved tlie most. The altera- 
tions in the moments are the greater, tlie greater the pressure. 

In rare instances, however, is it considered necessary to amend 
the desi!_ni. 

171. Detcrminrttion of the v and u Lines in a Continuous Beam 
of Variable Cross Section (jirj. B). — These v and u lines in a 
beam of uniform cross section are (145) lines through the centre 
of gravity of the positive and negative moment areas 

l^^Mtb/ and l^Mch/ 

of an unloaded span and are simply - distant from each support, 

♦i 

and we had, from the property of the centre of gravity 

- ^Mdf/ = ^^ff/ . dy = moment of moment area around support. 

In tliis case, however, tlie areas of an unloaded span arc 

^^ jdii and 1, ^ dif 

and calling tlieir respective distances from their con'csponding 
supports rj and ?/ we liave 

M M 

7) . ^ jdjj = 2' //. d// = moment of moment area around suj.port. 

The values of ?; and rj' are, on elementary grounds, independent 
of particular values of M ^ and J/,^ over supports, whence, in 
order to obtain them, we may assume any values. Let then 
AB be an unloaded span, having brought upon it from the left a 
moment J/.^ over the support A, generating, let us say, a 
moment Mj^ of opposite sign over the supj)ort B. 

Over the span are laid ij, i.., ?3 proportional to the / in the 
])arts of the span over whicli they are laid. Let, as formerly, 
the moment area : // 
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he represeuted by a line to the base ^, then we have 



(M^ : h) . ~ : pole distance - = J/^ : h = AA'. 



Divide yl ^'// vertically into trapeziums at distances correspc 
to the changes in L The vertical lines, 1, 2, 3, along the 
bread til of tlie trapeziums represent the area of these trape 

to the base - so that 1 + 2 + 3 = AA\ In the same n 

r -f -2 + 3' = />7/. Lay off these lines 1, 2, 3, as a 1 

Nvei^hts to an 

hi '' 

force polygon (fig. V), From this line of weights lay off 
zr»n tally ?\, Z^. ^3* draw the first ray c (wrongly marked c on f 
of the force polygon, cut off at a horizontal distance i^ from tl 
of weights in the point 1". From this point 1 " draw the s 

ray 1 \1 , t) of the force polygon, w'hich cut off at a horizont 
tance /_, from the line of weights in the point 2", from whence 

the next ray 2 \2, 3). In this manner proceed with the othe 

till we arrive at the higliest ray h. This procedure is evic 

similar to the formation of the force polygon in art. 169. 

first part of the force polygon, of which e and h are the ex 

M 
rays, is now complete, being the -jdij force polygon whose 1 

weiofhts is 



o 



The —fdii force polygon whose line of weights is 2^7-;A^ 
J. *" III) 

M 

be treated as the second part of a complete j^y force pol 

but it is drawn in as a separate figure (fig. c] in order to 
confusion of lints. But in order that it may form part ( 
{h) the line (»f weights and the rays, c and />, are equa 



11 « 
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The rays now succeed each other from b downwards, the same 
process of formation being observed with the lines 3', 2', 1'. 

Witli these force polygons we must now form cord polygons 
in order to find the centres of gravity of two ideal lamina' ABA\ 
ADIj divided into trapeziums whose densities are as their areas 
divided by their corresponding i. Whence drawing verticals 
Ov 9i ' ' • • through the centres of gravity of these lamina^ 
with the corresponding rays of tlie force polygons form cord 
polygons, whose sides cut in their appropriate verticals g^, //., . . . • 
(figs, (d) and (e)). The intersections of their extreme rays c and 
b, and b and e give a point in v and u respectively. 

172. Fonnation of an Elastic Line Envelope of an Unloaded 
Span. — Extend the line c till it meets the vertical through />*, 
then from this point to the point where c meets the vertical 
through A, draw- the closing line t. Where t meets b is a point 
in the fundamental line y. 

Our procedure gives us, for intercept on vertical through 
support of cord polygon. For example, let t represent rejire- 
sentative line of trapezium 1, then we have 

/ . ' .. .'^ 

/ J ! T • • //] * • • y 1 

: intercept on a^ 
so that the summation of the whole intercept is 

Let us take / out of the symbol of summation. 

€ and h\n the force p lygon cut in the point {ejn at a distance 
from th(^ line of weiuhts, which call i . 

e' and b in the force polygon cut in the point U\b) at a 
distance from the line of weights, which call /^. 

y and /, form polo distances true for the extreme lines of the 
cord polygons. Whence 

(I 
and 
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be represented by a line to the base -, then we have 

{M^ : h) . - : pole distance - = J/^ : h =^ AA\ 

Divide AA'B vertically into trapeziums at distances correspo 
to the changes in L The vertical lines, 1, 2, 3, along the 
breadth of the trapeziums represent the area of these trape 

to the base - so that 1 + 2 -\- S = AA\ In the same m 

r -f 2' + :V = />7/. Lay off these lines 1, 2, 3, as a li 

weights to an 

hi •' 

force polygon (fig. b). From this line of weights lay oflf 
zon tally i^, Z^, ^3, draw the first ray e (wrongly marked c on fi 
of the force polygon, cut off at a horizontal distance i\ from th 
of weights in the point 1". From this point 1 " draw the s< 

ray 1 (1 , 2) of the force polygon, which cut off at a horizonU 
tance /. from the line of weights in the point 2", from whence 

tlie next ray 2'\2, 3). In this manner proceed with the othei 
till we arrive at the highest ray b. This procedure is evid 
similar to the formation of the force polygon in art. 169. 
first part of the force polygon, of which e and b are the ext 

rays, is now complete, being tlie ^-jdf/ force polygon whose li 
WT'inhts is 



o 



The —fr-di/ force i>olygon whose line of weights is 2^,— Aj 
J. fit/ 

be treated as the second part of a complete , Aij force pol; 

but it is drawn in as a separate figure {i\i^. r) in order to ; 
confusion of lines. But in order that it may form part 
(b) tlie line of weiglits and the rays, c and />, are equal 



process of formation being observed with the lines 3', 2', 1'. 

With tliese force polygons we must now form cord polygons 
in order to find the centres of gravity of two ideal laminse ABA\ 
ABB' divided into trapeziums whose densities are as their areas 
divided by their corresponding i. Whence drawing verticals 
Ov 0^ ' * ' ' through the centres of gravity of these lamina^-, 
with the corresponding rays of the force polygons form cord 

polygons, whose sides cut in their appropriate verticals g^.g^, 

(figs, {d) and {e)). The intersections of their extreme rays c and 
h, and h and c give a point in v and it respectively. 

172. Formation of an ElaMic Line Enrdopr- of an Uitloarled 
Span. — Extend the line c till it meets the vertical through i), 
then from this point to the point where c meets the vertical 
through A, draw the closing line t. Where / meets Z> is a point 
in the fundamental line y. 

Our procedure gives us, for intercept on vertical through 
support of cord polygon. For exanip'e, let t re[)resc-nt rejiro- 
sentative line of trapezium 1, then we have 

/ . ' . . .'^ 

7j : T . . //j : . . ?/j 

: intercept on r/, 
so that the summation of the whole intercept is 

i ^' li -^ -^ ' It ' I ■ 

Let us take / out of the symbol of sunmiation. 

c and ^ in the force ]>. lygon cut in the point {t\h) at a distance 
from the line of weights, which cnll i . 

('' and h in the force polygon cut in the point U' ,h) at a 
distance from the line of weights, which cnll /"^. 

i^ and /,^ form polo distances true for the extreme lines of the 
cord pc^lygons. Whence 



l,^ ■' i 



U 



and 



jr.. .. v\M' 
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Now it is easily seen that 

MM, i-y M'_M^ y 

h" A • ' I *"^ X ~ T • 7' 

whence substituting 
Now evidently 

M, _ ^^^^- I -y'^y _ i^H ' '^y 



Now to the base - 

•7 



^jdy and ^j^dy 



arc represented by 



1^-^ and ¥a 

h h 



whence it is apparent that 






From whence it follows that tlie line A'B" also cuts the beam 
AB in a point in the line ?/, and y possesses the sarae properties 
as that of the earlier construction. 

Having therefore found the lines u and v we require the lines 
v; of the resultants of ^''and V 

1 + 2 + 8 -,, r + 2' + 3' 

K = ; , (/ = — ; 

a h 

or 

F'. /„ = 1 +2 + 3, f/'./,, = r + 2' + 3', 

reduce V . > , and V . i to some common base /■, when the 




len^^^tlis V" and U" can be used to find the line iv of 

ant 11'. 

nstruction of tlie elastic envelope and determination of 

;nts of a continuous beam with variable cross section can 

?complished, with the help of the methods previously 

1. 

)• 9 
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173. Maxima of SJieamig Force aiul Bending Moment in any 
Spdfi of a Continuous Beam under Concentrated Loads. 

I. Shearing Force. — ^The same rules prevail for a positive or 
negative maximum of shearing force at any section as for a 
girder lying freely upon two supports. 

II. Bending Moimnts. 

a. Investigation, — ^Referring to fig. 123, page 217. Let AB 

as formerly = /. 

AX=a 

YB=h 

AP^y 

A to g = -—r^ from elementary considerations. 

PH = Py — —^ pole distance h being regarded as unity. 

AA-^Mpl.L+/ = M,+'-^.it. . . . (1) 

from (1) and (2) we obtain 



u - ^11 (^ - y) '-* i-^a + .'/ 

" 1 • 7 ■ 7 -"737/ 

M ^ is a maximum wlicn 



(4)' 



•" = '-^-\/{Ti-^(^-^)1' • • • (5) 



* E(|iiatioTis 1 to 4 are f-asily olHrtiiiable. The two foniier by means of 
Bimilar trlar^les ; the two latter l>y llie most ordinary algol)roical operations, 
so tliat it lias not boeii considoro^l necessary to retain them. 



M^ is a maximum when 



y 



whence, a force applied at these points generates the greatest 
bending moment over the A and B supports. 

6. CoTist ruction These values of y are easily constructed. 
Tn fig. C, 






Flg.C. 



A: ft__?_U_,' lO ';:K_Y b iB 

AC = BC= L 

UA = UH =UK= {, 

A X = (fy 

BY = h, 
XH = XL, 
YH= YL\ 

L and L' are the points sought. 

In this chapter we have not attempted to give a practical 
example, for, were avu to employ very few plates for the purpose, 
they would be so crowded with lines as to be almost unintel- 
h'gible ; and to employ many plates would go beyond the limits 
of this work. But the careful student may from tlie foregoing 
paragnii)hs fully work out tlie whole of any exam])le. 



* Freeing etiuatiou (3) of constant factors we have 

y[l - !i) {21 - 3& - </) = (2/- - 3W),v f (.% - 3/)y= + !,\ 
For a maxim nn we dilforentiate and equate to zero. 

!!- 1 {2P - ui):, + (3i - 'ii)r + //=) = 0, 
^/■:_ ol + 2{b-l),, f .r = 0, 

a ((uadratic equation giving tlie expression (5) in tlie text. A similar 
proceeding gives exi)ression (0). 
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CHAPTER V. 



The Arch. 



SccHa7i L — On Pressures Communicated throivgh Bodies in 

Contact with Each Other, 



Ftgr.134. 



Fiff.188. 





blg.135. 




174. Value of Friction in Terms of Pressure, and of Stability 
in reference to Sliding, figs. 133, 134, 135. — The well-kuown equa- 
tions of friction (1 and 2) between the surfaces in contact of two 
solid bodies, the one being immovable and the other in a position 
to slide upon the first by means of a suitable pressure P, is 
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obtained by resolving P into two forces, one N, normal to the 
surfaces in contact, and one T tangental to them. The normal 
pressure N causes contact between the surfaces, the tangental 
pressure T tends to cause sliding between them, but sliding will 
not take place when the friction F is greater than T, i.e. when 

F > T (fig. 133) 
and 

F = fN. (1) 

Let P make an angle 6 with the normal to the surfaces in 
contact, then 

N = p . cos e 

T = P . sin 

and 

F = ,/'.v = fp (US e 

so, in order that sliding uiay not occur, we must have 

/P cos 6> > 7^ sin 6> (fig. 134), 



or 



siu ^ 

/> ~. > tau6>. 



cus 6 
and by parity of reasoning for sliding to occur 

/ < tan 0, 

There must be a value of 6y dilferent for different substances 
in which the action of P borders upon originating a sliding 
motion. This angle is usually denominated by ^, and we have 

/ = tan 0, (2) 

whence it follows that sliding action is independent of i^. 

The average value of </> in stone joints is about 35°, whence 
in order that sliding do not take place in a masonry joint, the 
direction of pressure at the surfaces in contact must nut deviate 
from the normal more than 35''. 

175. Plane of Pejwse, — Consider fig. 135. The piessure P 
is vertical and might be due to the weight of the upper body. 
The surfaces in contact of the two bodies are inclined at the 
anglo <i> to the hurizontal. It is evident that in this case the 
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normul pressure ^V makes the angle (f> with P, whence (158) 
F = 2\ and tlie upper body is in a state bordering upon 
motion. 

In this case (f> is called the angle of repose. 

The two bodies in contact may be two voissoirs of an incom- 
plete arch, or tliey may be two prisms of earth separated by an 
ideal phnne, making an angle ^ with the horizontal, the upper 
prism is then in a state bordering upon sliding motion over the 
lower prism, and the ideal plane is called the plane of repose. 



Fip.KlO. 



Pig.l87. 



r 



/ B 



N 




- Flsr.i;i«*. 



Fig. 139. 




170. SfahilUi/ in licfcrcnrc to Overturning, — The well-known 
condition that a body j)laced upon a plane surface stand or fall, 
is, that the resultant (»f pressures applied to that body go 
tlirougli the sinfaces in contact. 

The simplest case of that condition is, when the pressure 
applied to a body is its own weight going through its centre 
of ^HTivit V. 

Let figs. 186, 137, be two vertical sections of two bodies 
resting on a horizontal plane a, let figs. 188, 189, be two bodies 
resting on an inclined plane a' but pre\ented from slipping by 
friction, i.e. 
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P^N =e <4> ox ah = <<}>, 

then in figs. 136, 138, the weight cannot overturn the stone 
around cither A or L\ because its effect is destroyed by the 
reaction of the plane a, but in ligs. 137, 139, the weights have 
a moment around A, and the stones must be overturned. 

177. Line of Pressure in a Series of Bodies in Contact v:ith 
One Initial Imjyrcsscd Force Jl, Jtf/. 140. — The ph\ne upon which 
a stone is placed may be a joint a in an uncemented masonry 
wall, and the initial pressure P, the resultant E of all the 
pressures, acting upon it, however originated, and coupling it 
with the weight A of the stone A acting vertically through 
its centre of gravity A, we obtain the direction A'B' of the 
resultant pressure. In the same manner, by means of force 
and cord polygon, we obtain the links JT C\ C'D\ BE' .... of 
the cord polygon, necessarily the resultant direction of the pres- 
sures arising from successively adding the weights B, C, D . . . . 
of the stones B, C, D . . . . These links form the line of 
pressures A ', R, C\ D , . . , 

178. Moseley's^ Line of Besistancc in a Scries of Bodies in 
Contact. — Extending the my A'B' back till it intersects the joint 
a, we obtain a point a in that joint in which the resultant of i? 
and A acts, whence (176), when this point is within the johit 
the stone A will not be overturned, a is said to be a point 
in the line of resistance. Extending the rays B' C\ G'D\ D'E' 
. . . . back to the joints h, c, d .... we obtain further the 
points h, c, d . . . . in the line of resistance. Joining them, we 
have the line of resistance. As these points in our figure I'all 
inside of the joiiits it represents a stable system. 

In fig. 140 the vertical through A meets B below the joint cf, 
the vertical through B meets A'B' below the joint h, the vertical 
through C meets B C below the joint c , . . . and the line of 
resistance in consequence falls wholly on the superior side of the 
line of pressures. But if the verticals tlirough A, B, C .... 
had met LW, A'B\ B'C .... within the joints </, /), c, d, e . . . . 
then the lines of pressure and resistance would have formed two 
polygons, the former cin umscribing the latter. This the 

' Jfcchanical Priifrq>IeA of Enfjhieerwg. Loud. 1855. 



and reconstructing it witn an initial pressure m more i 
horizontal. 

The line of resistance a, 6, c, is not drawn, as, for these joi 
almost coincides with the line of pressures, and would 
little confusing in the figure. 

' Section II, — The Arch considered, 

170. Lines of Pressure and Resistance in an Arch, Jig, 1 
Let a semi-arch be supported at its highest joint by a pre 
//. The line of resistance deviates but little from the li 
pressures. In order to render the deviation sensible we 
take a semi-arch with exceedingly long voussoirs neai 
springing where the deviation increases most rapidly. Fig 
renders this evident. 

If the voussoirs of an arch are supposed to be indefii 
narrow vertical lamina? as A (fig. 141), the line of resis 
coincides witli the line of pressures. For the verticals thi 
their centres of gravity must necessarily meet the cord po 
links within the joints of the lamina*, whence the two lines 
two polygons of indefinitely small sides, the one circumscr 
the other. 

If the line of pressure is constructed on the suppositi 
vertical joints of a breadth which allows the portions of the 
intercepted by them to be treated as a straight line, as A' 
much more easily obtained owing to the simplicity with ^ 
the centres cf gravity of the vertical lamina? can be found. 

180. Fuxorerinn a Point in the Line of Resistance froi 
Line of Pre-^snres. — The metliod of obtaining the line of 
sures in 163 is practically accurate for the line of resistan 
a considci'abk' distance from the summit of the arch, wL 
p)»int in the line of resistance, at any oblique joint, can be : 
as following. 

Let AB (iig. 141) be the imaginary vertical joint to whic 
coiiicidiiig lines of pressure and resistance have been ca 
wliiivas ACl) is the real joint, then through the cent 
gravity of the figure A BCD, draw a vertical P cutting the < 
tiuii (J of tlie ])ressurL' on AJ>. From this point (PQ) and 
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Q measure o£f its value, as obtained from the force polyg 
from its extremity I^y off vertically upwards the line P 
seiitntive of the weights of ABCD, and complete the trii 
forces by Q' cutting AC in J. J\a a point in the line ol 
ance. This proposition requires no formal demonstratioi 

In arches of considerable curvature it is of importi 
obtain that point in the line of resistance where it c 
springing, in order to obtain the true line of resistano 
abutment. For while the line of resistance ia general 
favourable to the stability of the arch than the line of pr 
it is less favourable to the stability of the sustaining abu 

ISI. The True Line of Pressures is that which is nee 
Aj:UiI Line. — Lot the material of which the arch is co 
he at first ao weak that on account of this weakn< 
pressure line must be so far limited to the interior of tl 
as to be capable of sustaining the reaction at Q and Q'} i 
in the axial line of summit, (? in the axial line at spi 
ami coiisei[ueiitIy only one pressure line possible, then tl 
would he the pressure line for that weak arch. Now 
voussiiiis bo hardened without any other properties of tht 
being altered, then this hardening cannot alter the positio 
line of pressures, yet there can now exist other Ihies of p 
Tlie line of" ]>ressurcs is the linear arch of some writers. 

1 82. ir. DuRAND Clate's" Method of Finding the Ad 
Liiif^ nf J'irssurc in an Airh.—This elegant method 
best unfiilded by tiikidg a definite example. 

Fig. 142, is ])ortiijn of a syniuietric;il stone arch of wli 
verti.'al 1 . :^ . ;i . 4 is at the crown. Tiiis figure suf 
eliKidnte (lie nietji...), ;dth.)Unh wo do not take any h.adi 
r.iiisidei-.itioii, hut did we ineludo any, it would retiuir 
syiiimetiieally [)Iaeed around t!ie vertical through the en 

l!y iLRMMs iif n force aiid e.ad l«'lygi.m, we find the ve 
t|jruu;;li the ewiire of gravity of the portion in fig. 142. 

Kr-iii the points 1 uud 4 in llie vertiral through the 
<]i\i\v in tJLe two portions '' of the eijuilatcral hyj>erl 
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art. 122. These curves having been drawn in on the supposition 
that the material is granite having a resistance to crushing of 
5000 lbs. per square inch. The thickness of the arch taken 
being V\ a resistance exceeding many times that whicli the 
largest bridges call into action, so tliat witli an appropriate 
scale we can only find place in our figure for a portion of the 
tangental lines belonging to the outer thirds of the voussoirs. 

For a number of points ii8 1 . 2 . *K 4 witliin the vertical 
joint through the crown, draw tangents 1, 1, 2, 2, 8, 8, 4, 4 ... . 
to the curvature at tliese points cutting the vertical d tlu*ough 
the centre of gravity. Take corresponding points 1' . 2' . 3' . 4' 
in the radial boimdary of the last voussoir. In the vertical ^7 

— • - - • - - • — • 

lay off 1 1, 2 2, 3 3, 4 4 ... . measuring to some chosen base tlie 
weight of the portion of the arch (and its h»ading if any) 
operated on. 

Now, to irix the ideas, take some point as 3 in cT, and from it 
draw^ lines to the points 1, 2, 3, 4 .... of the radial boundary 

line r. Of these let us attend to one, sav 3 4' cutting; tlie 

horizontal through 3 in the point 4", ^ 4" is the horizontal fnrce 
at 3 in the crown which will give a line of ])ressures iiassing 
throuj^h 3 at the crown and 4' at the radial boundary line. 
Transferrin^; this distance reduced to the same base as the 
hyperbolic lines, to a horizontal from 3, we obtain a p'int in 
the line a^. Similar operations will give as many points as Ave 
will in the line a.. The ordinate .>' to tlie curve cf . tliroucrh 

4 4 O 



254 GRAPHICAL DETERMINATION OF FORCES 

any point z in the crown vertical, measures the horizontal 
force which must be applied at that point z in order that the 
resulting line of pressures go through the point 4' in the radial 
joint r. 

Similar operations will give as many points as we will in the 
lines a^, ^3, a^, a^, and their ordinates are interpreted in a 
similar way. 

The inferior extremities of the lines a^, dg, a^ are at infinity, 
which means that an infinite horizontal force would require to 
pass through the inferior portion of the vertical joint at the 
crown, in order to generate a line of pressures passing through 
the points 1' 2' 3' ... . 

Still fixing our attention onthe lines 3 3, 3 4', we can easily 
show by a reference to the principles of the cord and force 
polygon, that ' measures the horizontal force at the crown 
necessary to cause the pressure line to pass through 3' and 4'. 
For the line 3 3 from the crown is the extreme ray e of our cord 
polygon, and^ 4' is the extreme ray e* cutting in the resultant 

a of the weights. 3 3" is the line of weights of our force 
polygon. The horizontal line 3" 4 is at once the pole distance 
and the ray c of the force polygon, and the pole distance is 
likewise the horizontal pressure. 

TakiiiL,^ another joint s enclosing between 8 and the crown a 
portion h of the arch, and repeating the same operations, we 
obtain further lines \, b^, h^, h^. 

Again, with the whole semiarch from the crown to a joint t, 
at which a rise of 12 feet and a span of 72 feet has been 
attained, wc obtain the lines c^ c, c,^ c^ (tig. 144). 

We can now, by inspection, find that area within which the 
extremities of the horizontal ordinates give admissible values 
to the horizontal pressure to be impressed upon the joint at the 
crown. They must bo within the hyperbolic space, but this is 
so large as to be beyond all other admissible boundaries. They 
must be within the lines a.^. ^h' ^^2 ^3» ^2 ^3» ^^^ order that they 
may give lines of pressure within the central third, or more 
generally, within the core of the cross section. This area is 
hatched in fig. 144. 

The vaiious values of the ))ressures, bounded for instance by 



IN ENGINEERING STRUCTURES. 



255 



^ 



if 




a* 



C« C7 V 



•O 



' % 



I I I 

I I 

-«»» I 

I I 

•> ' 
^L<1 



.PO 



* 








1 • 


1 ^ 


1 t 


'ro 


!«; 





1— •>« 'f^ I .r 






■ -^ 'C* -n -^f 



„•, 1 1 









^ 



^ '{■ ■ \ 






\ 



■; \ 



'■:^\ 



V-'CQ 






!jD ■>» 



-^1 




1 * > 



1 » ' 






I • \ « 



A 



1 






c» 



*— 1 C'V 



\ 



\ 



256 GRAPHICAL DETERMINATION OF FORCES 

Cp give at t^ a series of values, at /g another series of values, at 
^3 another series .... and we thus find a kind of reciprocal 
limiting area at the joint t which may have the effect of further 
limiting the previously found area, but this is generally 
unlikely. (These t lines are not given.) 

1 83. Airplkation of Heuser's Problem to Archwork. — Heuser's 
problem (74) is a very efficient instrument for investigating the 
stresses in an arch, and can readily be applied to unsymmetrical 
loading and unsymmetrical forms. 

E.raDiplc. — We have already seen (114) that in order that 
there be no tension in an arch, the resultant stresses must pass 
within tlie two principal points of the core or heart. Fig. 145 
is a provisional cross section of the arch in fig. 146, in which 
the operations necessary to find these two points are carried out 

(119) distant — from G. Fig. 146 is the longitudinal section 

c 

of a rib, showing only, however, the trace of these two points 
in two full but fine lines. The arch is divided into seventeen 
parts, each 1 feet long, except the seventeenth, which is 15 feet 
long. The first eleven parts have only the structural weight, 
the remaining parts are loaded with 2 tons per lineal foot. 
Taking, then, the lower point at the left abutment in the trace 
of tlie core, for the point A and the upper point at the right 
abutment in the trace of the core for the point B, and as the 
unloaded portion of the cor«l polygon is necessarily the flattest, 
exercising our judgment, we choose a point in the lower trace 
of the core between tlie structural weights G and 7 for the point 
C, then by means of Hcusor's problem we take a pressure line 
through these three points. This line of pressures lies beyond 
the core on the upi)er side in the parts 13 and 14, thus intro- 
ducing tension at that j)Lice on the inferior side of the rib. It 
is evident that we cannot lower the line of ])ressures further, 
without lowerint: it below (', and thus intnulucinir there, 
tensiou on the superi(a' side of tlie rib, whence it follows that in 
the region of LS and 14 and the region symmetrical thereto, 
the arch must be strengthened both on upper and lower side. 

184. C)irra(}rir of Arrh. — The longitudinal axis traversing 
tlie centres of c^ravitv of the cross sections, ought to coincide 
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with the line of pressures of its structural weight. In Fr 
and England this has not been done, the curvature being i; 
ably the segment of a circle, but in Germany the more c 
treatment has been followed, as, for instance, over the Ehi 
Coblenz.^ Supposing this weight to be uniformly distril 
tliat axis would be a parabola, but should there be an imp 
deviation from this condition, the true line of pressures m 
obtained by the method of Chap. VI. for finding the 
assumed by the chains of a suspension bridge. This nn 
besitles its structural propriety, has the further advants 
allowing the investigation of the stresses arising from trav 
load, to be conducted apart from the structural weight. 

185. Fuidinrf the Most Axial Line of Pressures for 
Loadinti. — In Fig. 140, the line of pressures at 13, 14, i 
original drawing, are barely beyond the core. Supposing 
for a moment that at that place it touches the exterior lii 
the core, then at C it touches the interior limit, and again 
and A it does the same; we may reckon then that we 
obtained for that loading the most axial line, for we 
to depress our line at 13, 14, we should also depress it at ( 
had it been within the core at 13, 14, we might elevj 
within the core at both places, perhaps at A depress it, p( 
at B. In this maTmer, we can, tentafiveJj/, discover the 
axial line for any loading. In order to do this, howevei 
only iierei-sary to (operate with conl polygons of four 
passing tlirougli fhtrc given points as -i, i>, C, and detern 
a fourth as IM, 14. When once, however, it has been deterr 
it mav be necessarv to insert all the si<les. 

Tla'se lines of pressure re(iuire, in cases of any impor 
to be determined for loadings over fractions of the span c 
()'2, 0"25 .... (»r), also for loadings distributed in the n 
elucidatud in art. 2'2:\, p. 28-1-, and tlie maxima of bendin 
radial slicarin-j: stress dotcrmined. 

1S(). Ikndiiuj and JuaHfd SJieariiUf Stress in Arch, 
latter is the stress along tht.' radius of curvature of the 
the former i.s normal thereto (120), and are thus obtained 

' Calmnnn, Cmjiliisrhe J<fati/., p. 597, Ziiridi, 1875. 
- liartwirli, Dir Wn'inhnirlr In/' (ohlm:. Berlin, lf<(\9. 



IN ENGINEERING STRUCTURES. 269 

Fiff.D. 



2!^ . e 



^'_ - z:- — "" "^ " Qf 



15 
16 



e 



Fig. D is the force pulygoii of Fig. 14(3 to a scale of one half, 
in which if we mark tlie rays with arrows in tlie direction of the 
impressed forces, tlic rays aliove t become directed to tlie right 
abutment i>, and those below to the left abut nent A. Let us 
take, for example, the ray (>(10, 11), resolving it into two forces 
Q and iV, the former in the direction of tlie radius of curvature 
and the other normal thereto, and ^inhsfUufing them for the 
pressure along 0(10, 11) we have ^V directed to thu right and Q 
directed downward, N is the normal or bending force, Q the 
sliearing force resisted by stress aS' acting upwards. Taking 
again the ray 0(1,2) we find Q directed upwards, and S con- 
se(p.iently acts downwards. At ray 0(10,16) we find Q again 
downwards, whence we perceive that Q changes its sign between 
the superior c ray and t passiiig through zero, again clianging 
its sign between t and the inferior e ray. We can thus obtain 
the vahie of Q and N for every ray of tlie force polygon. A 
Lienerjd view of tiie clian^'es of siiiii which Q under^xoes is <nven 
in fig. E. 

We need scarcely observe that in order to find the maxima 
values, it is most convenient to lay them off as ordinates to 
various curves, from a straight line, the development of the 
axis of tlie arch, when the maxima values will give points in 
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1 87. Stresses in Tables of Bcauu — The stresses in the tables 
of the arcli beam can be fmuid from Nhy the assistance of the 
geometrical construction of Diirand Claye's hyperbolas. 



Piff.p. 




ISJS. Sfnssi.s ill ]*(irs of <)jn n Anli Bann. — The effect of the 
change of sign in i) upon the bars of an open arch beam is 



sliown in hu\ V. wheiL 



tliick ,. , , compression , 
, . lines denote ^ ^ . , and 
thin tension 

from \vlii«h we perceive that all the bars of i\\\ open arch 

nndfrgo both coiiiprcssiuii aii<l tensi(.)n. 
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Figr.O. 



In iig. (iy Ift stress along tlio bar (t be denoted by 7', tlien 

T= Q . eosec 7 (1) 

A'lience the simple construttion of T in the figure, and which 

upward 
d»>wnward 



tension ,. /, . upw^ard 

•eiJresents a . according as U acts , 

^ compression ^ .L.t.'».«ni. 



i 



D X, 






V -* 



Fig.H. 



G H 



In tlie ca.^o of bars in the tV>nn ul' a St. Andrew's ('inss (tig. 

7/ I i xi I • • r riglit , li.'lt . , . 1 1 '^^ ^ 
// ), let the bar risniij- tr(»m , ,. to . . be denoted bv ,, rf 

h'tt riglit " // 

and 7 tlieir angles with the superior tabJe, then 

^>= r sin/3H- 7;sin7 ^'1) 

Let the bars, owing tu tiie bending of tiic arch under stress 
assume the positions shown by the dotted lines, we have 
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As the stresses of the bars are proportional to the alterations 
in tlieir lengtlis, we have 



5 = ^^-^^ and l^ = "Li^ 
E a E b 



(4) and (5) 



Avherefore through division 



T — T ^5?^ ^ 
* '''cos/3 '6 

substituting in cqua. (2) we have 

1h cos /3 



(6) 



n = 4>. 



T, = Q . 



^sin 2y3 + asin2y 
2a cos 7 



(7) 



(8)^ 



* '^ ' b sin 2/3 -f « sin 27 

The above operations are tedious, but in situations where 
economy and elegance are both required, an arch well recom- 
penses all the care which can be bestowed on its design. 




Fig. 147. 



x> 



189. Critical Sections of an Arch. — Fig. 147 gives a general 
view of the critical parts of an arcli ; tlie parts shoAvn in thick 
Hues Avill be found to require more metal than the other parts. 

100. Conditions vcccssart/ to Eqv.ililyrivin in a Pointed Arch. 
— Let ACB (fig. 14S) bo the most axial line of pressure in a 
})ointe(l arch. It is evident that we must have a lieavy load at 
C in order to deflect it so abruptly, for the student is aware that 
the line c»f pressure is only our cord poly<^^un, and that this load 
at C nuist be equal to that wliich would have been distributed 
over the extensiuu of the two arcs A C, BC to the horizontal, is 
evident from a moment's consideration of fiij;. 17, and of the 
force polygon of tlie pressure line. A formal demonstration 
rnav therefore be omitted. 



' Ilvinzr-iiin^'-, D'k Ki.^rmtn B"f/nfhrf('ihi/, Aa<'licn, 1880. 



IN ENGINEERING STUUCTURES. 



2G3 




\ 



Section III. — The Elasfir Arch. Frofessor CuoiANN's Method. 
Part A. — The Equations of the EkiHtie Arch. 



Fig.l. 




10 L Lemma. E.cpression for the BendiiKj Monient of a Force 
iipiHi f( Beam having Tiro Foint.^ of Si'jyport at any Section of thf 
Beam. — Let fig. 1 

AFB be a beam, 

AB = /, tlie span, 

F an impressed force, 

AF = ^/, FB = ^7, (whence ^ + /3' = 1), 

//, the distance of any section from A, between A and F, 

I 7> 7.> 1} 

!/ J » »> }> ■''^j » -'^ »i -* > 

then the reactions at A and B are known to be 

A = P/9'. 

11 = m 

nlso, moiueut of 1' in line of its action, 
J/3/ = /'/3'/3/, 
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whence, moment of P at any section y' between B and P is 
given from the following proportion : — 



or 



yS7 : PyS'/S/ :: y' : P/3/ 



In the same manner, the moment of P at any point y between 
A and P is 






-V 



/ 




192. Lcvima, Express^ion- for the Bemling Mo'imnt Ordinate of 
a Beam, in a Cord Polygon, in terms of the Intercepts upon the 
Two Vcrtuals through the Points of Support cut off by the sides of 
the Poljigon hounding the Ordinate, — Let it be required to 
determine, in these terms, the bending moment ordinate on the 
line 8, lig. 2, bounded by sides t and 2, 3 of the cord polygon. 
Extend the side 2, 3 till it cuts the verticals through the points 

of support. Call the intercepts cut off between t and 2, 3 upon 
tliese verticals, resi)ectively a and h, of which a is the least. 
Through the extremity of a draw a line parallel to /. Let 

/ = span, 
then the whole ordinate in question is 



F 



or 



a + /S{b — a). 



I : h-a '.'. i3l '. ^{h - a). 



}> >> 



>» » 



)> )» 
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Again 

(t + ^{b - a) = a + )S6 - /3a 

= a(i - ^) -I- ^i 

193. Different ud Eqaatioii of Form Alter at ion in the Elastie 
A rch. 

i. Syniboh, — In references to art. 101, let it be understood 
tliat 

s of thiit article is tlie ds of this chapter 

(Is „ „ „ d^ 

I or ^raz^ „ „ „ / or ^mz' 

ii. Alteration in the Elementary Portion ds of the Areh, icltose 
Length ds is measured on the Lonxjitiullnal Axis. — Let II be the 
resultant of the forces acting on an element r/.s, figs. 3 and 4, 

where fio^s. * represent tlie force as actinu' in a line , , the 

° 4 ^ ^ beyond 

core of the section, then we can resolve it into t^vo forces Q and 

aS' of which Q alone is a bending force, acting with lever arm 7, 

so that 

Qi = ^I (Ij 

and >S' is simply a shearing force. 
Q also gives a force 

A ^ y ^ 
distributed over the whole area A of the cross section. 
Now (equa. 8, art. OG) 

p \ E \\ (l(f> : ds (2) 

In the same manner 

I) or ^y^ : E :: id(f> : ds {2a) 

and (ecpia. 10, ait. lOl) 
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whence 

-J : E :: d<f> : ds (3) 

or 

,. ^fds ... 

'^'i> = -m- (*^ 

194. Turning Poicer of Elementary Form Alteratu/iu — 
Equation (4) gives the elementary turning of ds around the 
neutral axis of the cross section. From the point in the 
longitudinal axis around which Q turns, draw a straight r to 
the end A of this axis, it follows that r turns round an augle 
d<f} and consequently the end A of the axis is displaced by a 
quantity rd<f}. 

105. Elementary Turning Power referred to Coordinate Axes, 
— Let rectangular coordinate axes be taken through A as 
origin, fig. 5, tlien let the turning rdif> at A referred to these 
coordinates be dy and dz^ and from (4) 



dy^z.^.ds 

dz = y . -rn- , ds I 
"^ EI 



(5) 



196. Swmmation of Elementary Turnings, — E very rfs contributes 
an increment to the total turning. Let y\ z be the ordinates 
of the pivot of the resultant turning, arising from all the 
increments. 



Let 



^d^ = </> = y^M^j. = 

^dz =^=^yM^=j/'^ 



(0) 



107. Ifypotlicsis of a Sh)[/le Force U Eqvilihriating the Whole 
Turning. — Let us suj^pose that the sum of the effect produced 
by the moment M is equilibriated by a single force U acting 
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with the variable leverage u upon all points of the longitudinal 
axis of the arch, then substituting in (G) we have 



a'. 



D 



D 



- V 



.yl 



y^- 






Fig.4. 



^^* 



'^* 



Fig.8. 



Q 







U^ 



Q. 



. \i 



'^ ds 



li.^- 



</> = 

7) = 2 "<^ = 









r = .V> =. 27/ J/^^ = Ulyn g 



(7; 



108. TrmtiiKj all - n'.s Forces, y and z\ the Ordinates of 

the Pivot of Resultant Tiirning arc the Ordinates of the Antipole 
V of (he Line of Action of U, in reference to the Central Ellipse 

oj oil j,y 

i. Sf/mhols. — Let the value and line of action of U be con- 
sidered as known. 
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ds 
Let centre of gravity of S^rvbe G. 

2 ,,V be denoted by s, 

ds 
i' be any ordinate from ?7 to a corresponding vfv- 

u tlie ordinate from U to G, 

ds 
In reference to the central ellipse of - r»r' 

Let Y be the antipole of the axis //. 
Z tlie antipole of the axis z, 

V , z , the coordinates of G to the axes z and y. 

'1/ 'J 

jl^^, z^^y the coordinates of V tlio antipole of U to the 

axis 2 and ?/. 
?/ , w,, the ordinates from U of the antii)oles Y and ^, 

then 
ii. Equation 7, becomes 

From art. 181 iv. we may write 
ii/z = ^ ordinates from axis U x ordinates from axis y. 

= Central ordinate from axis 1/ x aiitipolar ordinate of axis 

U measured from axis //. 

= Central ordinate from axis // x antipolar oidinate of axis 

y measured from axis U. 



or 



[I " 'J y 



also 

iu// = ^ ordinates i'rom axis U x t)rdinates from axis ::. 

= central ordinate from axis U x antii)olar ordhiate of axis 

U measured from axis z. 

= ci'utral ordinate from axis 2 x antipolar ordinate of axis z 

measured from axis ^", 
or 

^m/ = // // = // // , 
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2iV3 



l-Z 



Figr.5. 




^vllence, equations 7o, 7^, and substitution from 8, give 



fh 



/(/, = ir:i,fz -^^ = UsH^z,^ = Usz^i^^ = (i>z,, . 



(H,) 



(h 



//> = U'Ei'!/ j,^ = Usa^i/^^ = Usf/u^ = (f>f/^^ 



(s 



^0 



wlience 

whence we linve found tliat the nxis of tlie arcli turns round tho 
antipole of the line of action of V. 

190. Valve of HhufJr Force U rcsititinri Turnimj. — From 
e( [nation (8i) we obtain 



f/= 



V s 

V 



(^) 



1^00. MuJiipUs of Pcrpciidicahirs itpon U from Ccnire of 
(iracitii (r and fnmi the Anfipoh:^ Y ond Z (f // and z. — 
Equations (vSj involve the perpendicuhirs a^, // , v/ from G, Y, Z 

upon U. They fumisli likewise, the followincj rcdation 



1 



n 



4> 



V 



}f 



? 



(10) 



•I ' 'I 



The numerators a-, // , // of these eiiual tract ioiis, are tJio 
perpendiculars from G, F, /^, upon U and this ecpiation shows 
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e respectively proportional to them, so that if we obtain the 
dues of these denominators, we can construct the line of 
:tion and value of force U, 



Section HI. — Part B. Graphical Construction of the Lines of 

Action and Values of Reacting Forces, 



"^ - ^l-- ^ 




y pijT.e. 




I ~ ' ' 




1 2 >, ., 




■ "'>-... '-■ 


---.J' 


"^ Wl 


' * ' 


- '3 -- „ ■■--., i . ;■■: 




■': I -vo::: :{:/X:s'-^^d 




, 3. ,.^,-..,; . 




I 


^ *• , 


13 , 


^ 1., 


■ ■ " ' 1 - ' 


.._._-V>.i; 






------ '1 





201. P I'd iini liar)/ Prohlcra. — In order to avoid confusion in 
tlie large figure in which tlie following constructions are carried 
out, we have represented in figure G, a force polygon of the 
class of fig. B, r, d, of page 243, but in which the parts of the 
line of weights are symmetrical, and the moment of inertia 
iritcrce})ts /, are symmetrical with regard to the middle of the 
lino of weights. Its construction giving the pole is manifest. 
It is now rc([uired to transform it so that it may have a given 
pole distance CO', For this we must have 

CO _ i, _ /, 

ff^ /i + 1, r /, + 2. 2' 

'I'll is the construction of the figure gives, it is evidently a 
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ds 
202. Modification of the Form of the Iiicremeiit -r^j., or, 



EF 



employing Fi7iite Increments, of -^^• 

As A'*? A// A// 



^'^ El""" El""' Eahrt^c 
:1s Aa' A.v 



(11) 



where a, h, c, and i liave the siguificatiou uf earlier articles 
and having obtained the intercept i of the serond cord polygon, 
we multiply it by 

A7/ 

As' 
or what is the same thing, we obtain 

As 
l)y employing as a base not c, but 

A.V 

Ay 

Divide the orthographic projection AB of the bo^v, plate Yjf, 
up<jn the line of abscissae into an arbitrary number of equal 
parts (fourteen in this figure). These arc consequently pro- 
jections A// of uneipial lengths Ax of the bow, for the cross 
section of each of which As parts, / has been obtained, and 
must now l)e multiplied by 

A,?/ 
As* 

2()8. Ff/uatinr/ Sirni rf jl foments in Jhnc ivith Moments of U. 
— We will now^ put the sum of moments in bow under a form 
derived from lemma {V.)\) with the sum of moments of resisting' 
fone U as given in e(|uations (8), and instead ()f the earlier 
value of ,s in (lOS, i.), let us now take a nudti])le of it^ so that now 

.s = 4^ a-1) 

A.y. 
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For the sake of brevity we will in future denote -^i by % 

only. 

Let the moments in the bow originate from one force P 
acting vertically upon it at a distance y from A, then we have 

2U4. Formation of Force Polygon having ^Ay for its Line of 
Weights. — Let AB, plate V.<r, represent the axial line of a parabolic 
arch divided into fourteen parts so that their projections upon 
its chord AB are equal, and which we take as line of weights, 
whence SAy = /. 

Tliis force polygon is required in order to form a cord polygon 
in connection with another line of multiplying factors y and 
divisors i, giving intercept betw^ecn extremes on vertical through 
the origin A of the y factors, that is Ay and y are the v and a 
factors of preliminary problem, chap, i., and i the variable pole 
distance. The force polygon must therefore be formed after the 
manner of fig. G (-01). 

(The force polygon having m for the mean value of i has not 
been rota i nod.) 

But the sequel will show that it is more convenient to have 
for pole distance u<jt /' but >/, giving intercept between extreme 
rays of cord polygon of 



But 









What, then, we ro(|uire, is a cord polygon, the intercept of 
whoso cxtivnio lavs is 



I *^ ' l I . si 

-I 

whence, taking as before SA?/ for line of weights and increasing 

the variable i by the ratio - , we obtain a series of new pole 

distances, Avherefore as 

m , — = I 
m 

ffi was the mean pole distance of the force polygon as at first 
formed, I is the mean pale distance ZJ/, and L the mean pole 
a,s now modified. 

205. Formaivm of First Cord Poh/fpn (jiving for Ordinate an 
Ex'pression Proportional to the Left hand Jfeinber of Equation 
(13). — Construct a cord polygon (lowermost in figure) corre- 
sponding to tlie force polygon of last article, having 

A^, 2A7y, :3Ay, .... 

that is the vahies of y for new line of factors and its sides at 
riglit angles to tlie rays of the force polygon, and bounded by 
the verticals through the end points of A//. Tlieii we have the 
intercepts upon the verticals through A and Z' taken successively 
as origin, between any two sides prolonged, equal to 

^'^F and >>^^, 

SI .Si 

one of these is marked upon the figure, viz. 

» - — • 

The summation of these intercepts on both verticals through 
1 nud yy for any division of / into fSl and /37 is 



^j 



1 f „'-' Ay J , A// I 



Tins summation is marked on the figure for 5 0, whence 
ft = A and ft- = V^i . 

From this, by means of lemma (192), the moment ordinate 
of the cord polygon is found to be 

T 
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This ordinate is called ?/, for comparing its value in this 
equation with equation 18, we see that it is proportional to u . 

As 

206. Vertical through Centre of Gravity of X —r. — The inter- 

section of the outermost sides of this cord polygon gives a point 

As 

in the vertical 0^,^ through the centre of gravity of S— r, for there 

SI 

^ St 

reckoning the origin in this vertical, whence we have the y 
ordinate, that is, ordinate of G from z. 

As 

207. Horizontal through Centre of Gravity of S-^. — Construct 

Sv 

a second cord polygon to the same force poh^gon having 

Az, 2Az, SAz, . . . 

that is, the values of z for new line of factors, its sides parallel 
to the rays of the force polygon, and bounded by the horizontals 
through the end points of A^ (see extreme left of arch in figure). 
Then we have the intercepts upon the horizontals upon the cord 
of the bow between any two successive sides prolonged, equal to 

.97 

The intersection of the outermost sides of this cord polygon 
gives a point 0/\\\ the horizontal through the centre of gravity of 

2. ', , tor tliere 

SI 

Ay 
I: •; = 

reckoning the origin in tliis horizontal, whence we have the z 

ordinate, that is, the ordinate of G from y. 

, . As . 

The centre of gravity G of S— ^ is now completely deter- 
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208. FoTTnation of Force and Cord Polygon, giving for Ordinate 
an Expression Proportional to Left-hand Member of Equation 
(ISg). — Taking the intercepts 

-'/ • 

on the vertical through A foi the line of weights of a new force 
polygon y for the pole distance for pole, and the values of y 

for the new line of factors, we obtain a cord polygon (second 
from bottom of figure), whose intercepts between two successive 
sides on the verticals through A and B are 

// •{ and ?/ ^ . • 
// fii ^ y SI 

One of these is marked on figure, viz. for 6,7. 
The ordinate of this cord polygon at any point distant /3/ 
from A and y97 frorn B after art. 187, is 

This ordinate is called w'^, for, comparing its value in this 
equation with equation 18.^, we see that it is proportional to n,, 

209. Vertical through Antipole Z of z Axis. — The sum of the 
intercepts upon the vertical through A is 

-Si/"— S 

and the following proportion exists l)etween the force and cord 

polygons 

1^ yA// I_, oA?/ 

-1' .'' \ ij :: -2y*-- .» 

S I • '^ s' * // t 

• 'a 

L»r omitting common factors 

1 // ^v^Av 

xnd 

y v^y^Av ^^^''^ "^ V / /••-• 

^y^Jz^* = • r = V -f ■= // . 

j< > i» A ■»/ n " II 
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Tliis last is the expression for the ordinate y^ of the antipole 

Z of axis z, whence the extreme rays of this cord polygon 
intersect in a pcMnt z* in the vertical through the antipole Z of 

axis z. 

2 1 0. Formation of Force and Cord Polygon giving fm* OrdhuUe 
fni Exprcsdoii Proportional to the Left-hand Member of EqtuUion, 

(l.S^).— Taking the intenepts (207), 

Ay 
z . . 

SI 

on tlie y axis for tlie line of weights, and z for pole distance 

and the values of y for the new line of factors, construct a cord 
polygon whose sides are at right angles to the corresponding 
rays of the force polygon, and whose intercepts upon the verticals 
through A and 7> are 

sAy , ,z\tf 

y — '— and v — . » 

* Z ,fil ' Z fit 

then the ordinates of the cord polygon at any point distant fil 
from A is after (2) 

■^ V rt ^,1 fit ^^i ) 

This ordinate is called n\^, for, comparing its value in this 

equation witli equation 1.%, we see that it is proportional 
to )/ . 

!f 

211. Formctimi of CoVil Polygon in order to oh* a in a Parallel 
to y Axis going fhrovgh Antipole Y of Axis y. — Taking the same 
force ])i)lv(:^on ns in last artirlo, nnd tlic vnlues 

of .: fur tlie new line of factors, we obtain a cord polygon 
(immediately left of nrrli in ti^nre) the sum (^f whose intercepts 
«m the y nxis, is 

1 ^r A// 






one of these for :V, 4' is marked on figure, and one half of cord 
polygon is only shown, but }»r'ing symmetrical it was not necessary 
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to finish it, and the following proportion exists between force 
and cord polygons 

S I ^ S Z I 

or omittnig common fiictors 

and 

-^ = ZA = ^ 



z^zAy z. '^ z 



1/ '!/ 



the expression for the ordinate z of the antipole Y of the 

axis y, W'hence the extreme rays of this curd polygon intersect 
in a point Y' in the horizontal through the antipole F of axis //. 

212. Ajxs of the Cent ml Ellipse. — By means of pole and 
antipolar we obtain the two principal axes of the central ellipse, 
the arcs necessary to their construction are drawn in. The 
ellipse lias more of a demonstrative than of a practical use. 

213. Direellon and Vcdue of Force U. Collecting the Three 
lad Equations, 14^, 142, ^"^3 

Comparing these w-ith equations 13, we can write 

Pu. = Ua , 

Pu = Uii (i:.) 

Pu\ = Uu^ 
whence we have 
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and as ti , u , n^ are the perpendiculars upon the direction of U 

from the three known points ff, F, Z, and this equation (16) 
shows that u u , v'^ are proportional to them, we can (fig. 12a, 
Proj. Grom.) construct the UVme. 

The value of U can be constructed by means of similar 
triangles from any of the three proportions in (16). It is shown 

u 

constructed for F^r^ by means of the proportion -, . 

u 

u 

214. Envelope of the U Lines. — Constructing a sufficiently 
large number of these lines, we obtain for their envelope a flat 
curve concave toward the bow. This curve can be recognized in 
figure. The Ui,,^ line is drawn in. 

215. Total Rcadion U at One of the Springings arising from 
a Force F. 

First iiu'tJiod of eoufitrKcting. — The reaction U which we have 
obtained is that part of tlie whole which resists form alteration. 
The otlier part of the reaction is the vertical reaction to P at 
A — F/3', and IJ is the resultant of U and P^' and a point in its 
line of action is necessarily the point (Uy 2) where U cuts z 
wlieuce its line of action and the point (P, U) where that line 
of action cuts the force, P can be obtained. 

Second )ncfJiod of eoni^t ructing. — As 

pi I 

V _ V V 



p^ 



let us substitute tliis tMjuivalent in tijuations 14, introducing the 
bending force F on the one side and the resisting force U on the 
other, we (►btain after a simple reduction.^ 



' Tilt- form ill I'Hia. 14 i^ 



,i V ,/ . (ill -f ,:(v ,/ ^ ,i,f 

fyl 



■ SI I I 

in which for the i'uiiii 2 Ave liave to sul-stitutc 2—2 giving the 
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f 



)\V 










^' Av ^, ^' Ay 



ce we may write equations 17 






/ / / 

/?/ p7 

/ / / 

= ^'2 y . dy - ^-2 ?/ . dy -f ^2 (/ - .v j^/y . . . (^0. 

lil iU 

— —y ■ (^y -{■ i^'^.v 

as (/3-f /S') .= 1, 
e expression {a) can ho wriu«'n 

(il 

which form equations IT are written. 



are evideutly tlie intercepts between the extreme rays of cord 
})olyg(jns having // factors, in regard to y8/. These values are 
shown marked on tliese iignres for P.o, ^uid we may write 
e(|uations (19) thus 

I>li',, _ p,r = Ua or P/3'// - Uu = Pv" 

' • 'I IJ H r' ,1 ,j y y ^ \^^l J 

l',i'ii - IV = Vv (,r P^'ii - Vu = Fv 

■ : z z ' • 2 z i 



It 

I, 
z 



Now ?/ , // . ?/, are the perpendiculars iVoni G, Y^ Z upon z, 
that is, upon the line of vertical rea( tion V^\ whence the first 
terms of the left-hand members of these equations are re- 
spectively the moments of force P^ around G, Y, and Z. In 
the same manner, Uu , Un , Uv, are tlie moments of U around 
G, Y, Z, and the algebraic sums of these moments are equal 
to tlie moments of their respective resiUtants around the same 
points. Let U be that resultant v if__, T/^, tlie perpendiculars 
from G, Y, and Z upon its direction, tlien 



I 


9 ^ 


^:z 


IV 

a 


c 




= 


IV , 


c 




— 


IV 




If 

y 




1 

V 

n 



(22) 



wJience i\ ,?/', v'[ are proportional to the perpendiculars upon 

IJ from G, }\ and Z, and tlie direction of V can be constructed 
(tig. 12^/ P^'oj, Gi'0))i.). This r'< instruction is shown for P^.^. 
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216. Relation between the u Intercepts. — The following relation 
existing between the u intercepts furnishes a means of con- 
trolling the accuracy of the cord polygons which determine 
them. 

2^ = ^*. + 00 (1) 

-'^, = K + i<) (^) 

On account of symmetry we have 

^v'' ,Av / , Ay 



and 



we have aUo 



- .'/.'/ ," = 2 .Vi/ -7' 



/3V = (1 - ^l) 



whence 



1 i-. ' ,,A// ., ' ,Ay! 

1 '' A?/ ' An 

Again, we have from the figure 

^<^ = ^}~y^ - ''<^'' ■ ^f = I -' ^y - i^^^y'^ 



(1) 
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217. Reaction Intersection Curve, Envelope of Force U and 

F71 vclopes of the Reactions U and W. — The locus of intersection 

of U and U' is a flat curve over the arch which we may call the 
reaction intersection curve. The envelope of the lines f7 is a flat 
eHiptical curve, convex downward. The envelopes of the lines 

U and U' are two branches of a curv^e with the verticals through 
A and B fur asymptotes. 

218. Interpolating U, U, U' Lines. — Having now determined 
the above curves to a sufticient degree of approximation, we 

can interpolate any values of the J/, U, U' lines, by making 
the three to roll upon their envelopes and intersect in pairs on 
the reaction intersection curve, and on the verticals through A 
and B. 

219. Lines of Pressure in tlu Arch. — As any correspondini 

U, Uy U' belong only to one P (for it is only the moments o 
one P which are introduced into equations) ; now let the 
axis of the arch be the line of pressures of the structural 
weight. We can obtain the various U belonging to it, deno- 

niinatiug them ^U, *U, 'U'\ 'U acts along AB, *U and 'i/' act 
alon^j: the tangents to the axis of the bow at A and B, whence 
for any P compounding tlie U lines belonging to it with 
tlic 'U , wo obtain the values of ^U {*U denominating total value 
of U } and the p(»ints in tlie verticals of A and B where they 
intersect, toirether with a point in the resultant of *Pand P. 
We are now in a position to construct a line of pressures, which 
nuist fall within the trace of the core of the cross section. 

220. F(>rcc>i GoiCf'dfrtl Inj Ej ininsion from Increase of Temiicr- 
fttnrr. — The liypotlicsis here assumed is that the crown of the 
arch (Iocs not riso, and tliat conso(|uently the centre of gravitv 
n tjocs n«'t nlt(M' its ])lar«'. Tlic end A slides upon the horizontal 
outwanls. From 7> towanN .1 \i|»on the axis of the expanded 
l)o\v lay «)tf the length of the oriiiinal h<:>w, givino; upon that axis 
a ]M.iiit ./'. tVem A draw a h'-rizontal, from the original 
,1 a \ertical. cutting the horizontal from A' in /> (see figure 3, 
yr\<^v 207), whence we ha\e ;; ;tnd i". T .mIso goes through G and 
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From equations (10) we have 

and substituting the value of s in (193, i.) we have 

EI rj J^^ ? 



tds • uz Ids • uv^ 



= U. 



y 9 ^^9 

Upon two parallels through Y and Z lay off the lengths ?; and 

~, the intersection of their uniting line with the line YZ gives 

a point in U which, on account of u = 0, unite with G, This 

is the direction line of U. The value of U can be best obtained 
by calculation, ij and f bcnng supported known. The linear 
coefficient of the expansion of iron is 0000 122 per degree 
centigrade, and the range of temperature may be safely taken 
at 50°. When these U have been found they can be compounded 
with the ^U. 



221. Arch Hinged at the Sprinyings A and B. — In this case, 
all U must go through A and B which must be in the axis of 
the bow, and it , u , n , arc constant for all U. 

Hence we can only satisfy the second of the three equations 
(13) which substituting from equation 14, becomes for all U 

n U = f P. 

U if 

As u is constant we find the dn*ection lines of U and W in 
y 

the simplest manner, by accepting for P tlie length u^, wlience 
we have 

y 
Lay off u from A liorizuiitnlly and join to it tlie vertical 
^'B = ^'u , constructing as upon Plate VII. shown upon the 

If 

third cord polygon from bottom. Their resultant is (7 in 
direction, whicli cuts P upon the reaction intersection curve. 

In place of the U envelopes we have tlie tw«> points A and 
B. all other constructions nrc as fornierlv. 
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222. Pradical Construction of Arclies Hinged at 8prin^\ 
The triR' axis of these structures being along the cent: 
<?iavitv of the cross sections of horizontal member and a 
tliore wore an independent horizontal member sufficiently 
so as to raise tlie true axis above the axis of the arch, U ' 
not go tlirougli ^1 and B. The necessity for a weighty hori: 
nieiiiber is often obviated by making the depth of the 
part (jf the bow very great. A conspicuous instance o 
treatment is found in the bridge over the Douro near O 
Another and elegant instance will be found in the bridge ov' 
Huhr, near Dussern on the Duisburgand Qaackenbriick Raii 

The necessity for resorting to hinging the springings 
arch is very problematical. 

Flg.7. 
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223. Vvjavovrahlc Conditions of Lucnlinj. — AMB is a: 
an arch and likewise cord ])olvi'(»n of its structural weight 
is roar'ti(>n intersection line, Mlf is therefore bendinir mo 
: // bruuuht upon any point as M (44) ; we see at once that a 
at K or /' wo\dd produce no bending moment upon J/, and 
<'Xierior to A' and /' the bendinti^ moment chamrcs siiin. 
liave two maximums for the point J/, first when from E to 
loaded, second, when all exterior to KF is hjaded. Jn the cf 
ihe elastic arch we take the point M on the u]>])er limit o 
<'>re and AM, HM are the lines of Z7and U\ 

' llriii/.t-rliii^. Dk Ji^isfrnoi Iii>(/nihriir/,( u. 18s0. 
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2'2'2. Practical Construction of Arches Hinged at Spring 
The true axis of these structures being along the cent 
<jiavitv ol' the cross sections of horizontal member and a 
tliere were an independent horizontal member sufficiently 
so as to raise tlie true axis above the axis of the arch, U 
not go througli A and B. The necessity for a weighty hori 
nu'uiber is often obviated by making the depth of the 
part (►f tlie bow very great. A conspicuous instance c 
treatiiient is found in the bridge over the Douro near O 
Another and elegant instance will be found in the bridge ov 
Huhr, near Diissern on the Duisburg and Qaackenbrlick Rai 

The necessity for resorting to hinging the springings 
nrch is very problematicah 

Flg.7. 
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223. Unjacuurahic Conditions of Luadinij. — AMB is a 
11 n arcli and hkewise cord polygon of its structural w^eight 
is reaction iiiteisi.ction line, MD is therefore bending mc 
: // brougiit ujion any point as JA (44j ; we see at once that a 
at 7:^' or /'would pioduce no bending moment upon J/, and 
<'Xterior t») K and /' the bendinu^ moment chancres si^rn. 
liave two maxiiinuiis for the ])()int J/, tirst Avhen from E tc 
](jadc(l, second, when all exterior to KF is loaded. In the c 
the elastic arch we take the ptint ^[ (.>n the uj)per limit c 
<'ore and AM, liM ;ire tlie lines of [/"and U\ 

' llriji/.filin^, />/' Eit^ivnoi B'xjf nbrurh „, 18s0. 
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Section IV. — Arch Centrinfj. 



s^h 



\>t^' 



^ 




n 



Fig. 1 49. 
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'I'l^. Firrcoi resisted htj un Arrh Ccntru}(j. — Begiiiiiiiii^^ nitli 
/\ (tig. 149) tbe reaction V^ upon the centring is normal to it. 
As the weight P tends to make V slip downwards, it is resisted 
by friction between tlie siirtaces of the joint acting npwaids, 
wheref«)re the tangental action is downwards, e(|ual and opposite 
to the friction, whence the reaction (J of the joint is npward, 
making an angle <f) witli the normal, and Py V^ and Qy^ are 
in e([nilibrinm. 

Q^ and P., give a resultant ((\ wliose line of action cutting 
line of action of V,^ gives a jxtint of (/^ wliicli carry through the 
jniiit under V,,^ making an angle (/> witli the joint. 

But the directi<jn of Q.^ cuts the intrados, so after liaving 
draAii in o" and obtained a |)oint in Q.^ we no longer draw in Q., 
at an angle with the riext joint VJV^, but taking for another 
point of (X the h>wer end of tlie joint V.J \\ draw it in, and 
t!ius proceed. 

i. Drawing in Q at an angk^ (^ with the joint when Q meets 
P within the archstone. ii. Drawing in Q tli rough the point 
( F" + ', a„) and the lower end of the next joint. 

The proceeding requires no formal demonstration. 
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CHAPTER VI. 

The Suspension Bridge and Auxiliary Girders. 

Section I. — HiLSj^nsion Bridye. 

225. Ciu^e assumed hy Main Chains of Suspension Bridge. — 
The lines of the main chains of a suspension bridge are the lines 
of a cord polygon. If the load, including the structural weight, 
be equally distributed (46. II. and 48), that polygon becomes a 
polygon circumscribing a parabola, and for a first approximation 
tliis would be the curve chosen. 

226. Method of Obtaining Curve of Main Chains. — In fig. 150 
we have, for the purposes of a diagram, accepted the gross 
weights, and modified tlie elevation of an actual suspension 
bridge. AB is the line of weights of the force polygon, cor- 
responding to the cord polygon formed by the chain of the 
suspension bridge, this cord polygon, being under any conditions 
of distribution of its weight, thus obtained. At any point, say 
(10, 11) on the horizontal line h, obtained by projecting the 
point (10, 11) on the elevation of the bridge downward, the ver- 
tical ordinate to that point is composed of the following 

the accumulated weights, respectively of (a) proof weights, 
[h) phitform, (c) chains, rods, <fcc., a, h, r their respective incre- 
ments added to the ordinate at the point (10, 11) by the length 
(10) of the bridge, so that, by continuing to add the increments 
for the lengths 9, 8. 7, 6 ... . we at last obtain the ordinate AB 
of total weight. 

If all the weights were uniformly distributed, then the result 
ing line A C would be accurately a straight line, but if the 
varying obliquity of the chains, their possibly varying section, 
the gradually decrea.sing lengths of the suspension rods be taken 
into account, the distribution is no longer uniform, the line AC 
becomes a flat curve and the parts 1, 2, 3, 4 .... of the line of 
weights AB are obtained by projecting horizontally the points 
(1, 2) (2, 3) (3, 4) .... of the curve ^(7 horizontally upon the 
line AB, as shown for the points (8, 9) (9, 10). 
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The curve of the chains of tlie susponsion bridge being a cord 
polygon, we have its line of weights AB given, a point V in one 
of its extreme rays c, and the direction e, and extreme point /T 
of the other, wlience we can obtain the p )le 0, and with it draw 
in the cord polygon or curve of chains. 

This can e:isily be done by taking a provisional pole 0' (pre- 
ferentially in the horizontal AO, so that its extreme ray may be 
also lie'). Let its other extreme ray V((') cut lie in B. The 
extreme ray J^e of the chain curve cuts also in H, Draw BO 
parallel to VR. is the pole required. From construct the 
chain curve. The rays from measure the tensions in the 
various links of tlie chain (22). 

227. Anchorvirf f/tc Chain. 

i. With Vertiatl Si'jipcu^ion Rods, fij. 151. — This method is 
not em])loyed in practice, but introduced as a stepping-stone to 
the next method. 

Let the weight of the masonry behind the piers, to which the 
chains are anchored, be, for security, so apportioned as to be 
able to resist twice the tension of the chain at the vertex V of 
tlic ]»icr. 

For ('(tuvcuience, instead of conlinuinsf tlie line ofweiofhts AB 
(Mg. 150) downwards below B, wo will make the vertical VC, the 
lino of wciglits, and VO^ parallel to BO, and measuiing double 
the tcusi jn of ]>(^ \ J'(\ is however drawn to a smaller scale. 
The (hjuble tension is Mpproximately 1040 tons. 

J^et tliere ])e, behind the pier, approximately masc^nry, having 
a full breadtli of .SO feet, giving a breadth of 1 5 feet ft)r each 
series of r]i;iins. Let tliis masomy weigh one ton for each foot of 
(l('j»tli .-nid lenutli. Let tlie de]>th nf mjisonry be 24 feet, and 
let it be divided into imnginary lamina^ 15 feet long, 15 feet 
broad, and 24 feet deep, each lamina will weigh .SGO tons; then 
the following ('i»ustructi(tn proceeds upon the supposition that 
the intlueiK e of the weight of the masoniy is brouglit to bear 
U]K»n the clmin. 

Take o()0 tons, within the ])oints nf the com])asses, and with 
tliem l.'iy ofit' i'mm /'ujxm ](' tlii* ]M)ints 1 , 2, 3, . . . . and then 
with tlie ])ole (\ draw the* cord ]>olygon, liaviiig its ano-ular 
points in the verticils, di"awn tlirougli the centres of gravity of 
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the masonry lamina!, till we arrive at tlio 
sixth layer, tlien the continuation of tlit 
side 6'' liownward is the line in whii'li 
fleeted, and it cuts the line of weights ■i< 
of gravity ni the pier in the point D. 

As this is the last deflected line of ti 
masonry behind the pier, whose direction 
base, it follows that the masonry niii&t h 
in order to give the required stability. 

The line of tension is still further defl 
masonry in the pier, the measure of whu 
by drasving from D, BE parallel to 0,», 
stability in the base of the pier. 

In order to bring the weight of the nu 
chain, let the chain he anchored at (f in 
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and G' become its two points of support, and attaching, say to the 
ends of its links, vertical suspension rods 5', 4', 3', 2', 1', whose 
lower ends are fixed in the bases of the successive masonry 
lamina3. 

The chain V6'e is simply another cord polygon similar to 
VQe, These tw^o cord polygons have one point V in common and 
the other corresponding points 1, 2, 3 ... . are in the same 
verticals. Whence the extreme rays of both cut in the same 
point I), and as the line of weights and the forces 1, 2, 3 ... . 
are the same in both, and in the same verticals, their resultants 
P are tlie same, and the inter?ections K and A" of the extreme 
rays in both are in the same vertical, whence the extreme ray of 
the second cord polygon goes through K\ 

The extreme rays of the cord polygon are now given, and its 
force polygon is now easily found, thus : continue VK' till it cuts 
the vertical through 0^ in 0^. This is its pole. The line of 
weights is the same. The links of the suspension chain 
VQ' being sides of the new cord polygon, can now be drawn 
in. 

« 

ii. Willi Oblique Suspension Rods {Jig. 150.) — The suspension 
rods now sustain some portion of the horizontal tension. This 
however does not alter the extreme rays of the cord polygon nor 
the ])ole (i,. In this case the lengtlis of the suspension links 

l^'l, '1, :3, ;i 4 . . . . are arbitrary and given. (The tw^o first 
masonry lamincU, 1 and 2, are treated toLrether to avoid confusion 
in the figinv.) 

Mark ofV the first link J'2 of the chain along the exterior ray 
VK'. Join 2(1, '2) for the suspension rod ii. From Fdraw^ 
F2" parallel to this suspension rod, then O.X gives a parallel 
to tljc next link 2. :i which draw, marking ot!" its length. Join 
3, .'V for tiie line of the second suspension rod Hi, and draw 2''3'' 
parallel thereto. Then 0.,:^' is a parallel to the link 3, 4, which 
draw', markinj^ otT its leniith. 

Proceeding in this manner to the end, w^e obtain a force poly- 
gon Cy r, 2', 3" .... o") who.-e rays measure the tensions in the 
links of the suspension chain. The sides F2", 2"3", 3"4'' .... 
measure the tensions in the suspension rods. 
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228. S'lspcmiin Bridge with Obliqu, 

-"-■^^ similar transfurmation mny be carried i 

'-'-^ chains and suspension rods of the briilg' 

known variety called " Dredges Suspen.s. 






229. Anehoring hy mravs of VavlU 
Pier. — In this cnse the tension of t!i 
tif sis::^ chain tikes the plice of the letiction c 

- "* - fircli, wliiih must be so designed ns to ; 

e^ia^i^-, fa'ling within the central thiiil of the ar 

^^'^^'^^^- centra] third of the base of the pier. 



Ji- . 



230. Anchoring in Rock. — This requir 



SevHon JI.— 'Auxiliary Girders of i 

231. Iieosms why Stfapenxion Bn'd;/rs : 
As the Cord or link jwhgon varies tl 
according to the position, direction, and 
to which it is subjected, so the chaios 
being suth a p<d\gon, alter their posii 
load brought upon them, and with e 
which that load conies to occupy, am 
bridge being attached to the chains 1 
follows the movements of the chains. 
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Should a partial load (fig. 152) successively occupy the joints 
C, D, E, then the chains are successively depressed at these 
points, and they being of invariable length between the points 
of support A and B, are consequently raised and straightened on 
either side of the depression, the platform following the dis- 
placement of the chains. 



Fig. 153. 




•2.S2. A nxiliarji Girders cmp/aj/ed to Stiffen Suspension Bridge 
{fif/. 158) — Suspension bridges are now invariably stifiFened 
by l(»n^ntn(liiial girders whose duty it is to bear the trfivellinsr 

loa<]. 



23.S. roints of Svpport of Axixiliary Girder. — The points of 
support of tlie auxiliary girder are the abutment nearest the 
centre of gravity of the load, and the suspension rods connected 
with tlie points of the girder. The separate value of the 
reaction at each of the points of suspension depends on the 
nDrinnl form of tlie chain. 



:284. Ill actions at Point. <: of Sii}yport of an Avxiliary Girder 
and Cord Polygon of Di^^irilmted Pressures. — If the normal form 
of the chain is a parabola, then tiie reactions at the points of 
suspension are equal, for, the cliain being supposed to be held 
rigid by the girder, the resultant of its reactions must pass 
tlirougli the intersection of tlie extreme rays of the chain, the 
chain beini( in this case tlie r<»rd polygon of equally distributed 
pressures. 

In fig. 154, we haye a travelling load/* supposed concen- 
trated on tlie joints .S, 4, 5, 6, 7 of the girder, the points of 
support of this travelling ln:id are the abutment A nearest P, 
and the [Kjints 1, 2, *>, .... 11 of the chain, transmitted bv 
mf'n.ns of the suspension rorls. 
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•in:,. Vmdn-r/loii of Jkarlion.-! uj At 
of Support. Curd I'oli/gon uf Ckniii Eee 
of Partial Load. — The construction ns 
tributed reaction of this \<>fu\ over tlic- i 
11, mid over the iibutmeiit ^-1, are carcii 

T]ie force polygon for the pre ^s arc 
is first furmed, from ivliich we \<h 
A, 3, 4, 5, C, 7, B\ its extrejiie ray.- 
the line of action of the reaoltant ]\ 1 
tlie reacti'ma of the chain jniuts iniiat it 
R being known Then to the point w 
thi eitrtini. ray hP of the travelling wi 
iR Then the evtieine riiys ci' tliu l1i;i 
ire AH Bh and draivmg 0{A, I) in ti 
to Ah thtn A on the hne of weiglits i; 
ail 1 the lemammg portion of 3, i, i 
WLi^l t I-. the chain reaction. Dividing: 
n tt \ \ u equal part& we have the r 
tie J U jf the Lhun ind wt: are no' 
(- I I ] K^on of (hain rtai-liou, 

J it I/rtAiJe of Beidinij Moimnis 
The intercept betweon the cord polygm 
the cord polygon of chain reaction at ; 
bending moment of the auxiliary girdi 
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237. Must Vnfavonrahle Disposition of Travelling Load, — 
The above construction has been carried out on fig. 155 for the 
most unfavourable disposition of travelling load coming on to 
the bridge from B, when it extends to joint 5. 

Tiiat this is the most uuf ivourable disposition of the travelling 
load miglit have been shown by forming a series of similar con- 
struciions and then superimposing them. 

2 '"^8. Measure of Slienriiuj Force in Front of Travelling Load. 
— ^LixiuiUiu sheaiing force occurs at the extremity of the 
travulling load and must be ecpial to the sum of the reactions 
beyond it: thus in ti^^ 155, the siiearing force is the sum of 
the roactious beyond 5. i e. i -\- H + Hi -f ?/*. 

230. Aii.i'dian/ Slimvds ef Mp. Ordish. — Additional con- 
trivances are often superadde 1 to the auxiliary girders, still 
furthi r to insure a ri_dd platform, and that of slirouds radiating: 
from the piiT and attached at the other extrer)iities to the 
stitfening girders, are perhaps at once the most effective and 
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We give a skeleton semi-elevation of 
the Thiimes at Ciiel.^'ea, having these au 

It is evident that if, at first, a shroud 
lowering of any point as A of the piatf 
and in order that the^e slirouds may re 
they are connected to the suspension 
trivaiice at every poiut where a shroL 
rod. 

The auxiliary girders are likewise 
vertical. 

The light appearance of the main dui 
the shrouds into too strong relief, and m 
appeiirancp. 

■240. HoHzoTilal Main Chaiiis are son 
si'le, to guard against the effects of wi 
tlun involves no additional nicthtjds ef [j 
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CHAPTER VII. 



On Retaining Walls. 



^Section /. — Statement of the Problevi. 
(a) Act ice Pressure of Earth ujx^n a Retaining Wall, 



_j 



R \ 




241. Plane of Pitplure. — Fig. 157 is the cross section 
prism of earth, which will througliout this chapter be supf 
one unit in length, nnd on which are represented the ft 
called into exercise by its equilibriation, when sustained oi 
one hand by a retaining wall upon which it thrusts, which tl 
w^ shall mil its active pressuro. and on the other by an ; 



IN ENGINEERING STRUCTURES. 297 

trarily chosen plane of rupture ; for we will, as is generally done, 
suppose the surface of rupture to be a plane. 

242. Tlie Forces in Eqidlibrium are {Jig. 157) : 

1. The weight P of the prism of earth, and whatever it is 
loaded with. 

2. The normal reaction of the retaining wall. 

3. The friction of the prism on the inner surface of the 
retaining wall, acting upward. 

4. The normal reaction of the plane of rupture, 

5. The friction of the prism on the plane of rupture, acting 
upward. 

6. Tlie cohesion of the eartli on the plane of rupture, acting 
upward. 

Fig. \o7a represents the force polygon of all these forces. 
Fig. 1576 represents the force polygon of the first five of these 
forces, the sixth or cohesive force being neglected. 

In both these force polygons the lines Q and R represent 
the resultants of 4 and 5, and of 2 and 3 respectively, which we 
shall call the oblique reactions of the plane of rupture and of the 
retaining wall, or simply the "reactions." When the force 
2 or 4 are spoken of they will always be called the normal 
reactions. 

These reactions Q and R make (176) angles with their 
normal reactions equal the angles of repose, these angles being 
represented by (f> and </>' ; </> being the angle of repose of 
the prism on the plane of rupture, <^' of the prism on the 
retaining wall. The usual value of </> is 35° and of </>' lo''. 

The force 6 of cohesion for any plane of rupture shall be called 
K. 

The force polygon will, in the following, be considered under 
the form of the three forces P, Q, R, or of four P, Q, R, K. 

(h) Passive Resistance of Earth, 

243. Fig. 158 is the cross section of a prism of earth sustain- 
ing a thrust, which we shall call its passive resistance, such as 



298 



GRAPHICAL DETERMINATION OF FORCES 




Tlie fones are the same in kind as in thrust, but the for 
friction and of cohesion now act downwards. Figs. 158'» and 
represent the force polygons with, and neglecting coh 
respectively. 



244. Plane of Ptirpturc of Maximum Thrust, 

(a) Active Pres.^nre. — A certain plane of rupture make 
action P ot" retainini^ wall a niaxiniuni. 

In the foregoing figures tlie plane of rupture has been c 
in arbitrarily, anil P is the reaction of the wall due to that 
of ruptnre. For as P varies witli the plane of rupture a 
varies with P, and, as P increases as the inclination of the 
of rupture u decreases, that condition operating alone ^ 
increase P, but as P is tlius increased, the reaction Q o 
pi me of ru])ture u increases and approaclies more nearly to 
direction. This operating alone would decrease R. But 
two causes operating together determine a certain inclinati 
II up to which the increase to P adds more to B than the inc 
and change in direction of Q take from it, but beyond whic 
influence of P in increasing is less than the influence of 
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diminishing, till the plane of rupture cc 

of lepose, bt'yond wliich the induLncu of 

(/') Passive Re-i'sfani-t. — A siniiliir st 

regarding the plaue of rupture in austaiu 




245. Z'Mfs P rcpreaciitinfj Jf'riffhl y 
Earlh Prism for any Plnwa of Rnpt"<r 
— OB or s (fig. 159) ia tho pbne o 
repnse, AO inner surface of n'tniiiin;. 
wall, AB terrain line. Letting full a \ 
the value of the triangle A OB is rtpres' 

and let e be the weight i"icr cubic unit of 






Let or, OX" .... be niiy p';ir.,- 
steepor than the phine of rcpuso, iheii <l 
parallel to ^10 

triangle A OX' — triaug 
we have now a series of trianglc^s A ( 
having the same altitude A.^/, which an 
bases, or 

OB: OC : or . . . :: P:. 

so that OB, 0C\ OC . . . reprc^'ut t( 

P 

- of all the triangular prisms A OB, A 
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Fig. 151) represents the construction for a prism thrusti 

the wall AG. 

Fig. 1 GO represents a similar construction for a prism su 

p 

ing a tlirust where the values for - are found upon the refl 

of the plane of repose, the horizontal h being the reflecting 
hut to whirh the above w^ords equally apply. 



M r 
I 




(. 



'24-ij. Jiedi'dion of an Earth Prism xoith Irregular Tt 
Line to a Triangular. — This well-known problem requir 
(lernonstration liere, but in order to give facility in its appli^ 
we exhihit it here with a methodical arrangement of symb 

To ruchi.c the area OA, 1, 2, 3, 4, .... ^ (fig. 161] 
trian<j:le, retainiii'.! thu side OB iuu\ the line OA. Numb< 
angles A, 1, 2, 3, 4 . . . . B, then placing the parallel 
upon A'l ih*aw 1,1' parallel thereto, i.r. 

Parallel to A'l draw 1,1' 



) J 



3.1' „ 2,2' 
4,2' ., 3.3' 



„ B:V „ 4,4' 

.loin B and 4 by a straight 
f>47> is the triangle re(iuired. 

247. Transforraatw)i of a Loaded Earth Prism to an A 
priaff Trviii(jl(\ — Fig, 102 re])resents the section of an 
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Fig. 162. 




1 
V. 



f~ - 



prism, A , 1 , 2, 3, 4, B'B, loaded uniforndy f 
tiiis uniform loading represented by an equiv; 
of earth B'F, Reduce the many-sided sectic 
i/, to an equivalent triangle, 0^' B'. Draw 
B'B or F'F, and at the distance 'IBF from 
parallel to OB' cutting a in A\ A is the ve 
required. 
For 

Triangle A'BB' = parallelogram . 

being ui)on the same base and of double altit 

Triangle A' OB' = triangle 0- 

being upon the same base OB' and betweer 
OK and 4' A' (4' here coincides accidentally \ 

ABB' = BFF'B" 

-\- A'OB' = -\-^'B'0 

+ BOB' = + BOB' 

or summing 

A' OB = BFF'h'VOH = yl 1 2 .S 4 7 
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Representative line OCof a loaded prism can now be i 
after the mnnner of art. 244. For drawing XC, Jl'C 
parallel to A' 0, we have by similar reasoning as formerly 

OB : OC : 06'" ....:: P : P' : P" ... . 

248. CiniiplctiiHj the Force Polyrjons vpon the Lines 00 
. . . ./if/. 1G2 — Having now the means of projecting the ; 
sentative va'ue of any P upon the plane of repose in the c 
a'tion, atui upon its reflection in the case of passive pressi 
is necessary to our future constructions that we complet 
force polygon there. As the true position of P is vertica 
is (Hjuivnlent to turning round the force polygon throu; 
angle 90" — (f> in the first ca.se, and 90° + 4> in the second. 

Let be tlie angle which the plane of rupture makes 
the plane of repose, then it can easily be shown from elemi 
considerations that, in the case of active pressure, the 
which the reaction Q makes with P is also 6 in the c 
passive pressure 2(f> + ^. 

This can be dtfduced most easily by the student from fig 
and 164, where the values of both given and deduced ; 
tcinliiig finally to this conclusion are marked. 

The remaining side R of the force polygon forms an 
(counting turning in the direction of the hands of a wat 
positive) in the ca.se of active pressure — (90° + <p') wit 
inner sinfare OA of the revetment, and requires to be t 
round tlirou'^h 90'' — 0, whence tlie angle it will form w^it 
after the turning will be the ditfcrence between the ai 
makes and the angle it has turned through, that is, as we 
given the proper signs to their values, their algebraical su 

- (90' + 4>') + (00' - </>) = - 90' - <^' + 90° - <^ = - (0 

or it will tlien make witli OA an angle AOE = - (<f)' + < 
minus siiiu slnnvinir tliat 0£ is to the left of OA. 

In the case of passive pressure, the angle which P 
with OA is — (90 — </>'), and it requires to be turned 
through an angh' 90^ 4- (f>, whence by similar reasoning 
after turnini^ make with OA an an<de AOU 

= _ (90^ _ c^') 4- 90° 4- <^ = - 90' -h (/)' + 90° + (^ = <^' 
the plus sign showing that OE is to the right of OA. 



IN ENGINEERING STRUCTURl 




l-^x. 



OC representing P lies on the plane of repr 
reflection). From C draw CD parallel to OE 
of rupture in 2>, CD represents R, OD on the 
represents Q, We can now construct the fore 
arbitrary plane of rupture 0A\ 

249. The Locus of the Point D for all Pon 
of Rupture is a Hyperhola. — If w^e construct 
for a number of planes of rupture OJC, 0X\ w 
of points D which lie on a hyperbola ODB [ 
points and B and to which OA' is a tangent 
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Fur ihf <;encrati(>n of this curve (fig. 165), we 

peiiiils of rays, one pencil 0{X. X' . . . . B ) 

!'(X. ,1" . . . .) wlicre P is at infinity, one pencil 2 
. . . .} uhcre -V is at infinity, and intersecting the ray 
.... ill till.- points C, C .... on OB. It falls then 
Mail^uriii-s tlieorem {Proj. Geom.). 

Fur riiure cii^y comprehension we have given the 1 
circli.' iif tliiri cnrvL', which consider, and enunciat 
ri'ft'rrL'it Id with tlie letters in our figure. If arou 
point P wi' cause a transversal to turn encountering 
strai<_'lits HE. BO in pnirs of points C and Xand fron 
p..iiits X ;i(id wo lead pair.s of straights JV'C, OX 
of intivs.'itiou I) of tlie.'^e pairs of straights li 



tlR' 



u tJLc case of the figure itself »V is at infinity, 
iiirii.; thf nty OX round it becomes parallel to A 
iionil [i^iint .1/ at infinity, it is consequently a 
ISO asymptotes meet the curve at infinity in the po 
In j,'i''"'r;'''"g t'i<^' curve we readily perceive th 
L^ciil njLi'ting the line J/.V at infinity in the poi 



TM. Cu,>^fr,.r/ioH 0/ /he Mt:rmtn,i VaUtr. of CD 
onlir to obtain our purpose, which is to find the poiii 
CD is :i ruaxinium, we innst constructa tangent O/tf 
liaiallcl to <>B whose point of contact is the point D 

Sn]lpo^(■ this ilonc, wr have a pencil of three rays 
tjon DJ, OJ. and tlio iiifinilolv distant straight .V.V. 

This will !«■ more dearly seen from the homoloo 
who'll.. ./ W Ih..- ccntve of til,, pcniil of f„ur ravs J[MN. 
for D \- a iloiil.lc point .nnd MX. HO. an.] DD, are 
of point- ii, invohition O.I/, OK; OB, OA; OX, OX; 
piiis of loiijn^atc rays. In the figure itself the poini 
at irilhiily ami E its coircsponding point, A and B 
corresponding' points, ,1' a douhle point 



/ 



'-'' >'-VG/A- 




^fift/^, 



^ f^THi 



■•-fi^. 
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oc 

!^52. Lemma. — The line JXL, fig. 166, necessarily parallel to 

oc 

OB^ is the Pascal line of the inscribed hexagon M, B, D, 2>, 

Such a hexagon is given in fig. 167, with its homologous 
circle to assist the conception of the student ; bearing in mind 
tliat the infinitely small side DD of the hexagon is replaced by 
its tangent f/Z>. By construction, MN and DD meet in e/or the 
6th and 3rd sides of the hexagon ; by construction also 3fB and 
OD meet in Jl or the 1st and 4th sides of the hexagon, whence 
l)y Pascal's theorem the 2nd and 5th, that is BD and ON', meet 
in L on the same straight with J and JT, which therefore must 

oc 

he tnie of its projection where J is at infinity. 

253. To Erprr--^'^ R in Terms of the Involution on OE {fig. 166). 

^^""iron (,) 



so IS 



e. 

and from the foregoing lemma, we have 

CD : OL :: BC : BO 

OA' and CX being parallel 

BC : BO :: BX : BA\ 

XL, A'N, OB being parallel, we have 

BX : BA' '.: OL : ON, 
wlierefore 

(L) : OL :: OL : ON, 

or 

CD ^- "^, 
OA 

Bubstitutiiig this vnlue of CD in eauation 



E A'M „r, 

- = -^ . ('/>» (2) 



n , AM ^,„ 

; = •' • ON • ''^ <3) 
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Fig.166. 



00 






\ 






b: 




CD 

■M- 



mt 



i^herefore 



AM . ^ 



- = isin/S. Oi' = isin/9. P . 



• (4) 



On OB extended make OL — OL, and join LL . Whence 

- = area of triangle OLL (5) 

ILL' is called the triangle of earth pressure just as AOX is the 
riangle of earth which presses. 

254. Pressure of Earth per Unity of Area at any Point in 
; Retaining Wall {fi{j, 168.) — As far as we have gone, for every 
>oirit of the wall we have a different base AM, and it is 
equired to find the pressure of area per unity of area at any 
loint independently of any base. 

The pressure per unity of area evidently increases directly as 
he depth, so that that pressure is twice as great at any point 
3 at half that depth, viz. at 

OA 



30« 
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Nmv the sum of nil the pressures upon 

A M 



AG is € 



CD) 



and the mean pressure ])t'r unity ot" area is therefore 



AJl CD 
' • 1^ * OA 



(^) 



This is also the pressure per unity of area at half the height of 
OA^ wherefore the pressure per unity of area at is double that 
pressure, viz. 

CD 



, .AM. 



AO 



This is easilv e<»nstructed. On OA lav off OH = CD and draw 
HK panillel to A J/, then HK measures the pressure per unity ol 
area at 0. for 
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'k 



<»i 



HK \ AM- Oil: OA 
:: CD: OA, 

AM . CD 
OA 



HK^ 



(7) 



As this X by e is the pressuif per unity of area immediately at 0, 
and as the rate of pressure increases uniformly, it is the mean 
rate for an equal portion of wall immediately above and below 0, 
and if fjr a small portion may likewise be regarded as a point 
in the resultant of the pressure distributed over that portion. 

Another method of obtaining HK is useful when the point B 
is inaccessible. On OL' extended, lay otT, OA' = OA, draw 
parallels A'L and L'H\ then 

OA' : OL :: OL' : ^^''//J''' = -^/; = OH ', 

and product of extremes = product of means, 

OU = OA' . OH' = OA . OH. 
But 

^' = } OL' , sin /3 = I OA . 077 . sin/3 = i OA . R K' , 
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and also 
whence 
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^iAM . CD (213) 
i OA . H'K' = 

UK' = 



\ AM . CD 
AM . CD 



OA 



= HK . . 



E 




255. Conditions Simplifyivg Construction. Terrain Line 
Horizontcd and Angle 0' = {fig. 169). — In this case 

LAOE = (f> ; LEBO = LBOH = <^, 

being alternate angles. Consider the two triangles EOB and 
EGA, l_B of the first = LO oi the second, [E common to both, 

they are therefore similar triangles, whence 

EA : EG :: EG : EB 

EG' = EA . EB. 

But EX' is likewise = EA . EB ; 

whence EG = EX, 

and iiEGX = lEXG = a, 

^A OX =a -(f>, LGXB = 180° - a, 

LXOB = 180' - ((180° - a) + <^) = + a - ^, 

.-. LAOX= LXOB', 

wherefore, with tlie conditions above, the plane of rupture of 
maximum active pressure bisects tlie angle formed by inner line 
of retaining wall nnrl line of repose. 
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'M. To Methiee. c Scrks of Pressures. CD, for a Scri>-s of I'ohi/s, 
)/ a Wall with Inner Snr/are in One Plane, v:Uh a 'VariabU 
le.A.y, to One Base e {fiy. 17(1.1.— Tlic f.,llowiiig method may 
letimes be useful, and supplement art. 245. 
j'ind tlie value of CD fur any cduvcjiient point 0. Through 
) dnuv 0^0„0^, .... ill the direction in wliich the earth 
ssure acts. Lay off 0S= CD, and through A draw AS; AS 
1 cut off the prallel lines through O.OflO,__ . ... OS 
3, 0^S„ .... er[ual to tlie respective vahies of CD, and 

0,'^', O^^A', .... rtpresoiit tlie pressures — to the variable base 



I^AM, },AM\ ^A'M .... 

ly the first of these bases is shown). The problem to which 
address ourselves is to reduce these values of OS to owe base, 
vhere c is constant, 
riirough A' draw A'T parallel to AS tliea, OTis the 

pressure Jt 
•L — ^ or - 

the double base A.^f (not diawn). For subsidiary figure 
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/\OAT = ^(JA\S for £^AST = /\,ASA' 

Imjii;^^ u|m)1i the same base AS, and between the same parallels 
AS, A'T. 

V\n\\\ A K't fall a peqx^ndicular on A'M\ from the foot of 
\\lii( h, alun^^ A'M\ measure off 2e. From the free extremity of 
'Ir orcct a perpt'iidicular, cutting the wall line in the point 0^, 
draw ()T^ parallel to OST. To fix our ideas take any one 
pn ssure 02\ through T draw a line parallel to OA inter- 
sect ini; 7". in a certain point. Through that point and ^ 
rlraw a ri^lit line cutting OT in R. OR is the total earth 

|)irssnn' : € on the wall, or — from A to 0. We can thus find as 

iii.iny ])<.iiits II as we please. For looking at OT projected on 

tln' linr (> T we have 



p »• 



OT: OR:: AO^: AO 
:: -2' : AM, 
i>r rciiiciiilici'iiijL: ili;it product of extremes = product of means 

(fT. ^'' ;'^ = oJ: . ,: 

TIh' ciirvr tl.us i'«»rinr(| is evidently a parabola, 

2-")7. I^mr of Acting (tf lic-^ult'int of Pris^^Hre upon a Retaining 

Wall. — HaviiiL' tlius found a series of ])ressures :ie, OR OR R 

... (Hi;. 171), it is evident that the ditTerence between OR and 

^> //^ is the total ])ressure that acts upon the part 00^ of the wall, 

whence the tollouini/" construction in order to find the line of 

artion of tlie r^-sultaiit of all tliese separate forces. 

Let All ho the curve of ]>ressures of last article. Divide the 
.r<';i Ann into lavors hv lines parallel to OR, of such a thick- 

at. 1 

iioss as tliat (li(^ pres>uie acting on any individual layer may be 
c«»n( civc(l as acting- at thi- middle of the layer. Then from 7?, R^, 
//. //.. .... rh'aw linos parrdlel to AO, cutting oti', or OR, tlie parts 

!>, N. 7, () .... e(|ual to the })ressures : e acting at the centre of 

pressure of their ri sj)ective layers. Lor>k now upon OR as the 
liin'. of weight (►f a fon^e polygon, and placing its pole some- 
where in line of the wall, A\e obtain the usual cord polv<^on 
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vi 
vii 
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ix 



Fig.171. 



' Kg 



^^^ 



Wr 



^ — 8 



8 



O7 

Og 
0^2 



.6 
6 



9 
3 



Nvliuse rays extended to the wall line, give the points ?"/, Hi, 
ir .... in tlie lines of the resultants of tlie pressures 



2? ii i:f 



The exact position of the centre of pressure of a given layer is 
afterwards elucidated. 

Srdion IT. — Coh rsiun . 

258. Rrniarhs. — Cohesion diminishes the pressure exercised 
hy the earth prism, but in most cases it is advisable to neglect 
it as being altogether too treacherous in its nature to be trusted, 
yet the atmospheric influences which act ujion it behind retaining 
walls are absent in deep tunnel work, wliile at the same time it 
may be lessened, or even destroyed, by the operations there 
carried on. 

'l')\). J'Jqffih'Ifruoti of Eartii Pri.s/n sadainrd J)jj Cohesion alone, 
— Consider a mass of undisturbed earth presenting a tace OA 
(rig. 172;, steeper than its angle of repose, sustained by no 
retaining wall, then the force polygon is reduced to three forces, 
the weight P of the prism AOY, the oblique reaetion (^f, and the 
cohesion A". 
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TigA72. 



O- 



T _ 



260. Gcomcfru'al Construction of the Value of Cohesion for 
lite Prism AOY. — Take the perpendicular AN w^n 

P 
OY - - » 

tlicii the re(hicing base evidently is \0Y. Draw the p)erpen- 
(liculir AM to the plane of repose, and from N meet it by the 
lioiizoiital NL. The triangle AXL thus formed is siinilax to 
tlio force pnlvir(^n PQK} 

The force p*>lyiro]i PQK lias its side K upon the plane of 
rujitnro, and the various angles formed by the lines of fig. 172 
have he.'n marked so that the student may easily prove for 
himself the similaritv. 

We have AN, AL, //.V jMoportional to P, Q, TTand 

A = ^ € . j\L 

and it is distriliuled over UY, whence cohesion per unity of 
area of 

OY. € . NL 

If we now give the plane of rupture another direction, we 
obtain an«:)ther value of A' and for a certain plane it must reach 
its niaximnin vahi*'. 



= .. e 



NL = K. 
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Plg.l7S. 






8. 



/ 



/ 



m 



/ 



/ 



/ 



' / 



Oc! 



. Geometrical Coa^itrurMon of the Maximum Value oj 
on. — Consider now the plane of rupture OK (fig. 173) to 
round 0, then for every direction a length LN is deter- 
I, ANO being a right angle ; on OA describe a semicircle, 
;arily going through the points 3/ and N\ further, AM \^ a 
straight line, so that LN will attain its greatest value 
N lies in the centre of the arc AM. In this case from 
ntary considerations 

IA0N==N0M or LAOY = LYOB. 

ce A N till it meets AM in iV, then 

ON' = OA and I^N = 2ZiV = 4Z-, or Z: = ^ L'N\ 

1 be observed that taking as a centre we can transfer 

3 ON at once. 

s worthy of remark that the plane of rupture OY for the 

num value of cohesion coincides with the plane of rupture, 

n that case (art. 215) where the terrain line is horizontal 

'=0. 

1. Parabola of Cohesion (fig. 174). — It is evident that the 
►ported face of earth will approach the plane of repose, 
'eater the vertical height of OA till, giving it an unlimited 
b it coincides in that plane, whence the following problem, 
ing the extreme height at which a face OA of given earth, 
5^iven inclination, will sustain itself in equilibrium by its 



:;i(i 
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Fig. 174. 




colit'sivi' tnrcr, to tind t\n: corresponding heights for all inclina- 
tions or in verse] V. 

Let it l)e known, f»)r instance, that a face of given earth will 
snstjiin itself vertieallv for a height OA = 10 feet. Then find 
4. Iv for tli;it lieiglit hy last article, move 4^, and the perpendi- 
rn l:ir y[J/, ]iarallel to themselves along the plane of repose into 
new ])ositions, ;is -l;j-Vj- From as centre describe the arc ^\A.^ 
rutting- tlie ])eri>endicular in A.^. Join OA.^^ it is one of the 
faces rerjuirrd. 

The lonis of A is a ])arabola. 

'2M. Position of (]((' Planr of llnpture for which the Injiuencc 
i,f Cnhismii 1,1 JfiuiinkJiinfj tlir Eartli Pressure is tlie Least. — 
( 'ohsider tlio lone ixtlvijon PQJi\ tiir. 17"), now introduce A" into 
it. and 7/ and Q are diniinisheil l>y the (quantities AA*i^(>. 

Notice that the an-le A' P = iKr - </>' and (,>' A' = [)0' - </>. 

('on.siiirr now the earth ju'isni fLiX, fig. l7oa, OA' being a 
pliii'' «»t" niptim-. As the foree of eoliesion A' is proportional to 
(he huL^th «»f the plane of ru})ture (prism unity in length 
uinhrsinud), l«t f KV rej)rcsfnt the face of cohesion, and draw 
UX pai.dlrl to 7,', i,r. niakinu^ an angle IH)" — <f)' with OA, XX 
]);irallcl to fj, i.r. luakiuL;- an angle 00 — (/) with OX. Draw OE 
making, as t'ornn/rly, an angle E(Li = (f) -\- <j)\ Mark the angle 
EOX with 7], then (LV= a//, .\'xV= AQ, and the angle OXX = t?, 
t<)|- it is e(ju:d 

ISO _ XOX- OXX^ iSd - [((/) 4- (/)' + !)0 -0') - t; - (l.X^-. <^)] 
Isd (j^ _ 0' _ 111) |. (^' .f. jj _ \\{y ^ ^ ^ ^ 
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Let fall a pei'])endicular 07/ from upon the terrain lino A.. 
Mark the an^^le EXO with a, then we have 



A" = 



OH 
sm a 



and 



. ,, A' . sin (90° - (t>) OH . eos 4> 
Sin T) sin t; . sina 



In this expression OH and cos <^ remain constant, and Ali 
therefore indirectly proportional to sin rj . sin a. 

Let now tlie plane of rupture turn round 0, so the more w 
increase rj the more we decrease a, whence as sin rj . sin a i 
oreatest when r) = a, AH is then the least. 

Cohesion exercises the least influence on the earth pressure . 
when EO = EA'. Draw^ OAf parallel t<^ EX so in this case th 
plane of rupture bisects the ani(le EOM. 

264-. Genfral Divcrgencr, of Playics of Bvpture and CoJiesio', 
and Case of Coincidence. — In general the plane of rupture 0. 
for the greatest earth pressure is then not the same as the plan 
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of rupture OY giving the minimum influence of cohesion in 
cliniinisliing tliis earth pressure, but the two planes evidently 
coincide in tlie case of (215), where </>' = and the terrain line 

horizontal. 

265. Infroducing the Influence of Cohesion into the Construction 
of the Earth Pressure. — In the case where the two planes 
coincide. 

This is evidently attained by moving the point O upwards 
along the line OA for a length equal to the length at which at 
the inclination of OA the earth would maintain itself in equili- 
brium by cohesion alone. 

In other cases its solution leads to a problem of the third 
order, and its practical value is by no means commensurate with 
its difficult v. 

In all cases an approximation to the value, if any, which 
should be given to it, is obtained by mo\ang upwards along 
OA, one half o^ the height found at w^hich it would maintain 
itself bv cohesion alone. 



Section III. — Designing Retaining Walls. 

260. Appricaiion of the Involution Projected upon EG to one or 
more Scries of Pefaining Walls. — Up till now, in representing 
an area by a line, we chose some base a, but in combining the 
forces arising from the weights of a prism of earth and masonry 
(one unit long) the line rep: eventing the thrust of the earth 
derived from the area of the prism must be multiplied by its 
weight per cubic unit 6, the line representing the vertical down- 
ward weiuht of tlie masonry derived from its area must be 
multiplied by its weight per cubic unit /z, but in order that we 
be al>le to combine these two lines in the parallelogram of forces 
so as to obtain their resultant, we have to bear in mind that a 
rcj^resentativc line is inversely as the length of its base, and 
that the representative lines of masonry and earth must be 
directly as their specific gravities, we must therefore have, 

f-allino' p t.hp p.art.h bn.se and w t.hr* ma.snnrv bnsfi 
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- = or m = e or e 

em fjL 

Return now to equation (4) (art. 213) 

— = ^ sin j3 . P, 

€ 2 

add a coefficient of security a 

a - = 0- - sin I3P, 

and it must be represented by a line, by m( 

At 

c = - . m. 

€ 

Let h be the height of the masonry, and 

c = yh, or 
e 

Let ?.' be the representative line of tlie f( 

aR == eev = e yhr — ea - sin 

6 2 

or 

/xyhv = €a ^ sin /9/^, 

or 

__ 6 . (xZ- sin yS 

Consider the following proportion 



•L-r- (76 sin /9 * ' * 2/x'> 



or 



or 



where 



2/4. /i , 

7 i — ^ : I :: I : V 
a € sm/5 






<T € 



:i20 
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& 



4> 



L 'J 



180-p 









1. 


^ •' -eo>p/ 


2 






2 





= 85 



Fi?.177. 



Tills proportion ^ivos the following construction. 

( \)ntiiiu(3 {^%. 177), the line of repose s through until it is 
— ill [fh = r on <lr.iwing), and tlirough its extremity draw a line 
Ml at ri<^lit anudes. Ai^ain throu<j:h draw a line at riorht ansrles 
to EO, iiKX'tini; 01 in a point 1, the anij^le this line makes with 
Jh oi' c. is roadily seen to be W - (180° - /3j = - 00' + y9, and 
eoiisecineiitly thi- ani^le wliich it makes with the line at right 
ani^Hes to /// is /3, whence tlio length of the line 

0\ = fk . . — <:cosee/3. 
snip 

Join \L .'ind tliroiii^di L draw to 1/r a line at right angles, this 
line will cut off /• iVorn the continuation of 0\ backwards. 

For ex:nii]>Ie. let the earth t> be supported be damp sand 
weii^diin.;- I:i0ll)s. per cubic iVjot. Let the nuisonry be slate stone 
weigliing bSOll^s. ])er cubic foot. Let 

9 

and (^of;tfi«*ient of s(^ciiritv rr = 2, then 



111 this case /A = 7i, and this is the case in 
Clioosing a breadth h for the top of the wj 
triangular prism of Tn'isonry wliose height is 
0, wliose base is h, this reduced to a base 

2 

in = ry/i = :■ h 

gives tlie side 1 of the force polygon, and b; 
trials we find an inferior base b\ giving a ti 
whicli reduced to the base yh gives the si 
polygon. 

But here a small arithmetical operatior 
a formal graphical reduction. In this instanc 

2 

yh = ^ A' 
..) 

i\u(\ the reduced areas of the triangles 

// , , A ,, 
- . h and - . // 



is therefore 



It h __!> _ A /' :3 1 _ :^ 



From this force polygon we can trace the 

_ and when the line of pressures goes through t 

■~~ we have obtained the correct section of tlie \\i 

The value of tliis method hes mostly in tl 
series of walls, as I, II, ... . fig. 177, ea'di v 
rent inclination on the inner side, and each seri 
^ \ values of 

A, -, I, &c. 

^^ may be prepared for future consultation. 

For a given series within a certain range 
generally including the whole practical range 
found that the extensions of tlie exterior s 
converge closely around a mean point, which 
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that series a ilatiim point from wheuce to draw the e 
cf a wall having,' any given interior slope, for certain i 



\Vc liavf- ill H'^. 177, only shown I, II of a series, 
JVC a d<-nr diagrnni, and the point where their ex 
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267. Fig. 177 shows how much the quantity of masonry 
required in a retaining wall depends upon the slope given to its 
inner surface, affording an elegant explanation of the great 
efficacy of pitching a steep slope of eartli. 



2G8. Dratriufj in the. Line of Resistance to a Retaining Wall, 
comhined with Prof. Hae.seler's Method of Representinj the Earth 
Pressure. — We have already found the earth pressure per unit of 
area at any point of tlio wall to be equal to a given line UK. 
It is evident that if we lay off the 
values UK for all points of the 
wall, horizontally as ordinates, we 
obtain an area representing the totid 

enrtli pressure upon the wall. If -[-.^ / \ Fig.no. 

the terrain line is in one plane, and 
the inner line of the wall in one plane 
A O' {fig. 170) the earth pressure area 
A JTK' is necessarilv a trianfijle. But 
if the terrain line is in more thau 
one plane as AO'O, the earth pressure 
area is necussarilv an irregular fisrure. 
If tlie inner line of the wall is curvi- ol_ 
linear, it must be treated as approxi- 
mately poly^^onal, and a value of UK found for each angular 
point. Fig. 170 represents the inner line of a retaining wall, 
having an angular point at 0\ the terrain line AB being in 
one plane. Oi> has been extended to A\ the small triangular 
prism of earth A OA neglected. Then the triangle of earth 
pressure has been first foi'med for the part A0\ then for the 
second part A'O. That part of tliis second triangle may be dis- 
placed for convenience so as to be under the first triangle, as in 
fig. l.SO. 

In order to combination with tlie weight of the wall, //7v" itself 
is not laid down but 




H K 



/^ 



UK, 



and then the process of obtaining the line of resistance is as 



:i-J4 (UlAPIIICAL UKTRRMINATIOX OF FORCE; 

Tlie ivtaidiui^ wiill ami eartli pressure area are < 
suvfr;il l:\iiiiiii' I, 2. li. 4, 5 of oqutil depth. The we 
fiiiLin-r I. -l. :(, +. .') ;i 't vertically through their centre 
<f\. ('.„ O.J, lj\. G-. The pressures of the Intter act at 
fiiiiu th(.' iLi^niial upun t!ie hack of the wall in a poinl 
Imrizoiii^il tliruiiLJth the ceiiire cif griivity G\, 0\ . . . 
enith j.ivssur,' aivas cuts tlie ha.k of the wall. 

Tiic loiiujH'd .Kiul] 'il' tlic lauiiiiii' has been taken 
ui)u[i whiiJi to rcdu.i' the ureas, i.e. shortly, that wi 
caitli juvssiui- area, heiii;; a triangle, half the base 
Kiiasuriiii; it, auil with all the uiasniiry lauiinre exo 
ami witii all till' ri'iiiuLniu;L; eartli pressure areas being 
till' tiivai) bn'aillh lias heeu taken. Tlie last niaso 
..^uLMJia.l t.. Ir. rfihiLVil firiiiallv by bi'iiiy transfoi 
triaii-li. nf thr sauio ]ici,i,-ht ami" half the base tafc 
thcM' liiu-s tijf I'lir.'c poly^r.u was eoustructed, and 

Tli.Ti' is Ui>tliiiis in the const Luction of the fore 
|.n]v.roiis aitf-L-iii- from those .,f Ciinii. II. The ft 
Imtcd ill llic |ilane are 1', 1. -', t. .'i', 11 ... . correspoD 
1, :;, :f, 4, :>, (1 of tig. -IW 

Till' fiifix' pii|yL.'oii forces 1' and 1, •rive the resulti 
I'l, inid pulv^..ii j-ives tlie link I'l. I'l and force 2 
|M,hi.'..ii .■..ni'hint. Mnd uiv^> (!»■ rrsultant link 1', 1, 2', 
Whciv |I„. link I l.roiiil.i.iiiiL; tlie pres^nn- upon the 
■.)"!"• " it .L'ivesapoiut.-f 
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directly as tlie depth and wtight, and presses e(]ual!y in all 
ilirections. For our purpose the last of these two [iropositions 
may be more conveniently, though less generally, enunciated in 
saying that it acts normally to the opposing surface. 

The value of the resultant R of the pressure, and its point of 
action upon a surface, are usually deduced in \vf)rks on hydraulics 
in such a manner as to be an analytical solution of the problems 
of arts. 151 and 152, where the suiface ef the water takes the 
place of the neutral axis. 

The student will perceive the an:dogy without tr(>u])le for in 
both cases what is wanted is 2//?/" = K and tlie point (►f action 
of the force l^of art. 122 on the lamina, or surfa-e. 

270. Determination in ct Wall Sustffininf/ Fluid. Of Prcssnre 
eft the Point in the Line of Aetion of the Jiesit/tant Pressure 
in the B'(se, — Fig. iJSl is a retaining wall which was intended 
to sustain an earth pressure only, but wliich, owing to circum- 
stances, was called up;»n to sustain the pressure of a fin id 
mass to the height /t= 18 ft. 8 in. Kqnalising tlie small steps of 
the back of the wall by the line OA'A, from draw OH' per- 
pendicular to OA' and make Oil' = h ami join H'A'. This is 
the triangle of Huid pressure upon the w^dl. i.e. 

= trianiile OH'A' 

where e is the weight per unit of the fluid pressure. 

This fluid, a mass of fiui<lised clay, weighed about l(j() lbs. per 
cubic foot, and, taking, as we have all along done, the lengtli of 
our prismas unity, cubic contents = area x 1. The wall was 
built of rubble basalt, with a facing of 15 f< et of solid stone 
weighing about 180 lbs. per cubic foot. The rubble conse^iuently 
weighing 180 x 0'4 = 72 lbs. per cubic foot. We will redme 
our fluid pressure triangle, having a density of 1 00 lbs. per unit, 
to a triangle having a density of 72 lbs. per unit, whence the base 
of the new trianijle nuist be 

-1/, = 1 OH = ^a^ OH' = OK. 

This has been obtained by a small graphical multiplicati<ui, 
shown in fine dotted lines, with whicli the reader is now iicrfectly 
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hmili:ir. Tlif measure o( the area of this triangle 
i;i>.' OK til the liei.^^lit /( taken as the reducing; bas€ 
vill rf.liic^- to a base tlic l]eij,'lit of the masonry OA (v 
vlu-iKf the Iiast? sliown hy a Ihk-k line in the meai 
riaii^fle. The central breadth of tlie trajK-zium, 1, i 
s the niensuri' nf that trapezium. Tlie measure of th' 
;. in friint is to limes its hrea.llh [2'.-. x 72 = 180). 
■i.iirjihiiiii., :!. h.is t.i he reduced to the base OA (sh 
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s-'ure acts iioriiially to tlic back of tl; 
= J,/'. \\v can How form our forC' 
■ finiiiiary way and obtain the pnini 
;\iltant pressure upi>n the base. 

'(■(.« of /**-.■..■.■;»*■'■ vpoH the B«sc of a 
e alrea<ly (1221 brouyht proniinentlj 
.■i[iiai (Ustribiitiun of pressure upon j 

iriim till' deviation of the point of ac 
ht; reiitre, wlji, ii incipiidity of distrik 
^■"jil at the base. Hence the necessit 

iiijr.i tli.it this iner[ua]ity in the pr 
■iftLi'e. >.!■ sm'l: an I'niarjjement of the 
iiiically caUeil tlie fontin^s. as to brin 
rrsiiUaiit witliin a s^fe distance of the 
ivisti,i,'ate the distribution of pressui 
his wall arisin'i from the foregoinj; 
nr L^'raiiliical suhition our arilhmetii 
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- ^ >. V.V.i]<: X !:!.iii; x im = !i;!:!illbs. 

Lav lhi> nlV trniii 1.11 llh' lino r of tlir fiave pi,l- 
cohvriMeiil; scalr, an.l tlin.o-h it dnn\ a \vrliral line." 
/.' inl., lii.ii/...iil:il an.l v^.rij.a! wr liiul tho vertica 
n,tn|ii.noiii .V= }^.i\r,iK ].,.[ now, !is in art, !51, 
hriy.iltli i.r till' lr,,|irxi iN.-a-ure ii„. area. It 

1 --iarilv I., liiol.iva.lrli ..{■ th.'ba.-r i,!' t) i- wall r 
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tli(j wall. Lay this central breadth utf in its appropriate place 
(Ht(. c), and through its free extremity, and througli the antipole 
of point action of E draw a line. Tliis line will cut oti' u and u' 
respectively upon the toe and Ik el of the base, as they are tecli- 
nically termed, a measuring 4,()00 lbs. per s(piare foot of coni- 
])ression upon the base of the wall and upon its foundation, or 
2U5 tons, and v/ 1,(JOO lbs. of tension upon the lower j^art of the 
l)ack of the wall, or r;ths its capacity to resibt tearing. For 
simplicity of diagram, we have neglected the earth pressure 
acting upon ?>, and which is sufficiently large to remove the line 
(»f action of R so far outwards a,s to cause it to pass througli the 
toe of the wall. 
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lli. E.niiiijilc of a B<id Foundation, — As a good 
unlike a wfll-ilosigned stmcture, teaches U3 nothin; 
l>ail fuaiidatiuii in full of instruction, we have, in the al 
tin' cjiso of a wall which at one time fell within our 
a-i atViirilitig an apt illustration of the fate which be! 
tun- n':ur(l oii a treacherous foundation. This m 
wall was fiaiink'tl upon a base of ciay, aod in exca 
foiiiiilatiun till' rule ailopted was, that when the unc 
biiiu tliQ wi'ij;lit nf a man so that the impact of his 
left. Imt the impress of his hobnailed boots, it was 
uiK>ii. Atnoii;,' the conscqucneea of the observa 
euceiitiic rule, ami of the fluid pressure bearing d 
tilt* wall, iveie the sinking of the toe, as shown in fig 
gradual oierturning of a costlv structure. 
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27*3. Construction of the Minimum Value of the Passive 
licsistancc of Earth Pressure. — The metliod of determining the 
inininium value of the passive resistance of earth pressure is 
analogous to the method of detenninin<:j the maximum vahie of 
active pressure. In that of active pressure \ve use tlie phxne of 
repose, in that of passive resistance we use tlie reflection of tlie 
plane of repose. In active pressure, the line OE makes an 
angle ± (<^ + d>) witli that of tlie wall. In pnssive pressure 
the line OE makes an angle ± (<^ -f <f>). In the same manner 
the jioint X is found, but is also located on the other side of E. 
Fig. 182 shows the construction, while we bear in mind arts. 
198, 109, 200. In this figure the construction of the minimum 
passive resistance force polygon is shown with the same letters 
as formerly with that of active pressure, and conceiving for a 
moment the possibility of an overhanging earth prism jyOA" 
.... the real earth prism OA'B reniovi.d, which let us call the 
(*()m[)lementary earth prism, the accented letters belong to the 
construction of the active pressure of this prism. 

The student will grasp the points of analogy from the figure 
more clearly than by a detailed description — CD is the passive 
resistance. We observe at once how nuicli greater the passive 
resistance can be than the active pressure. 

We shall immediately see that the points Djy are on 
opposite branches of the hyperbola, but on the same diameter, 
.so that, from this circumstance, we can condense the con- 
struction one half, for I) J/ being bisected by the centre U < f 
the hyperbola D' U = I)U, whence CD = UT 4 iUT - C'J>') 
(,r 2UT - CD' = CD, so that by finding, as f^jrmerly, the active 
]M'essure CD' of the complementary eartli prism and the centre 
of the hyperb<:»la, we have given to us the passive resistance. 

274. 77fr Point D of f/u' Ordinaff of Passive Pesisfa/uc li's on 
fhr Opi'^ositc IbjiKrhola to the Point i/ of the Ordinate of Actiir 
Cns-wre. — The demonstration is the same as formerly, exce])! 
tliat in fig. 1(S:] the double point D of the homologous circle in 
tlie involution with centre J is taken on the opposite side at D . 
With this substitution, the demonstration is the same as iji arts. 
191), -OO, we will therefore not formally recapitulate it, but to 
a>sist the conception of tlie student, we have in fiir. l-^*^ (arried 
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I i«l llii> I iol„s,nis liui-s of till. Ii,..ii„l,igciiij cirt 

l>iii,iti<>ri ivitli tli<.su wlii.h wfLu ivtiiiiicd in arts. lOfl 

Tlic tiuiin's witliorit ncieiit.s lii'lmi^' to the cir 
|iii \inii^ tlii'ori'iii, or oil' r[>iiiiLion to tiiis iind pivviot 
Tlo. tiuiir.s «i(li ii.firi.T a.wnt as /J,, .U , U■!oll^' liki 
I inlv I to tliia llaoiviu. 

Tlio fi-,ii,., itiiii siuol,. »ii]„aior ac. lilt, as A", 1j< 
iioiuol.K^'oiis liyporlji'la ami piT\ioii3 tliooitin, or are 
Iiotli Ilir,.n-ii,s as "', .('. Tlic liiiiires \villi iloiit 
aoioMl lioloiio I,, ll„. lioiii,Jo...oi,s liyjKi-bola anil t.i tli 

Tlio tuo opposite liraiiilits of tlio lijpt'rbola an 
■iliialo,] o,i 111., piano »■ of art. vi.. lait tliO olio to tli 
r llio plan.. ,1 of till, di'ilo, a 
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mhto 



Tl:.. PiiMiil lioNiojoii ill 111,, liri.l,. ia .\MI!DBJ 
oiiioloui.ii~ l.i-Mi-oii in till, liypoiliola is XMirii-D- 

'flitio am iiiiiiiy loinbiaatiuiis of liirumslaiicis ii 
ii-inior may ail vanlaoooiisly sul/o mi tlio oicat 



be greatly supported by a shoring of well-beateu earth befcjre 
its lower part. 

275. Count erf oris. — Counterforts to a wall must be conceived 
as replaced by a wall of the same breadth A as the counter- 
fort, iig. 184, but of such a weight per unity that the space 
ABDC between the centres of two counterforts, may be an ideal 
wall having the same weight as one counterfort, and then a 
prism of length unity taken. The advantage of counterforts lies 
in tlie jxreater lever arm to a iriven mass of masonrv. 
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27G. Fluid Pressure vpon Overfull Weir. — In tliis case, fig. 
Is8, the pressure triangle has its vertex on the surface of the 
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iter aliiiVf tin' wall. Tlic methi>d of finding poin 
ii'sistaiKi' ili'|iciiii'i on art. 217. The pijiut in 

e jiiiiit +. 5 is alone (ir.nvn in. The points is tli 
isiiiiiy loiiv [I'llyg.in with which to form tlie c 
thf s^iii.' iriaiirior B lias Wen chosen as the pole 

Hi?:. H'l'^tUm It/inni the Cai/i-e o/ Gmrity of a 
'I i' drt-uii I'uU- 11,1'/ I'vlor. — From a consider; 
liiiiL' aiti.Ks, we |)(Ti'i.'ive that if ivc take the po 
.■ti.Ki uf tlio null i>:irallcl .sides of a trapezium as 
i^'ht ut' lla- iriix'ziniii, ouiisidevfd as the side of 
L' yV- is a lino jwraiUd to the parallel sides 
rmi^ih till' ivntie of ^'lavity of the trapezium. I 
frriiii;_' to tii,', 'M), take one uf the trapeziunw as 
s the ]urallfl sides ii and I'j, the point n, 1 is po 
le T r , ]i,iial!il to V and Cj, passes through the cent 
tlj:it tiaiie;tiinii, and it is tlie same tidng for inst 
'i\ (H;.'. l.SN) hy means of die antipohir of the surf 
ilur or hv iiie:ms of the ivnlre of gravity of th 
i:rj>. 

J7.S, Pr,'jil( of a i;.s.n-oir IJ','//,— A modern re 
Imilt t.,fuililM-rtaiiieoi,ditions,> When the re.serv 



-really ivlie^,,l uf pr.^MUv. Tlie.s.: .onditions re.^i 
of resiMaliee t.. he uitliin |i,o Ci.tral third ,.( tho « 

iis':'^''''"!'"' limii 

Such a w.-ill ,v,ii l.r deH-iu-d I. ..lalin-h, hy m 

loetho.l rijii.lnyrd ill art. :i71. iiu'. IM, and ivetifyil. 
> (:■;,>. ilhlL. :ll,.l l.> M. l.| ^ 



IX EX(iINKErJXG STRUCTURES. 



33^ 



Fig. lliU is such a wall, niul tlio complete construction of two 

F F , . . . full 

points r, TT ill the line of re istaiicc for the reservoir ^ is 

' E E empty 

given, and requires no explanation. Or Haseler s force polygon 

niav be e!nT)lovetl. fiijs. 1(S0 and 1«S0. 



Fig. 180 




In practice it will be well to consult while designing, the 
types of reservoir walls by Krantz in ^' ihndc sur Us Mars dn 
Beservoirs, ivir J. B. Kraritz!' Paris. 187<\ 
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CHAPTER YIIT. 

The Tuxnel. 

predion I. — The SinnmrtrimJ Tunnel. 

« 

270. Pressures acting upon a Twnncl Arch in 3/rth having a 
Horizontal Terrain Line. — We consider that tlie earth pressure 
upon the arch is normal, that is, 0' = 0, and the terrain line 
being liorizontal, the case assimilates to that of (255) fig. 169. 

Dividing then tlie arch into convenient portions 1, 2, 3, 4, 
. . . . Ave consider each portion as a retaining wall, e.g. portion 1, 
and the ])ressure per unity //A" found by method of (214) 
fig. 1 G8, the central point 1 of the extrados of the portion 1 
being the point for wliich HK, is found and a close approxi- 
mation to tlie average pressure per unit of area exposed. Tlie 

point 1 has been moved upwards along the line produced \A^ 
c»f the extrados, to the point Oj, half the extent of the corre- 
sponding ray S\ of the parabola of cohesion, cohesion being 
taken into account to half its value. The process of (215) is 
then repeated for the other parts 2, 8, 4, ... . and as shown in 
plate VI. UK is multiplied by the area of tlie part for which 
it lias been found reduced to a convenient base, and united with 
the downward pressure of the weight of tlic niast.nry of that 
part projierly reduced, shown by ,, (»n the figure. 

280. Line of Pressures in a Tunnel Arch. — We now call in 
the aid of Heuser's problem, remembering tliat the arch is 
symmetrical and symmetrically loaded, so that the ])ressure 
generated on the crown must be horizontal. A closely approxi- 
mative line of pressures has been found and drawn in, in our 
example. 

Having then a line of pressures, we now investigate a number 
of its cross sections, after the manner of an arch, whether it 
be of iron or stone. 



ni'-AL r-FTEHM I NATION OF FOKCI 



.'; J/.^r'f'niivtr/nraJ TunnfJ. 



ri;-y:ii;ii..-tn--al rutiUfls mav be i 
": :i;i ; !■ r Tljt- ri:-> liuii'-L nflbe pressures acting 
:,:j : -::.Ti'.-;il lutlliuJs art- absoluielv essenti 
■ i ■: :,rr-^-.ii:: ;il ilie form lo lie triven is nece 
;.:j ! "■■■j1 i \v :irrivf>i :ii .'ifK-r Taiious trials. 
-^ ;..-.]-T;i.-;i] Tuiiinl. liiidins the forces acting tl 
;r;;_' : ]>;lS^ ,'i line ff jiressures tbrough it. 
J-, :., !.j T'.- ^]ij'r '[inate f^.Tiii. fvir which we i 
■ ' ■;■■■.■• ;iij-i (ijaiii i-Lilfav.>ur i-.i pass a line o' 

;._■ ::.- f T'-.s a'-tiiii: ujim the tunnel archi 
r v.: \ ■!.. im..hni...i, iu EO ri;;. 166, is the m 



_v of an unsvmmetrical fi,>nn in s 
. T^6. tbe ori;T!iial liesigti for the 




deep foundations that it was more economical to remove the 
site of the tunnel farther under the hill, when, although a 
symmetrical form was adopted, the extrados required to be 
adapted to the pressures as shown for one place in fig. 187.^ 



Fig. 187. 





We can only obtain an approximate section for an unsyni- 

metrical tunnel by a number of trials, beginning by drawing in 

the most axial pressure line to a .symmetrical form, then 

modifying the section to suit the pressure line and beginning 

again anew, and rei)eating till a suitable form has been obtained. 

i first symmetrical section with its pressure line, and the final 

jrm with its pressure line, have been given by Prof. Wilhelm 

itter in his vahiable little work, Die Stntik dcr Tunnel Gewolhe 

Berlin, 1870), from part of which fig 191 has been reduced. 

288. Tiui/icl Sole. — The resultant pressures c' (fig. 185) 
ough the ends of the tunnel ring, whose values are found 
a the force polygon, may exercise a pressure upon the 



Ve have to thank tlie Direction of tlie R]icni"<h Railway Company for 
lontaneous courtesy with wliicli they supph'cd the information and 
ngfi from winch the two here given have been selected. 
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t"iiinLil:itii»iLs wliii-ii tlii.'y may be too woak to reslHt, io 
if till' tiiiiriil is lint )iroviJed with a sole in tlie 
iiiviTtfil iii-i'li, tlie roadway may he licavetl iipwai 
[iressurf c' is Iiovvuvlt iieiirly vertical, we may distril 
limadcT foiitiiigs, and alsy the more c' moves towards 



\ 



\ 



w / 
\ ;^ 

\ 



2' 



Xi' 



6 



N 



8 



,4 x\ 



\ 









2 



D 



'.1 



y'\ 



K 

I 




I ; 



+ K 



u-n 



IN ENGINEERING STRUCTURES. 



339 



CHAPTER IX. 

Projkctive Geometry. 

Section I, — Anharinonic Ratio, 

I. Principle of Sifjiis in Geometry. — If a straight whose 
extreme points are A and B be indicated by AB wlien measured 
in tiie direction from A to B, and by BA when measured in the 
opposite direction, viz. from B to A, then AB is to be regarded 
as = — BA, or in other terms 

A B -f BA = 0. 

If .1 and B be any two ])oints on a line, and F any third 

point on the same lino, arbitrarily chosen either between tlie 

points A and B or external to them, then having regard to 

signs 

AP- BP = AR 

Tlie |M»int P, according to its position, divides the line AJi 
internally or externally, and the ditference of these two segments 
is e([uai to tlie lengtli of the line.^ 

II. Leninia. Ecpresf^ion for the Area of a Trifinf/Ie in Terms 
(f Tiro Sides and their Included Anfjle. — 

The area of a triangle is equal to the jjto- 
duct of two sides multiplied by tlie sine 
of tlie included an^le. For ?\(:,. i. Let 
A, B, C\ be the tlirce angl-es of a triangle, 
a, h, c their opposite sides, y>, 7, r, tl>e three 
|>er]ien(liculnrs on the latter from the o})po- ^ 
site vertices, then 

2 X nix:' a = ap = 7>y = rr. 




Now 



whence 



J) = J sin C = c sin B 
q = r sin -1 = a sin C 
r = <f sin B = b sin A 

2 X area = ab sin C = be sin A ^ ac sin B. 

^ See Townserxl's ^fo(f€rn Geometry^ vol. i. chap. v. 
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HI. iWr.'^i'onilia-, Points in Two Transtfrsah, 
^":i'i- l'r,i> il .;/■ /.'r>//.s.— ( Atnsiilcr any two straight He 
ill nil,' \i\:\\M\ tiL,'. ii. Any riiy leil tliroui;li a poioi 
]il:uii' eiii-iiiuitcrs )i ami "' in two correspondiaj 
an.iJ'. 

Lrt this rav In.' mobile, and pivot around 0, then 
luund, tlic ]">iijts .1 and A' iiiovfi simultaneously alo 
V. aii<i "'. Four ]HKsiUi(ns of tliis ray as it turn; 
l"iiiits a,s .1, }i. C. D on v. and four rorres))oiidinj 
}i', (,", }i, "w "'. u Olid »' an- called transversals o 



IV. 7V,,- Lnhiihh/ Distant Point on One Tran 
its <',„■,:. ,:>„.'l,'„l Point -n Anol/„-r.-~As the ray t 
tlif |.Miiit .1 will ^-radualiy recede along the line 
iTiv Ijavinii lii'ionu' (nralk-l to w, the point A becon 
at an inliiut.' distaua- on th.- line ». It is then call 
/ at iiilliiilv, and its <i>ni-ipoiLdeiit on auother tran; 

i^calird /'. 

In th. -.atiir manner, the str.'ii;;lit ii' !ias n point J 
«li.,see.,nv<|,onil,'nt..n .' is called j: 

V. n.- i:.„..hinl n.rf,niffk in Tvo Tron^vermh 
P'li'i! ■>/ J,'-i/.<. — (', insider, from a point 0, four ra 
Hireling llie slrai'_dits (' and «' in two corrcspondi 
p.ints A. /.', (', It upon (' and .(', If, C . D v 
.■^oi;iMeiit3 cut otrfrntii tl„. iwi. lines are connected 

tl„.en,i-tanf ree(an-i.' 

.In , Id = JA . !'A' = J!! . /'/f . , . 

./. /'.■iii.l 'M>,.io- .isaliearlyd.-li 1. 

■ l-'..i 111,- -iriiibiriri. null- ".;./, O. C/', fi- ii., yive 
././ : Jit ;: ri) : /'J'; 
likcwisr tlie sidiiliil tri;)l,-lrs illir, OUT, ^'ive 

■n; ; .10 :: In : /'ll\ 
whener 

■">. ro^j.t . !.[- = JB .rif, 

tlinr is, ilie rcrtaiiule JA . /A' is ennstant what 
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\<f. Dejinition. — The ratio 

AC AD 
BC ' BJJ 

of tour points A B C 1) on a line is called the double (Germany) 
or anharmonic ratio (France, England). 

VI. Tlic Boaldc or AnlKnmonlc lialio of Four Faints in all 
Trxnsccrsah of the same Fencil of Bays is Constant. — Let 
rt, Z», c, d signify at the same time the individual rays of a pencil 
witli centre 0, and the distances OA, OB, OC, OD from to 
any transversal a, then lemma (ii), 

A (' AD a . c . sin a'c a . d , sin «t\l 
BC ' BD ^ b .c :i^mirc ' b . (/. sin//(/ 

achdi>\u (t^r . sin I'd siiw/^* . sin J>'d 
adhr, sin a'd . sin b\l sin o'd . sin //i 

Here tlie lengtlis of tlie n»ys <^ b, c, d, disap]>ear from the 
expression for the double ratio, which contains only a relation 
between the sines of tlie angles formed by the rays, -whence it 
holds true for all transversals of the same pencil, and the 
proposition enunciated has been proved. 

VIT. 77/'' Anharmonic Batio of All Fcncd^^ of Four Bays 
passi/if/ throiKjh the same Four Foints of a Straight Line is 
Const(r/it. — In the expression in VI. for the anharmonic ratio of 
four points in a line in terms of the sines of the angles formed 
by a pencil of rays passing through them, tlie centre of the 
pencil is indeterminate, wherefore, All pencils of four rays from 
perfectly arbitrary centres of space whicli cut their conuiion 
tiansversal in the same ])oints A, B, C^ D have the same 
anharmonic ratio. 

Bciaarlc. — Tlie e(piality of anliarmonic rati*'* on <]itierent 
straights, ov 

AC AD^A'C/ .17/ 

BC ' BD ~ B'C • B'fy 

is generally represented thus 

(J Jir D^) = W B^ V D'). 
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VIII. Girrn Thrff-PoinU A. B, C.fi'js. \\\.andiv.,tn 
In il.l.nnine u-ilh the Help of tlie InfiniUty Dista 
■;.-',//, Puiiil n in the xinnc Strai'j/it so that the ^ 
i.'lu) -J A, n, C. 1). w<i>i hire ony given VaUtf. ± 
raiLsviTSJil jn, ti^'. ii., be taken parallel to the ray O. 
;i\- im iiii-ets tlie transversal w at infinity, and the > 



A'f 

ire 



AD' 

■ j/n ^ 



4P. '•A _ ^P. 00 _ ^ 

}ic ■ nit ~ nc/' =» ~ i 



II iiJL; III iiiiiiiity nut] % \n.-h)g = unity. We have 
nviiii; nirthi>il. Tliri>Tij,'li C, liys. iii. and iv, draw 
.:il ('■, .Hut iiiKiii it iriiiii C lay oft" two segments 
111' s;iiiii' siilc dt' n if 7 is positive (H'^. iii.) on op] 
is ii.-:.livf (t\'4. iv.) SI. tlmt 



all ' 



± 7- 



I A.\^, IJP,_. ami li't 1k' tljiir point of ititersecl 
lil.l ./ r II rJ, M tljruigli will encounter w in t 

ill- liii' Vww <'A^ enrrL'.^iKinds to tht transversal i 
rill' ii'iiiil Z»/iipi.ii it is at infinity, is the 

■it lif nivs ", /., '■. '/, of ivLicli ir, i', or any o 



IX. U,jnntin,< .;,/■ il"n„',„ir IMh, Pn-sj^.Um; an. 
I. ir..n,n,ni.- P,tli.' rr X.-V/-.,;.— Wlien 7 - - 



'A ---'7,Ml„.<h>i 



mi liniuK.nic ral 



li>vrl>=:.ls rut l.> IIr- n.ij;.- ] 



'•■A 'Uli ll.->..iM' J.o 



:;. Tu.. ur riMUr n.M.'^ nf pi.iiils, li:iviiv- tin: suiiio ; 

ill. I, I Ml ,s,. ],!;i,',.|| lh:il iillr |iru, il iif ivivs rannot pi 

.tli. .,,. ,„v;^,/Mv. Two ,>,. nmri. ^..nAh ni my. 




^ie.ii. 



Flg.JU, 



B 







/',\ --. lA, 

D ^B /C u 



Flff.IV. 




a 







same anliarmonic ratio, but so placed that they cannot intersect 
in tlie .same points in some transversal, are p/vjrdire. 

X. Ftrnda mental Anliarmonic Ratios. — The anliarmonic ratio 
ol' four prints or rays is presence!, when in changing the order 
of two points we change the order of the other two, i.e. 

(ABCD) = (IJAVC) = (CDAB) = (DCBA) 



or 



A a AD _ HI) BC _ CA CB 
BC • BD ~ AD ' AC ~ DA ' DJJ 



DB 1)A 

CB ' CA 

Take for centres of projection, tig. v., M, xi, F, consecutively; 
then as anharmonif mtio is preserved unchanged in projection 
(vi. and vii.) 

M{ABCD) = M{EF(rD) = A{MNGC) = F{BADC). 

In the same manner we may prove the equianharmonism of 
the other forms, (»r we may perceive the ecpiality of the ratios 
from their statement in tlie second line. 
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>' 



y' 



XI. Four Points A, B, C. D of a Line determine ', 
Anhcrriivmic Eatiox, hut amongst v:kivk are only Sir < 
(1,1' friini thf Othrr. — If wc represent for examp] 
l.y ""w.^ liavo 

{AllCD) = (BADC) = {CDAB) = (BCBA) = c 

{ACJ>L'j = {CABB) = (DBAC) = {BDCA) = j 
(.1 l>BC) = {DACE) = (BCAD) = {CBDA) = - 
i.llW) = {BACD) = [DOAB) = (CDBA) = - 
(ACnf'i - [CADB) = {BDAC) = (BBCA) = : 
,.U)fB) = {I)AB<-) = (CBAB) = {BCBA) = 



it t\,llij\vs,, tli;it if 1 
rriiiiiiiiin^' tiv(: ;ue 



;■ of the six auhiirmoi 



X.,/,~» 1L-Ih,mhss. 

XII, |)i;sA!{Mi;'s y'/ii'Giyn rcga nUng Homologovs j 
I 'uiLsiiliT a lit.'iii;.^li; ii)iun u pliinc a (fi^'. vi.), whose ■ 
.1, /.', '', ;iiii| uliu-;,. siili's rfSjii'c-tivL'ly opposite these 
'I. I'. i\ l.il Mvs ]iri" rt.'ii from ;i point to the triaii 
ihv tii:Mi-h' rn;iy 1h' imisiiliTOtl the section of a 
|iM:iriuii nliii.sc viTifx i.ii <>, or, Ift us eoiisitler 
l>iii[ii, i'^isIuil; :i sh:i(hi\v uf (lie triangle upon a ph 
tiiihiidi; n]inii „ .i ii,mv tvi:i]iijle, wluise vertices are 
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Fig.VI. 
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and sides «', b\ c\ then a ray led from through A passes 
through A'. In the same manner OB passes through B\ OC 
passes through C\ then Desargue's theorem is : If lines through 
each pair of corresponding vertices AA\ BB\ CC meet in a 
point 0, then corresponding sides of the two triangles aa , hh\ cc , 
meet (two and two) on the line of intersection s of the two planes 
a and a' ami rccipromlly ; for instance the point 0, the lines a 
and a lie in the same plane, that plane having a for its trace 
on the plaTie a, and a for its trace on the plane a\ and if we 
conceive this plane generated by the ray OCC moving along 
a and a' but fixed at 0^ then when this ray arrives at the line 
s it will have generated the lines a and a' along the two planes 
a and a', and it is evident that a and a' meet in a point on 
the line s. In the same manner can we perceive that the sides 
h, 1/ and c, c meet in other two points on s. 

Let these two triangles be projected orthographically upon a 
})lane /S, fig. vii., then, as the projection of a straight line is a 
straight line, tliat of a point, a point, we obtain on the plane 
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i two triaiiyk-s liaviiij; tlie linos joining tlieir > 
crtires mtoliiig in a ]>oiiit 0, and the correspond 
■b', rr' nivoliii;,' ill llircf piiuts up<in a straiglit » t 



Xni. Aaolhir ]-:,nn.ehlum of Df,SAR(;ue's The^ 
tlircc siuiiiiiitH A. J!, C of a variable triangle, : 
ali>ri- llinv Hxc.l stmiyljts (h\. Oil. OC wl.ich con 
<>. ;i]iil if two of its siilos as ti knt] 6 turn aroii 

[.oihts (<i, ») an.i (/-, «), then ita tljinl side will i 
)i\i(i imiu' f'-, ■■') in l\w same straight line with t 
{ft, x) mill {!', s). t'oi-, lij,'. vi., A'Ji'C is another p 
\:iri;ihlf tri:niLl<.- ABC fulfilling these cumlitions, a 
tin- ]iLine a nuiinl the stnii;4lit s as unnind a bin 
liiii.' til.' i>l,iiii' n' hj- its new intersections with tht 
('-', Oi: Cr fuiniiiiL,' ni'W triangles fulfilling the coin 

Xl\'. Tlr hijiidlvhi UU/'nit Strai-jld Lint ilu 
h.iioihl,, Di^t'i.il PoiiilH Hiivh arc silmlni in t/if i 
Lit :i ['latir w ]))iss through 0, fig. vi., iiarallel to 
■/w'w^ iIk- >tr:ii.L;ht,/;is its trace ou tlie plane a- 
iiilciMriJMi, of (he liiK- I' with the liney. then we 
()»' ami two transvcn-als « and a' u|M>n it, and J 
!^l"iiulchl of the iiitiuitclv distant poiiit ./' of tht 
liotii th.' [.iiralMism of the plnn. s w and a, OJ is 
In the sntiic nianncf tlic ]'i>int (./, I') Ml j is the eor 
the intiniiclv ilistaiit p.^inl of the line /•', and liie I 
]i;ir;d:el lu //, and -ctu'rally, the stnii.udit./ is the • 
ol Ihc Mni-lit/ al infinity upon which all the iH.ii 
iif Ihr iil^iiM' a' arc situated, whence the Cendusi. 
:il infiiiiivona yUm- an- situated ideally on a strain 
I), is Miai-hl l.eing nn the same plane. ' 

Let r.-ain a |i|,ine o,' |«ss through parallel to 
rr.ice r en the plane a', the |".inf (,/, u) er 1' is the • 
■A {]„■ ihfiiiit.lv di-cuil p..int J ef the line a. and ( 
t,,,-. Inll,es,in,.iHani.e, ih.-p. i.iKH.J (netdn 
is the e,>iie-pun.liiii,' (leiiit of tlie iuliuitelv distai 
^iiMJ 0(''l'_, is pavalhl 1.) /■. and Kcnendly the 
c,,ne.si«md.iil of (he iiilinit.'lv di-laiil straight ( 
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Project these lines j and i ortliographically on the plane /8, 
?\g. vii., also OJ, or . . . and since the projection of parallel 
lines are parallel, that 

1 . The correspondents of all points at infinity of a figure on 

• / • 

the plane lie on the line .,• 
^ a I 

2. The correspondent of the point at infinity of a line such as 

, is found on tlie line . and at a point on that line obtained by 
a J 



drawing a ray from parallel to , 



XV. Finidarucntal Theorem of Homolofji/. — Instead of con- 
ceiving the figures on a and a as projected ortliographically on 
a plane /3, we can conceive the two planes a and w turning round 
the lines s and j as on two hinges, but always retaining their 
])arallelisni, tin ii the point () would retain its position on the 
plane o). 



Fig.viri. 



X'. 










/A' 



A 



\l^' 



<i) 



Let ^'^. viii. be a section of the three ])lanes a, a' o) bv a 
])lane perpendicular to them, Let 0, A, A' be the orthographic 
prcjection of the centre of projection 0, fig. vi., and of a pair of 
eorres[)ondiug points ^I and A\ and the points J and S the 
traces of the lines j and .s. Let o) and a retaining their 
paralleh'sm turu round the points J and >S', then and A' 
describe circles. Let 0' and A" be any liew position of an<l 
A\ the new ray 0' A" passes through the same p<.int A as the 
former rav (^A\ f<ir 

(U : J A :: SA' : NJ 
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in al! i"i.-itii)iis of tlie planes. Tliis holds good i 
li;ivi> l«'.(i s.> turned niund tliat the three plaDi 
;in- all situiiteil in one i)laiie, whence if the t< 
fil^iircs ill i>iie plane t:iki-Q two and two meet ii 
ri>r]'<'S|H>iji|tii;; siile.'s meet in pairs on a straight lio 

Wii. Ii'i:i", •!..<. — Fi^'. vi. liein;; in reality o 
Mtiit ••( thi.- ]<:i\ici; jrivos nctunlly a pair of homol 
liriiii,' iiln-iily an "itlingraphic jnojuotiou of a fig- 
l.iit nftrii :■ firaivrviuw of tin.- ilerivation of the or 
liu'iiii' finiii til.' ntlier is j^ainL-il hy retaining in 
r.MH([itioii nf i|i-tin.-t planes, ancl we will therefor 



XVI. /■,v;/<.//../<.v.;/-7V,v//./y;"//.--.— Let there t 
liiys, ", h, ,-, II;;. \s., on the plane a, whoi^e focus is 
at Ihr ["liiil /■, tlii'ii ilK'ir pn.joetioiis on a ore the 
l^laurs, ('-', Oh, Or, a,l, .111.1 as tlie.^0 I-lanes pivot 
a l,ih-r, anil (he line f J/' is pnrnllel ti. the plane a 
(Ih. tni.vs uf tlies,. planes ,.n «' are lines ,i, h\ c\ y. 
tlienLM'ives am) to HF, ah'l /' i:* llius the piojectioi 
/■":it iliti)iitv ..fllir l.iv.s -r', /-', P. 

li,v-is,I>'uf i.iav suiipose tlie pmeil of parallel : 
a plane <i or «', aii.l rmiu iliriii tili.l llie JK-neil nl" 
-laial tlir fneu.- ol, <' uv j. 

WII. yv, ■-.//-/ A'..,/. >'<"! "< „ l\;„i. nt L.Jhi 
a simiili. ei.|,.|l,nv ti"io XVF. 
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XVI IT. Pencils of Pant 1 1 el Eat/s on One Plane meet on the 
InJinUeli/ Distant Stralf/hi in as inanjj Points as there are Separate 
Pencils. — For two or more pencils of parallel rays on a plane, as 
a, may ba projected into as many pencils of convergent rays 
whose foci all lie on tlie liney*, whence each pencil of parallel 
rays in one plane, as a, meets in a point on the straight / at 
infinity sitnated on a'. 

XIX. Pkcife at Intinifij. — An extension of the foregoing reason- 
ing leads to the ideal plane at infinity, in which lie all the 
straights at infinity, and consequently all points of space at 
infinity may be considered as a])pertaining to the sn.nie plane at 
infinity. 

» 

XX. Definitions of a Coinphte Quadrilateral and a (■ompUte 
Qnadramjle. — A complete quadrilateral comprehends the three 
common quadrilaterals which can be formed by the three possible 
combinations of the sides and diagonals of a comuKJii quadri- 
lateral extended till they meet, and contains therefore six lines. 
Thus ^yr, xi., ABCDEF is a complete quadrilateral. AC, Bl), 
EF, are its tliree diagonals. 

A eonq)lete<piadrangle is the sime as a conqilete ((uadrilateral, 
but in considering the dual piojjerties of geometrical figurL'S, we 
speak of a quadrangle, when wo juocced from its given sununits 
to deduce the properties of its lines, and w^e speak of a <piadri- 
lateral when we proceed from its given lines to (hxluce the 
properties of its summits. 

XX I. TJieorem upon tlir PrdUctizitij of Complctr Qnadri- 
hderah. — If two conq)lete (piadrilaterals, ABt'D, A' BCD', 
possess tlie property that the sides AB, A'B' ; /;(/, B (J': CA, C'A'; 
AD, AD' ; BD, B'L\ cut in five points of a straight s tlie 
remaining sides CD and CD' cut also upon s, 

III virtue of the hypothesis the triangles, ABC, A^B^C, are iTi 
])erspective, whence (art. xii.) the straights, .LI', BB\ CC\ con- 
cur in the same point 0. For the same reason tlie triangles 
ADD, A'h'U are in perspective, wherefore AA\ BB\ DU 
concur in a point, but we have already seen that^.d', BB' concur 
in 0, wherefore DJ)' likewise passes through 0, whence the 
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irl:iiL-lcs /.''•/», nV'U mv ;i!s<> ill porsix-ctivc, for . 
cmirur ill tlic ]H>iiit O, wlirii €}>, CD' must 
!ii»- .V. 

XXII. LvMliKitT's r.-Mr,,). ri-ojcrtk.no/finI, 
ril..h;:'l i„l„ ■' ;,'M7.f,»/''' -— Tliat a jviLuil uf niys 
:i jioitil iii;iv liL- (■ruJiTiucl iuLo a pt'iuil of parallel 
;i )icLiril ut i^iys i'.iimi-i;ii[;j to a puiiit at iiitiiiitv 
11^ tu piMJi> 1 aiL ii ii'L^iilar i[ii:iiliilati'rnl into n. ri'Ctj 

On llio yh a ^^i-. s'l.) Ivt JZi(7) be any irr 

kt.iM aiM , liM„sf (nr iliL' liiiv ./ tliat \\w. which 
till' iiiUTSLTiiiiiis /:,7''(jl' til-' tn.i jiairs cif u])iwsiiig ! 
:iti.lJ/', /.V'. Tpuii t!m' l.lalL.r «, l>iilalk-l toa', 

as li>|Mlluiirusi>. ( smirt llio ni;l It -angled trian; 

is Ihu .viiliv ul' pniji'i'tioii. ami llif ravs (.■onve 
.1,,. plaiK. „ ar,. (,„. ll„- piano «') parallel 1 
Similarly, ihr n.ys oiuvi-ii.L; i" l' on a are (oi 
parallel t.. OF, wlieu.v .l/f(7' lias l«en pvfjecU 
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This projection liuMs true when w and d are turned round 
parallel to each other till they are in the same plane with a, and 
therefore holds true with our figure, the plane a being the plane 
of the paper (Remark art. xva.). It is often convenient, how- 
ever, as alrendy renin rked, to ct»nceive the figure a,s heing upon 
the several planes w, a, a . 

XXIII. In Frojctting the Im.jcltr Qiutcl rihderal into a 
RcvJaufjIr, the Locus of the Centre of Projection is the Surface of a 
Sphrrr. — Let now a circle be described ou EF as a diameter. 
If is located at any point on that circle, the projection on a 
will be a rectangle, and if (o and a' are turned round ,/ and .v 
this circle will descri})e a sphere, whence the centre of pro- 
jection may have its locus on any ])oint on this s])here, 
])rojecting the given rectangle into a ([uadrilateral. 

XXIV. Given I'tco Jlaif^i ftirrctrd to an Indccessible Point F, to 
find another Rtn/ dinrfrd to that Point and Possing 27crouf/h a 

(rin'n Piunf. — Art, xxii. furnislies us with the means of solvinir 
the above, (iivon two lines a and h (ti«>-. xii.) conVeruiui:: to an 
inaccessible point F, It is recpiired to draw through a given 
j)oint Pa line x which shall also go through F, 

Draw any line .1// cutting the two lines o and h \n A and B. 
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Tlirouuli jl and /> draw AP, UP cutting a and b in Da 
Join CD cuiiin^!' AB in S. Throuo^h a? draw anv other Ur 
cutting <t and h in ^' and (I, draw the interior diacronals c 
([Uachnhiteral ECDG interseetini^ in some point X. Throi 
and A' draw the line .' . a. h and .r will cut in the same poi 
For, ])r(tjeet the ejuaihilateral AIKf E ^o as to form a parn 
uram. It will als<» neeessarily form two parallelograms, an 
])r(>joctions of 7' and A' will 1)0 the bisections of the two pji 
diagonals, and the lint; ./ drawn thiuU''h them will tlierefc 
]Kirallel to A^ E\ P'C/, and will ('onse(|nently meet ir 
infinitely di>tant ]K)int Z'^, whnire tlie e<»nvsponding line a. 
tln'-iULih /'. 



XXW^ — Thr Crnfii of IFnuioljxj^f I'f.^ own Corrc-^pond* 
C'onecive lig. vi. to be the orthographic projection on the 
of the paper of a ]iyraniid OA'H (" rut by two planes a ai 
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we readily perceive tliat this orthographic pr< ejection may be so 
taken, as to reduce some one ray or arete of the pyramid as 
OAA' to a )M)iiit, tliat is, the orthographic plane might be so 
chosen as t^ be perpendicular to that arete, which would neces- 
sarily l)erome represented l)y the point (?, is tlierefore its own 
correspondent. In this disposition of two homologous figures 
where one of the aretes of a cone is reduced to a point, tlie 
centre of homology, the tangent to the one figure at this point 
is likewise the tangent to the other at the same point. This 
disi)osition of the centre of homology u'ives rise to a material 
simplification of propositions in conies as we will afterwards find. 
8ee iiiiures Iv. and Ivi. 

CD 

XXV6. y'/ic A CIS of IIoinolo[/f/ lU oio/i coi'ir>>j)Oiidcnt. — We 
readily perceive tliat if a curve on tlie plane a have 5 for its 
tangent, then the homologous curve on the plane a has likewise 
s for its tangent through the same point. 

XXV la. The Ci'iilrc of ITomo1o(jj/ is the Centre of Svnili-- 
tii'h' vjhen the AkIs s of Ho/noloj// i^ at Infinity, for tlien 
<'onesponding straights are always parallel. is in this case said 
to be the centre of similitude, and corresponding figures are 
similar and similarly ])1 iced. 

Polygons of an even degree, whose several pairs of opposite 
sides are espial and parallel, of which two similar parallelograms 
are at tlie (jue end of tiie class and two circles at the other end, 
have two centres of similitude, extern il and internal.^ 

XXVI/>. TJie Cf/itrr (f Hoj/toluf/f/ O mtf// //••^clf he of Infinity^ 
then straights joining corresponding points in two figures are 
pircdlel to a fixed dire.'tion, and sucli figures are said to be 
]ioninIoiov.s Inj ojjiaitif ; thus an ellipse corresponds to an ellipse, 
a hyperbola to a ]iyj>erbola, a parabola to a parabola, a ])arallelo- 
gram to a ])arallel«jgram. 

XX Vb'. Throve in. —\u two triangles, .[/;.-', ABC, ^'^. xii. o, 
honiol »gous by aftinity, i.<\ having their centre of ])rojoction 
at infinity, the ])arant*l lines joining tlie tlnee pairs of summits 
are jnojjortional to the perj>endiculars let fall from either set of 

' T«>\vnseii(l's Mo'trrn Grain, vo^ i. p,>. '^5-4'\ 
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(a. a) 

suiiiinits upon the ;ixis of homology. Let the point (cc') on .9 
he iiainoil C" and tlie peqjendioulars from A and B upon s be 
A F, i/.r, then from similar triangles we have the following 
proportions 

C'A : C'/y :: C"A' : C'B' 

:: AV : BX. 

Prohkm. — The above gives the sohition of the following 
pro])leni. (Jiven three points, A, B, (7, and three distances, 
y^ y, /', as A A\ }U)\ i-C, respectively proportional to the per- 
l^endiculars from a given line, to describe that line. Through 
A, />', and (' draw y>, y, and ;• parallel to each other, their 
extremities are the summits of another triangle, A'BC\ homo- 
loLTijus hv athnitv. Construct the line .>' of these two homoloorous 
trian^^les, it is the line ie(|uired. This problem is employed in 
arts. lM S ;nid '1\'k i>p. -77 and -7!), in treating of the Bla.s/ir 

A/r/i. 

XX\'L/. Th(j Parabohi (//• Fiijurr Jfo/iiolo(/Oi(s to the Circle 
irifh Our Buhl/ nt J nfiiiiti/. — This will be recognised in fig. xxix. 
of this chapter, where the point J in the circle corresponds to 
the point J^ at infinity in the homologous tigure, >''/ giving the 
direction cf the |M»int nt infinity. SJ is an arete of the c(>ne 
vertex .s, the circle a section of the cone c»n plane a, the parabola 
a section (>n the [>lane a parallel to the arete HJ. 

XXVIt'. The JIy|)erbola ur Fi'jnrc Homologous to flic Circle 
with Tiro ]*nints ot III li nit I/. — This will be recoi/nised in fiofg. 
lh5 and 1«)7, pp. 305 and :-.0S, Chap. VII, where the points J/ 
and X in the circle c«'rresj)ond to the p<»ints at infinity in the 



IN ENGINEERING STKUCTURES. 355 

homologous figure, and SM, SN are the directions of the 
tangents to the points at infinity, i.e. of the asymptotes. The 
projection of that part of the circle to the left of the line j 
necessarily approaches the axis s from infinity, from left to 
riglit, and forms the other branch of the hyperbola. 

Jlemark. — In all our homologous figures we have kept to on(.' 
arrangement of or S,j, and s, so as not to confuse the student 
in his first conceptions of the principle, with the exception of 
fig. XXV., and in the section, fig. Iv., on forms projective in the 
conies we will employ the arrangement indicated in xxv. a, 
XXV. h. Fig. Ivi. is likewise an arrangement deviating from the 
normal form. 

Section III. — Harmonic Ratio. 

XXVII. A)iy One Diagonal of a Complete Quadrilateral ?s 
diciihd Harmonically by the Other Two Hiar/onals, — For fig. xiii. 
project the quadrilateral ABCD into a parallelogram A'B'C'Jj' . 

(1) The diagonal AC is divided harmonically by the other two 
diagonals HB, EF in the points P and G, i.e. 

AC __ AP ^ . . 
CG~ "UP ^^'^'^- '-^•^• 

For, in the plane OCPAG, we have the rays from 0, c, ;?, (f, r/, 
cut by tAvo transversals, CPAG and C'FA'G', in which G' is at 
infinity, wlience the double, or anharmonic ratio becomes 

AG .il' _ AJt^_ _ 

CG ' CP ~ C'P'~ ' 
or 

AG _ _AP 
CG ~ CP 

(2) Similar reasoning in reference to the diagonal DB would 

BH BP _ BP' 

1)H 'DP" DP ~ 
or 

BH _ _ BP 
I)H~ DP 

A A -2 



give 
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(3) The projection of the third or exterior diagonal EF is 
Avhollv at iiitiiiitv, but we obtain the double ratio thus. Take G 
for the centre of jirojectiun of the rays CE, CF, CG, CH^ then 
HDPB \m\v^ the points in a transversal, which has been proved 
above to be harmonic, and llEGF are the corresponding points 
ill another transvt^rsil of the same pencil of rays, whence 



Fll _ _ Fa 
Ell ~ EG 

It will be instructive to demonstrate this hist ratio by means 
of the relation established among the sines in art. vi. For, 
supposing till' projection upon the ph\ne a to be a rectangle, (for 
(vii.) this does not alter tlie anharmonic ratio,) then we have the 

following 

sin Fril __ _ sin FP'ii 

CO Di ■"" 00 00 

^mEP'lf sin EP'G 

For, let L^VP'D' = a then /_A'P'ir = 180° - a, and the 
ril).»ve expression l)ecomes 

sin ;i(l^;(>'^ - ai + a! _ _ sin ^(180^-ji) 
sin I (I sin la 

for 

sin \\nSi)' - a + a} = sin (00^ + la) 

ami 

sin l(]><0' - a) = sin (DCr - la), 

(•t" which the Icfr-hand nn'mhers are e«injil in value. 

Again, if through tlie intersection J* of the diagonals of the 

parallelogram, tig. xiii., we (h'aw lines parallel to its sides, we 

obtain the diagonals of a new parallelogram inscribed to the 

, , <lia<4<>nals - ,, , ,, . 

In'st, su'h that . , oi one ])arai!elonTam are parallel to 

snks 

^.' ' of the othei-, or, «'tlierwi.-e, the diagonal of the one 
diagonals 

Tas 7>7>j meets tlie two sides parallel to it of the other in a 
plaint fas 7/ ■ at infinity. WImmko it folh^vs, witli regard to 
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^ / 




\ 



tlieir projection on tlie plane a into cireutnstTibed and iusorilioil 

(puwlrilalfiiils, tlic iliagon;ils of both intersect in the point P, 

11- II- circiini3oriIiiiw i -i ^ , 

and ;i ilia<'r]nal ut , ... " nnadri lateral, meet in a nijint 
° niaTiliiii;^ ' ' 

ii . !■ - 1 -1 CI insciibiiiif , ■. , , 

"n that line /, tliu two siili.'s ot tne . .,. (luadrilatcral 

cimnnaciibny^ 

"hi<'h lie im eitlier siilo of tbat diagonal. 

Tbis is cvidonlly invniveil in tbo harmnnic prupcvtioa of Ihe 

lii>t <oiiisiilor(;il, Mr circiiMi^icribing iumdrilatiral. 
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XXVIII. Centre of Hefjment CD dividing a Given Straight 
AB i)i ILrrmonic Ratio, — Let the line ABCD be supposed 
divided harmonically 



C 



then 



«>r 







D 



B 

I 



{ABCD) = - ]. 



AC AD 
ITC • BD 



= -1. 



nr 



AC AD 
EC ■*■ BD 



= 



(IX 



or 



AC BC ^ 
AD ^ BD 



. (2). 



Let V be the middle of the segment CD or OD = CO = ^ OC, 
we have 

A C= OC^ OA, AD = OD - OA = -• {OC + OA) 

BC = DC - OB, BD = ^(OC-v OB), 

wlience, suhstitutiuj^' in {'2) 

OC - OA _ OB- OC 
nr + OA ~ OB+OC' 



or 



OC 
OA 



OB * 



\\ liorefoio 



or- = OA . UB 



CO- 



This hist (.S) equation siiows that OA, OB have the same 
sign, tliat is O never falls l)otween A and By and therefore the 
half of the segniont CJ> is a mean propoitional between the dis- 
tance of the points .4 and B from the central point of that 
scirment ClK 
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For reasons which will afterwards 'appear, this point is 
called the centre of involution and D the focus of involution, 
OA . OB the constant rectanirle of involution. 



iD B 



\ 
/ 



\-. 



XXIX. If a Circle Is dcscribid tkrougJh the Points A and B, 
OC will he the Leiujih of its TaTKjcnt from {Jig, xiv.) ; wherefore 
the Circle ivith OC as Eadivs icill eat the First Crrcle (that through 
AB) Orthogonall}/. — Reciprocally. If two circles cut each 
other at right angles they will cut any straight passing through 
one of their centimes in four points harnionically separated from 
each other. These are simply corollaries from last article, xxviii. 



Fib'. XV. 



;g 



b/oa' ;d 



Being given in a straight, tigs. xv. and xvi., two pairs of points 
AB, A'B' to determine another pair CD such that the two 
groups ABCD, A'B' CD may be harmonically separated. 

Take any point G not in the straight and describe the circles 
GAB, GA'B' and let H be their second point of intersection, 
draw 6rff and let be the intersection of that straight with the 
given straight, we will have in the first circle 



OA . OB = 00 . Oir 



MO 
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Fig. XVI. 



c 



o 




ill tlie s^c<ni(l cinK' 



( <;)n^M[uri'tly 



OA' . O/f = Ofr . (Ul, 



OA 



(fB = OA' . OB' = 0C\ 

^vller('t^m' is tlie middLe point of the segment rcquireJ, and 
takinu' tlie length OC ( r 01) of the tano-ent fmni as radiu?, 
(K'sriibo from fJ a eircle cutting AB and xV B' in the points (J 
and Dy (' and I) are the points reipiireth 

XXX. Bcnl (ind J hifitjlnarji SnJvii< n.-y of the ForegoirKj 
rroh/rm. — Tlie above' problem admits of a real solution when 
the point falls exteriorly to the two segments AB and A'B", 
and ( ()iise<piontly exterior to the two circles (figs, xv., xvi.). 



Fig.yiVii. 



G 



A O B 



B* 



n 



'j'lu'io exists ii«> Tt al sojition wlicn the points AB are separated 
by tlu' pair A' I*' tig. xvii.\ In this case the point falls 
witliin both sc-niciits. 



XXXI. J)iji'hh: Poi'/i/.—JaA yiJ>CI) be Ibnr points separated 
bainionically and let .1 and Jy be intinitely mar, i.e. coincident. 
D is a doiibli' pi int. Fmtlu'r. it' (' i> at an infinite flistanco, D 



Nvill coiiuide with .1 aii-l B and will beconio the middle point () 
of these two points A and /A 



o 

v 



Fiff.xvrir. 



. D / 



^ B 



r 



\c' 



^B 



D 



.' / 



/ 



./ 



1' 



Srrfio)i IV. — Pohs (i)i(l Folars in Conic Section!^, 

XXXTI. Poncfj.Et's C(mdition of Projcciirih/. — This is ;in 
oxtensirn of art. vi. Consider the pyramidal fiuiire (fig. xviii). 
Let A, By 0, I) . . . . l)e the different points of the figure and 
t]:e 'centre of ])n»jection, and from let rays pass throni^h 
J, B, C, I) . . . . Upon tliese rays let other points A\ B\ C\ 7/ 
. . . . be taken. Join these points amcnjLC then- selves ^IB, BC, 

CD, BD I'/r, BC\ C'TJ\B'I)' Thefignre .17/C' . . . . 

is a [)rojecti(>n nf a kind of tl:e fignre ABC .... 

Let us now have any erpiati< n between the lines AB^ B(\ 
CD ... , l)ut siK-h as involves the same points in ea( h member 
of it, siu-h MS 

An . CD 4- /- . BC . I)A -\- I . AC . BD = 0, 

in which, snbstitiitini; the values in tornis of th.e lenciths of the 
rays nnd sines r)f the nngles, we obtain (art. vi.) 

a/,c(I sin ((^b sin cV/ -f J: . Icdrf sin //c sin (Va 

-h I . add sin (i\ sin h\l = 0. 

We cnn divide every term of this expression by ^/7/fv/, when there 
remains only a relation among the hines. 
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Ffg.XIX. 



A^ 



P\ 



•\ 



Q^ 



B 



R 



U 



c! - s 



Plff.XX 




XXXIII. Carnot's T/trorrvL — Consider the intersections of a 
conic by a given polygon (fig. xix.) .4, B, C, Z>, .... its summits 
P(4>, TiaS', 2T>^, .... tlie ]H)ints in which it cuts the conic, then 

Carnot's theorem is 

AP. AQ X BR . BSx CU . CT 

= AW.AVxBQ,BPxCR.CS (1) 

We can verify the truth of this expression in the case of the 

circle for [Eudid iii., 86) 

AP. AQ = AW, A]\ BB.BS=BQ, BP, 

CU . Cr= CR. CS (2) 

whence the truth of the expression in this case is evident. 

Now this ex])ression is projective, for each point occurs the 
same mimber t>f times on either side of the e([uation, Avhence it 
is true for anv conic section wliatever. 

lleducing the number of the sides of our polygon to three 
(tig. x\.) we have 

AP. AP' X BQ . B(/ X CR . CB 
- BP . BP' X CQ . CO' X AR . AR . . . (3) 

XXXIV. Removal of Points to Infinity and other Simpliliai- 
iions in Carnot's T/icoron. 

i. Sui)pose, furtlier, tlie point A (fig. xxi.) removed to infinity, 
tlie expression becomes 

nfj . Bn > Ci: . CR' = BP . BP' x C(^ . C(/ . . (4) 



iii. Let, fiirtlier, the side 7j^C of the circumscribed triangle be 
led parallel to the cord of contact PR, opposite the angle A, then 
we have 

BP CR ^^ 

wherefore 

BQ=CQ (9) 

and consequently the point Q belongs to the straight OA which 
passes through the summit of the angle A, and tlirough the 
middle of the cord of contact PR, 



'M\i fiRAriHCAL DETKUMI NATION OF FORCES 

XXXV. Duiiiu'trr it/ a Conic Section, — In leading the new 
tangent HO' ])arnlk'l to the tangent BC (fig. xxii.) we can con- 
(•lu<k' in tlic same manner that its point of contact (jf is upon 
tlie >traiL;lit AO, and thns this straight appertains at the same 
time to all the chords of conic sections parallel to PR and to the 
tam;eiits 1U\ />'('', i.e, the parallel chords of conic sections 
have tluir niiddle points, and the tangents parallel to these 
rliords have their tangent at points distributed on the same 
straiiilit called the diameter. 

XXXVI. Iliirmonic Din's ion of the Diameicr of a Conic 
Siifioii. — In the same manner, if we observe that the three tan- 
gents, BQ, BB\ B'(/ may be considered to form a circumscribed 
triangle BB1{ of which the sides BA\ BK meet at infinity 

we can deduce 



v> oo 



I'Jl . (/W . KQ = PB' . QB . Q'K . . . (7«) 
I'D . i/B = PB' . QB {lb) 

PB'-QB'' ^"^^ 

but siiKo BQ, Ol', ami li'Q' are purallol 

/'/j' _ OQ , QB _ AQ 

i'lr " (>(/ Q/r ~ AQ' • • ■ ('<-') 

"Q A<> OQ OQ' 

(H/ " A(/ An " Af/ ■ ' ■ ' K^n 

tiiat is, the diameter VV ^^ divided harmonically by the chonl 
PB and l)y the summit A of the circumscribing angle. 

ii. When the conic section is a ])arabola, that is, '>vhen one 
extiemitv <'f the diam< ter is at iulinilv. This occurs when, for 
instanee, tlie summit ol" tlie C( ne is as it were the point on the 
]»lane (o. represented in llg. Ivii. l)y ;S', a circidar section of the 
( one so ]>lac<Ml on tlie plane a that it touclies the line y in a 
]M»int J, then the set tion of the c«»ne on the plane a is a para- 
bola, in which the correspondi'nt •/' of the point J where the 
circle touches J is at inliihty, for the plane of section on a is 
[>:irahel to the an'-te SJ nt^ the cone. 



iiiau i>, 



OQ' = Q'A 



(12) 




XXXVII. 2'lif Uclafion hchrern the t^quan of a Saalchord, 
Herd or Llr'd^aiid flic lu'rfa tujic formed hjj the Parts into vdiivh it 
die ides its Corresponding Din meter. 

i. Lot MN and PR (lig. xxiii) 1 o two p:ii'allel clionls of any 
conic section, AP* tlio diameter conjugate to tlieir conini(»n 
direction, that is, that which passes throii;^h their middle points 
(> and Q fart, xxxv.), the expression [b) beconies 



0.1/-' 



Pi/ 



OM' 



.-..=^) 



wlience 



OA . OJi QA . (Jli 0' A . on 



0}P :=P . OA . OB^ 
0'}r =p . O'A . 07/ 1 * ' ■ 



(13) 



(14) 



jy being a constant rpiantity, wliich varies only with the 
direction of the diameter AB, and represents, in the case of the 
elHpse and of the hyperbohi, tlie inverse ratio of tlie s(piare of 
this diameter to its conjugate. 

It will be seen that OM' is an ideal semi-chord bevond the 

ft 

limits of the crniic. 
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ii. Lr/ the Conir be a Birahola. — Then one of the extremities 
of the diameter AB as B passes to infinity, and expression (13) 
becomes 

whence 



OA ~ QA~^' -^^^ 



OM' = 2y . OA. 

We ^^ive here several Tlieorems without formal demon- 
stration. 

X XXVI II. The Diametral Plane in a Co)u\ — The centres of 
all parallel chords of a cone surface are included in a plane 
called diametral, and which includes the suinmit of the cone. 

XXXIX. Lhal Chord eonvnon to different Conic Sections. — 
Let S (tig. xxiv.) be the vertex of a cone, and vi a straight 
Conceive the diametral i)laiie conjugate to the direction of v\, 
dividing the cliords wdueh are parallel to in into two equal parts 
it will cut the eone alung the two aretes SA, SB, and the two 
sectional planes AO, A'O in this plane cutting in the point 0, 
the line in of which the parts AB, ^-l'i>' terminated by the aretes 
SA, SB will 1)0 the diameters of the two sections conjugate to 
the direction of m. This is the first condition that rn be an ideal 
chord. 

It is necessary that the constants p and p appertaining to the 
diameters -17) and A'H respectively, satisfy the equation 

/) . OA . OB = p'O. r OH = OM' . . . (14/?) 

fv»r in [i.e. '1 . (K\I) is their common ideal chord. 

For we can always determine upon the surf^ice of the cone two 
sections ai'., Ajr, parallel, and consequently similar to the first two, 
and which have a real chord in common, and in which therefore 
the above relations between the lines and the constants have 
place, and whieh are necessarily e([ual to the constants ;; andy 
(»f the coi ic s(H'tions in ([uestion -•!/> and ^1'//. 

XL Idn// Cuuir ^'^ectioiis Ihronf/h the Summit of a Cane. 
— Sup[)ose now that the })lane Ji> be turned round ??i as on a 
hin^^e until it passes throui^li the summit S of the cone, we mav 
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Figr.XXIV. 




m 



>Jo 



regard its intersection there as a conic section, infinitely small 
anil similar to that Avliich a parallel plane avouIcI give, and having 
conseqnently the same constant ^/' in reference to the direction 
SO, and m (MN, letters not given in figure) being the ideal 
chord, Ave have 

M ' = 2) . OA . OB = p . OA ' . OB' = y . OS, OS = y . 0S\ 

that is, the ratio of OM to OS represents the ratio of the 
conjugate diameters of a conic section paralh^l to the plane 

Shi. 

XLI. Ideal Circular Conic Scctioii throia/h the Suiuhiit of 
(( Cone. — J^uppose now that the |)l;ine Sni be parallel to a circular 
section of the cone, SO must evidently be perpen<licular to ///, 
and ^/' = unity, whence 

OM = OS. 



XLII. Projection of a Conic Section into a Circle. — Being given 
a conic section C and a straight i" (fig. xxv.) on the same plane 
ci\ to find a centre of projection as ^S' and a plane as a such that 
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the straiiilit i' Avill be proje:'te(l upon it to infinity, and the conic 
section at the same time be j)rojected into a circle. 

Let iS'he the unknown centre of projection, then the conditions 
of the })r«>blem rcipiire that tlie plane o)' which contains 6' and 
I be juralKl to tlie plane a of projection, and that this plane a 
must eut tlie cone of which C is the base and S the vertex in a 
cirrle. 

In unler to fulfil the e conditions, \ve must have first of all, 
tlie straight i exterior to the conic sections. Let the plane of 
the Conic seetiou C turn round i as a hinge until it pass through 
the vertex >S' (»f the cone, while the t mgents led from (7 touch 
the coiiL' following the aretes J/.S', ^V*S'. We can regard it as 
cuttinij- the cone at S in a section iufinitelv small and similar to 
a conic in a plane j)irallel to itself {St ) and liaving consequently 
the sinie constant y/ in reference to SO' which now represents 
the direction of the conjugate diameter to the ideal chonl 

OM'=pJjA.OB = p.aS\ 

Su]»]> »se now tliat the plane Si' l>e parallel to the plane a of a 
cir« ul ir s ction of the cone. Si/ will evidently be perpendicular 
to /', and p = unity, so that O'M' = OS. Wherefore the locus 
of the vertex S of a cone lies in a p'ane through (T, perpen- 
di( ular to m and in a cir.-le upon tliat plane whose centre is (^ 
and whose radius OS is eipial to O'M'. 

In the ]ilan<: a ]»aralli'l t) the plnne *SV' or o)' in which 
(/J/' = d' S, the line /' is ]»rojected to inlinity, for to' and a are 
paralU '., OJ^oA ixw j)oints in a transversal of a pc^ncil of ravs, 

S(f', S/J, S(^, SA and Ol>'('\\" are pjints in another transversal 

of the s.-nue ]»<n il, wherein O is ;it intiiiity, and the ratio of the 
first ji-'ucil ]»e!n_,^ liarin >nic tJiat of the other is lie x^ssarily 

hO, or 

nil " " ni; 
when -e 

nA" f A" 
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XLIII. Dr/inilioit^ of jye <m(lJ'ol"r.--Tho point 0(fiK xxiv.) 
K saiil to bo the pole of the straight m' in reference to the couir 
C; anil the striiijjht vi' is said to be the polar of the point 0. 
Also tile point f is said to Iw the jiole of the sti-ai^'bt m ; and 
>.( is said to l>e the polar of the point 0'. 

XLIV. ProJ.'dkoi of a Conk Scr/ion, i-i/l, In-^rnM and Cir- 
ntM^crih'd Quutlrihittmh cud Ikdudiom irln/uif/ lo lUes ami 
J'olrn-.-i Ihrrr/roiii. — Ally <[iiadrilateral being instribfd to a conic, 
"e may rt'i;ard the figiire as the i)r"jectioii of anolbtT, for which 
the cxtedor iliagonal iw projected to infinity, and the conic 
iioconiesn circle, whilst the iiisinilxxl quadrilati'ial is tranKforinoil 
into a rectangle. 

For, let Mlf7){f\ii. xxvi.) be the rcctan-le in i[iie.stion, all 
the pro]iorlies winch aii]iertaiii to it and to tlie circle, appertain 
to (he priiiiitive figure. Through each of the summits A. Jl. V, D 
lead a tangent to the circle in order to form the circumscribed 
parallehigram Al'WD, of which the opposite sides concur at 
infinity. Trace the diagonals AC and BD, ^(''and SD, they 
will [liiss (as known from elementary fieoiiiclry) through the 
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centre P, and tlie two last A^ and £6 will be parallel 
sides oi' the rectangle ABCD, i,e, will concur with th 
infinity. Likewise, all straights going through the cei 
and terniinited at the circumference or at the opposite s: 
the two paralleh^grams are divided into equal parts by this 
P, an<l are tlnis cut harmonically by P and the point at in 
Turn now to the primitive figure. The straights, which i 
themselves are ])arallel in the projection, will in the pri 
concur in a point on the line /, which in the projectioi 
infinity. The intersection P of the interior diagonals < 
(pia<lrilati'ral will be the pole of this straight. Whence, b 
in mind the pre( eding propositions, we conclude that 

W we inscribe to a conic section any quadrilateral ABC 
to the sMiiK* conic circumscribe another quadrilateral AB^ 
which tlie sides touch the curve at the summits of the otl 

1. The tour interior diagonals will cross in the same po 

2. The i>oints of concurrence L and M, L and M < 
opposite sides of the two quadrilaterals and of the ta 

from ,^upon the intersections of the conic with ^„ wiU 
M ' LP 

the polar of /*. 

.S. The diagonals of the circumscribed quadrilateral wil 
wise ctnirur in the points L and JA 

4. Each of these last ]ioints is tlie pole of the strai 
diagonal which passes through tlie other, for it is the j: 
concurronro of the tangents whi<-h correspond to that diao 

.J. All straights passing through the point P and tern 
by the conic so(ti«)n, <a' by two of the opposite sides of 
the (piadrilatcrals is divided harmonically by that point, j 
the poiot when' it is intersected by its ])(i]nr /. 

And reciprocally — 

(). If we inscribe in a conic section a series of chore 
A' r>\ A Ji' .... fig. xxvii., all directed towards a pc 
chosen at will upon the plane of the curve, all C\ C\ C" 
which are, in reference to the chords, the fourth coi 
harniniiics of the point P, are situated on the straight lin 
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, Tlie intersections L and M, U and M' of the diagonals and 
cisite sides, and ttie points of cuncitrrence T, T' of pairs of 
;ents from tlie extremities of each chord are upon the svine 
igljt as 6', C, C" . . . . 

or, if we project the point P to infinity, whilst we nt the 
G time project the conic into ii circle (lliis may be done 
projecting the point P and any inscribed ipKidrilateral 
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UVIVX, two of whose sides as UV^ TrX concur in P, and UW' 
VX ill a point V^ which is projected to infinity along with P 
into a ivctangle), then (i\<^. xxvii.) AB, A'B .... become 
|)aralli'l cliords, and LMT, L^FT' .... from elementary geo- 
metrical considerations, lie upon a diameter bisecting these 
chords and at right angles to them, and therefore divided by 

CP, CI* harnionicallv. 

Recii^rocally, if from points T, T . . , , taken in an arbitrary 
straight in tlie ])lane of the conic section, we lead pairs of 
tangents to tliat curve, their corresponding chords of contact 
AB, A'Jf .... will all concur in an unique point P, pole of that 
straight. 

These properties may be thus enunciated : — 

1. If a straight line in the plane of a conic section pivot 
around a fixed point, the pole of that straight will trace a 
straiL^ht line. 

2. Ixeciprocally, If a point move along a straight line traced 
in the ])lane of a conic section, the polar of this point \s\\\ pivot 
around a tixed ])oint, tlie pole of the straight line. 

In fig. xxvi. j is iJie polar (tf P, and a line fhroiigh P parallel 
f>> j Is pfhdr to a jHiiat X on /, ih(fuot of the pcvpcndicular from 
on j. For in the circular projection, the real chord and its 
juojcction being ])arailel meeting n in infinity, and the conjugate 
dianu'ter in tlie ikroiection l)ein<'' at ri^ht an^jles, and ON bein^r 
parallel to it, must he at right angles toy. The ideal chord y is 
tlius the ]>olar of l\ and the real chord through Pis the polar of 
the ])oint .\', and lines from X to the extremities of the real 
cli<ird ar<' tangents to the ct»nic. 

XLV. Pro^>/vois rrfjarding Pohs and Polars. 

i. From a given point ^[ (fig. xxvi.), exterior to a given 
cniiic, t<» lead to it two tangents. From ^[ lead two arbitrary 
M- ants J/y>M, J/^'A ( utting the ((Uiic in ABCJ). Complete the 
(piadrilateral -I />V7> by joining A(\ BP, J)C, J />, giving by 
tlieir intei"si'ctions the two j)ointsPand L. Join LP, it will cut 
tlie conic in ''/ and P, M(r, J/ A' are the tangents required. 

ii. (liven the ])olar GP to find the pole J/. Take any point 
/' on (rh\ and tlirouuh it draw (\l, DB cutting the curve in 
A, B (\ IK J/; and />('\\ill intersect in the pole M, 
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iii. Given tlic polar y, to liiid llie pule P. Take any point L 
juj, IVoni Avliich draw two secants* LCD, LDA, cutting the curve 
in A, B, Cy I). Join AC, JWy they intersect on tlie pole J' of 
Hie liney. 

iv. Given the p(»le P, to find the i)olar j. Through P draw 
AC, JiD. Complete the ([ur,diilateral, whose exterior diagonal 
ML is the polar required. 

]*olc and Polar in n Parahola. — In a parabola tig. xxix., 
i. That part of the straight PC going through tlie pole P in the 

CO 

direction of the point at infinity J' between the pole P and its 
polar AB is bisected by the curve, ii. The 2^*1 1't of the polar 

L'ut off by the curve is bisected by this straight 1*J\ For, by 
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Fig.XXIX. 



U 



the j>riiici])les iilrtady deiiioustrated in the homologous ci 
ffl) is divided harmonicallv bv PC, that is 

a J _ _i'J^ cj _ CD 

C1J~ ~ FT) '"* rj~ " PD' 



CD __!__, 
PD " 1 " 



and in the jiarabola 

CJ' _ 

p,r ~ 

wla-nce P(' is bisected bv the curve in D, 

For, J/ briui^^ tlie pole of JJ* and J* the pole oi MA, Jj 

oo 

divided harinonically by /Li, Avherei'ore in the parabola, M 
divided harnionieally by PA, whence 

AC = r/l 



Sr,-/iu,i V. — Pascal's a/n/ Bkianchon's Theorcmfi. 

XLVI. Pascal's Th.onni.— U'X I, '1, :i, 4, 5, (> (tig. xxx 
tht.' six si(h's (»f a hcxai^on inscribed to a conic, the opp 
sides 1 and 4, '1 and 3. .S and G concur in tliis order two and 
in three points in a straight line. Conceive the figure projc 
on a new ])lan(' in such a fashion that the straight y joiniui 
two points (1,4) and (2, 5) ]>asses to infinity, and that the i 
at the same time becumes a cir( le, then the opposite sid 
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and 4', '1' and o in the projcctiuii are, two am 
two, ]jarallel. The remaining sides 3' and (J 
will likewise be parallel to each other. Fo 
the arcs subtended bv 1' and 2' and by 4' anc 
/(1.4) o are equal and op])osite, whence the sides 3 

/ and G' subtend e(|ual and opposite arcs and ar( 

thus e(puil and ])arallel. Wherefore in thi: 
projection we have three pairs of sides 1' and 4', 2' and o', 3 
and C meeting in three points on the line at infinity. Whenc( 
in the figure itself, they must concur on the liney in pairs in tht 
three points (I, 4) (2, 5) (3, ()). 

The line in which the three pairs of sides concur is usually 
called the Pascal line. 

Perha])S it may be worth while to indicate mnemonically tin 
concurrino- sides on the Pascal line. Writin<^ the sides in theii 
order in two rows, then their order in columns gives the con 
currintf sides on the Pascal line. Thus 

o 

1 '1 :\ 

and and and 

4 5 G 

The points of the hexagon joined two and two 
summits (I, 2) (2, 3) (3, 4) 

and and and 



'4, 5 



/■; 



<; 



«J, 1) 
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cniRur in a ix)int P. Of this we will not add a formal ( 

i-tratioii. 

X L \' 1 1 . B H I A N c Hu N ' s Th core m . — In a II Hexagons circum 
to a C(Ou''\ tltc iJiofionoh ichuh, tiro and two , join th^ c 
Su//i/,(ifs iiitirstcf nJl (hrer in the same Point, viz, the Pole 
Pasml LihC. — To the ciicle in fig. xxx., and through the su 
cf thu |>i\'vinn>ly iiis( ribe<l hexagon, circumscribe a he 

r, '2' . . . . (■/, This, in its juojectiun upon the previous! 
juctc'il Conic, will necessarily be a circumscribed hexagon 
conic, having its sides passing through the summits of th 
viL»usly inscribed liexagon. Tlien we perceive from elem 
ennsiderations that in tlie circle, the diagonals 



r '1' :v 

and and and 



o 



4' .■) 

joining the o])posite sunmiits meet in the same point P , 
di:ii:onal of tlie inscribed hexai^on. 

Tliis point P is tlie ])olar of the Pascal line. For ai 
sides of tlie hexagon as 2 and T), form two sides of a q 
lateral whose opjiosite sides meet on /, and Pis the inters 
of its interior diagonals: 2 and 5 meet on /, and the oth< 
sides {'2, o) (4, 5) an<l 1 1, 2) (G, .")) meet likewise on j\ for 
projection their cor)es])onding lines meet in an infinitely c 
point on the h'ne at infinity. 

X l.N'Il I. Cnn^friicfioiis has,, I ii-juiii TascALS o nd BrIANC 

Tin or, /IIS, 

ti. .M AcLAiiMNs 'J li(vr. Ill . — Imijuj (jicru Five Points 
(',>ii,r to ,l>s, III,, fin C"i(('\ /.I', to fiiol OS noTuii Si.i'th Point' 
/'•///. \a\ Ar>^'PI\ tig. XNxi.) he ti\e jM.ints in a conic 
1U\ r/y, />/;. A'A'. AM, ( onv>|u.iidiiig to ^des 1. 2, :^, 4, 
.lit. xlvi., then 

AH PK (Mueur in tlie point (1, 4} 

//r. AW ,1^, 5) 

en. J.\ :i, (;\ 
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Let a straight line jDivot around the 
point (1, 4), the couples of points in which 
it successively cuts tlie lines 2 and 3 are 
successively the points (2, 5) and (3, 6) of 
art. xlvi., from whence, drawing lines to A 
and E, we obtain as many sixth points A' 
as we will. 

h. Being (fi till Fiir Tfutyntfs 1, 2, 3, 4, 5 
to a Conic (fig. xxxii.), lo condrifd a SLrlh 
Tiinticnt G fo the Cnrvc, j)aHsinf/ through 
a given point A in ilie ftr.st 1. — The 
diacionals are 



(1, -0 

and 

(-t, o) 

V 



and 

'/ 



(3, 4) 
and 

l<3. 1) 

r 



Draw the diagonal jt ; lead the diagonal r through the points 
4) and A, cutting |; in P; lead the diagonal ^ through the 
nts (2,3) and P, cutting the tangent 5 in A". Join .LI", .4A' 
he sixth tangent. Repeat thus for as many points A, A' , A'\ 
we will. 

ormuJating Notcdion of Maclaurin's TJievrnn mne)noniralh/. 

ints given A h C J> K ivi["^- X, 

:hatis ((), 1) (1,2^ (2,3) (:>, 4) (4,5) „ (5, ()), 

I 2 3 4 iTMi'^- 5 and (>. 
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Pascal line goes through points (1, 4) (2, 5) (3, 6). 
Pascal lino pivots round point (1, 4), cutting sides 2 

giving point.s (2, 5) (2, o) (2, 5") .... (3, 6) (3, 60 (3, 6^ 

thus side 5 pivots round point (4, 5), 



» 



G 



» 



>> 



» 



(1, 6). 



Enimriafioti of Maclaurin's Theorem and its Recipr 

(I. If the vertices of a mobile triangle X, (3, 6), (2, » 
xxxi.) pivots round three fixed points Ay E, (1, 4) and 
same time the two last (3, 6) and (2, 5) must traverse the 
straights 2 and 3, the third vertex X will describe a conic. 
the summits of a triangle ^A'P (fig. xxxii.) traverse respe^ 
tlireo tixed lines 1, 5, and />, so that the two sides Ai 
]>ivot around two fixed ]K)ints (2, 3) and (3, 4), the tlii] 
vLrwill X(A\ around a conic section. 
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XLIX. Points (if Injiiiitif in PASCAL and BrIAN< 

Tin oit'ins. 

(I, (Jiir of flu Puinfs in PASrAL'.S Thcurun inaij he at In 
fur c.rfffjip/c E, fig. xxxiii., and Ihv J'/vhIe/n )n((if he thus st(( 

DC 

Points givi'u A n C I) E recf^- 

CO 

ny (G, 1) (1,-Jj (!', :ij (:$, 4) (4,5) „ {c 

Sides given 1 2 o 4 rc(|'^- 5 ai 

foiiS(t|ik'nt ly si(h.'> 4 and o are jrnallel. 
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The Pascal line pivots round point (1, 4), cu 

2 and 3 in points (2, 5) (2, 5') (3, 6) (3, 6'), . 

parallel to 4 and 6 through (6, 1) and (3, G). 

In the problem thus conditioned, 4 and 5 have tl 
of an asymi:)tote, for they meet it in the point E at i 

h. Two of the Points mcuf he at Infinitji^ fig. xxxiv., ^ 
I) and E, and the Frohlcni may he thus stated : 

CO CO 

Points given A E CD E re^ 

or (0,1) (1,2) (2,3) (3,4) (4,5) 

CO 

sides given 12 3 4 rcq''- 



cc 



Fig.XXXIV. 




CO 

D 



Here the side 4 is wholly at infinity, its extremiti 
and E, 3 proceeds from its extremity E, 5 procce( 

CO 

extremitv E, whence 3 and 4 ^ive the directions of 

totes. We perceive tliat in the Pascal line the point 
infinitv. This amounts to savin^j tliat the Pascal lii 

CO 

round (1, 4) remains parallel to 1, that the side 5 pivc 
E remains parallel to itself, whence the Pascal li 
parallel to 1 cuts 3 in a series of points (3, (i), and 2 
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of points (2, 5), through which we draw 5 parallel U 
wheiioe we may obtain a series of points A. This j 
may be thus enunciated : Given three points and the direc 
two asymptotes, to construct the hyperbola. 

r. IJjrrci.^c. — Given four points and the direction 
asymptote, to construct the hyperbola. 

a'. Being given five tangents, 1, 2, 3, 4, 5, of a conic, t 
sixtli, 0, parallel to one of the given tangents, 1 for e: 
This is evidently the modification of the general problc 
xxxii.) where the point A is at infinity, and in which tl 
the diagonal /' is parallel to 1 as well as the required tar 
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Figr.XXXV. 
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Wherefore having diawn (Wg. xxxv.) the diagonal ^>, 
paralk'l to 1, cutting j> in /*. Through points (2, 3) and 
(J, giving the point .V «>n 5. Tlimugh A' draw G parallel 
is tliu tangent re(|niie(l. 

CO 

//. Being given (fig. xxxvi.) five tangents, 1, 2, 3, 4, 5, t 

nne, viz. 3, is at infinitv, to construct a sixth, G, through 
point A on one of them, as on 1, or, in other words, Gi^s 
tangents of a paral)ohi, to construct a fifth through a givt 
on one of them. 



CO 



Sides 1 2 .S 4 5, 

Points (C, I > I. 2) !2. W Ci, 4; (4, 5) (5, I 
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The side 4 thus meets one extremity of 5 and G the otli 

00 

whence the diagonal ^>, through the points (1, 2) and (4, 5), mi 
1)0 parallel to 4 ; the diagonal r goes through the points (3, 
and A, cutting /> in P, whence through (2, 3) and P draw t 

diagonal q. This diagonal ^ meets 5 in the point X at infini 

and the required tangent through A goes likewise through 
wlience G is parallel to (], wherefore, through A draw G paral 
to ([, G is the tangent required. 

By varying the point A we solve the following problem, 
construct an indefinite number of tangents to a parabola det' 
mined by four tangents. 

Ejrn'isc. — Being given four tangents, to construct a tangc 
parallel to a given straight. 
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n.'. XXXVII. 



L. One, Tiro, and Time Sides of Pascal's uud Buianciio: 
Tlieoreiiis lirromiiiff inftnifeh/ svia/l. 

(I. When one side of the Pascal hexagon becomes infinite 
small, we have a pentagon, and the infinitely small side assun 
the direction of the tangent, whence we can solve tlie problen 

i. (liven Fire Points of a Conir Serf I on, to const met a Tang^ 
tJirovcjhanij one of them. — Join tliefive })oiiits by linos, 1, 2, 3, 4 
(fig. xxxvii.), and let (1, 5) be the point tiirougli which t 
tangent is to be drawn. Tlu n extond 1 and 4, 2 and 5, till tli 
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meet in points (1, 4) and (2, 5), Through these two 
draw a line, it is the Pascal line, and, where 3 intersects 
point in the tangent 6 to the conic at point (1, 5). In tl 
manner may the tangents belonging to the other po 
constructed. 

KirrcUcs. — a. Otic of flie Fire Points at Infinity. — Gi\ 
points of a hyperbola and the direction of an asynip 

construct the asymptote. 

h. Ttro of the Points at Infinity. — Given three poic 
hyperbola and the direction of its asymptotes, to constr 
tangent at one of the given points, also to constn 
asymptotes. 

ii. Giren Four Points of a Conic and a Tangent at one < 
to con.'ifTvd the Conic hi/ Points. — The analogy with xlviii 
fiff. XXX. will be sufficicmt to su^i^orest to the student the cc 
tion of tliis problem. 

a. When one side of the Brianchon hexagon becoi 
finitely small, we have a circumscribed pentagon, the f 
tangency of the first and the infinitely small sixth s 
inciting. The following theorem does not require 
demonstration. If a pentagon is circumscribed to a cori 
the diagonals joining its summits 1 and 4, 2 and 5 be 

intersecting in P, and if summit 8 and P be joined, 3 

intersect tlie side 1, 5 in the jxjint of tangency, whei 
problem, Being given five tangents of a conic, to find th 
of tangency of one of them ; causing the numbers 
summits to revolve round the angles of the pentagon, 
obtain the five points of tangency. 

F.rrrcisrs. — 1. Being given four tangents of a parabola, 
their points of contact and their point at infinity. 

2. ({ivevi four tangents and a point of contact, to constr 
conic bv tauLrent;?. Tlie above tlieorem and analoscv, wil 
and fi<4. xxxi., will be sufHeient to enable tlie student to co 
tliis problem. 

n. Given tliree tangents and an asymptote of a hyperl 
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h and h\ When two sides of the Pascal and Brianchon hexa- 
gons are infinitely small. We have the properties of the quad- 
rilateral already arrived at in Section IV. by another route. 

c. When three sides of the Pascal hexagon are infinitely 
small, fig. xxxviii. In this case sides 1, 3, 5 become tangents, 
and we obtain the following theorem : 

If a triangle, 2, 3, 4, is inscribed in a conic, 

tangent 1 side 2 tanf];ent 3 

and find and 

side 4 tano^ent 5 side 6 

intersect in tliree points on a straight line, or, The tangents 
A, B, (^ at the summits intersect the opposite sides a, h, c in a 



Fiff.XXXVIH < 



(2,tf) 




straight line, whence the prohlein, Given three points of a conic, 
A, By Cy and the tangents at A and B, to construct the tangent 

at a 

Ej-rrciHO'. — 1. Given two points A and ^ of a hyperbola, the 
tangents at these points and tlie direction of an asymptote, to 
Construct the asymptote. 

2. Given an as3^niptote, a point A of a hyperbola, a tangent 
at A, and the direction of the other asymptote, to construct that 
asymptote. 

Thcorcyn. — The triangle inscribed A, B, C, or 2, 4, G, fig. 
xxxviii., and the triangle circumscribed A', 7/, (f, or 1, 3, 5, 
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yirvssoss the property tliat their sides 1 and 4, 2 an 
iitoi't ill ;i strai,i;ht lino. They are therefore homologi 
(x.), anil coiisci|ueiitly the lines which join the sumi 
jinint 0. We may enunciate this as follows. If h 
1 ■iron nisi tI bed tu a ennic, tlic straights which join t 
to the points of contact of the opposite sides concur 
wlieiiee tlie problem, Being given three tangents of 
two [loiiits of contact, to find the third, 

A'f!j-c/-s,',v, — 1. Given two tangents, the asymptote 
bull, and Uie point of contact of one of the tangents 
otii.r, 

'2. Given two a^jyniptotes and a tangent, to constn 
of cuiitait. 

'■i tiiven two tangents of a parabola with thei 
contact, to constnict tlie direction of the straights w 
at infinity, 

4, Cliven two tangents to a parabola, the point o 
one of thein and the point at infinity, to construe 
of contact of the other tangent, 

S'dio,, Vl.~r,-o/Wfui/i, of Points and Ba 
n" Fig,xxxix. 



j" I 



LI. n,; 


.■ P.,u,l<, A. B, C. ,m 


„ Li,ir ,; ng. X 


sjim^'lin:/ Ir 


Time r«u,l,, .Y, B', 
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jiiiiitt J) oil u. — Join any two corresponding points, as A, ,1', and 
on the line thus passiiij,' through AA', take arbitr.irily siiiy two 
points, S, S'. Draw the rays SJi, SO ; S'B'. S'C, and through 
their points of intersection, B", C, draw the line «", and the 
[loint A" is where AA' cuts u", and any ray SB will give D" and 
S'B" will give D. 

In this manner we obtain a row of points it', in perspedire at 
once with ii and «'. The points c are y»ro;'tWi>f (not pei-spectivc) 
with "-', and have the same double or anhannonic ratio, for they 
have each the same ratio as the points «", but the two pencils 
of rays are perspective, not projective. 

Let /* be the point where v" cuts u, /" is its correspondent 
on u'. Let Q be the point where it" cuts "', Q is its corre- 
spondent on I/. 

/' is the correspondent of / at infinity. 

./is the correspondent of -7" at infinity. 




Lir. Thr S'hnion 
irhrn ,1 „n,l u mr » 
A-ltr- ore foinul vjh> 
wo iinist project ii' fn 
",, tJien ojwrate as ir 



uj the ahn-c }),-ul'lrm (11.) ,.< rapnmf 
■«'rin'po-'^^>l, Ih'i i-i vhrn A. B, (', awl 
the .>■"«)<• >itr<iujhl, fijj. xl — In this case 
n an arbitrary centre S' upon a f^traight 
xlvii. upon the points u = A, B, C, and 
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LI 1 1. Three /?'^//s «, h, r, of one Pencil U coriespondin^g to 
Thtrr Rnif>i^ (f\ h\ c\ of another Pencil U' being both given, wt an 
ahle to fad (mother Pay J of the Second Pencil U' to a giren 
rof/ ft <f the First Pneit IJ, fig. xli. — Through a point common 
to two C(nTesjx»iiding rays (a, a) for example, lead arbitrarily 
two transversals .s and s'. Let h" be the straight joining the 
points \Ji, s) and (//, s'j, e" the straight joining the points {c, s) 
and (r', .s ). The operations necessary to pass from the pencil 
U a, h, c) to the ]>encil U\a\ b\ r') are : i. the section through 
s\ ii. the focus U" where //' and c" intersect; iii. the section 
through s ' ; iv. the focus U\ wherefore the same operations 
will conchict to the ray d' corresponding to any given ray d. 

In this manner we have obtained a pencil of rays ^7" in 
])erspeetive with U as well as with U', wherefore the pencils U 
and U' are ])rojective, but the rows of points are in perspective. 

Let p be tlie ray joining U and U'\ p is its correspondent 
from V meeting ^> on the line s. 

Lut 7' be the ray joining U' and U"y q is its correspondent 
fnuii r' meeting q on the line 5. 

LIV. United Point. -i in Pro/rrtirr Ron's of P(dnts. — The con- 
struction of art. xlviii. becomes UKulified when two corre- 
sponding points A, A' eoincidt', fig. xlii. Leading u^ through A, 
the row of ])oi)its // is in perspective with u, wherefore, having 
})rojected v' iVom an arbitrary centre ^'' upon u ,ii' Pl^ , CC\ cut 
in S it will sutlice to project n from *S' upon //^ and finally if^ 
from *S' upon //'. 

J'lie two rows //, //' of suju'rimposed points have a seconl 
united i)oint J/ at the int«r>erii.»u of the united straiL^ht n or u' 
with the ray >S'.S', whuidore, if the ray SS' (fig. xliii.) pass 
thr<»ngh the })oint '/', n) n and /'' will have one united point 
onlv. 

LV. If we Would construct upon a given straight u or u two 
rows of ])rojecti\e points, fig. xliii., for which A, A' may be a 
couple of corresponding points and J/ the only united point, we 
must ]»rojcct from an arbitrary ]ioint aS' the point A' upon a 
straight n^ led through J/. Constiuct the point >S' common to 
the straights A A an.l aSJ/, then, in order to find the point ^' 
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of u' corres])oudiiig to B of u, from S project B to B, and from 
^" project 7y to B\ 

LVI. Project from two different points ?7and U\ fig. xliv., by 
means of two pencils of rays a, h, c , , . , a\ h\ c', . . . . upon one 
givLii straight the two projective rows of points u = A, B, C 
, , . . a = A' , B', C Let /,/, be the rays parallel to the given 
straight from U and U' respectively, and consequently meeting 
the given straight at infinity, i\ j, their corresponding rays. 
The pdints 1\ J where these last rays cut the given straight 
are tlje points which correspond to the point at infinity /or J\ 
according as we consider the point at infinity as appertaining 
to tlie row of points A, L\ ('.... or to the row of points 

The piojectivity of the two corresponding rows gives an 
ecpiality in the aidiarnjonic ratio, whence (V.), wo have 

J A . I'A' = Jll .I'B'=- constant. ... (1) 

Let be the middle point of the segment JI\ and (f the 
point which correi^ponds to regarded as a point of the first 
row, then, as tlie above e(|uation subsists for all points, 

JA .I'A' = jo , rcr, (2) 

or {(Li - nj) [(LL' - 01') = - 0J(00' - 01'), 

and as 01' = - OJ, 

we have tlms 

OA . OA = or . {OA - OA' -H 00'). ... (3) 

Let us now eiuiuire, if in the tv;o rows of points super- 
imposed on the same ray thure are any united points. 

Call E such a ])-Mut and the above equation will subsist, in 
re]>hi<"ing A and vC by ii', whence 

OE-=Or,00' (4) 

From whence reMiUs that, if 01' . 0(f' is positive, that is, if (> 
is not found between /' and O', tliere are two united points i^' 
and /', of whirli O is tlie middle point, and which divides 
harmonically the points /' and (f'. 

If lies between /' and O' tlu-ie can be no united points. 



Section VII. — InvobUimi. 

IN II. Let any complete quadrilateral QBST, fig. xlv., QBST, 
Df which the pairs of opposite sides IIT and QS, ST and QRy QT 
ind RSy are cut by any transversal whatever in A and A\ B 
md B'y C and C\ Take for centres of projection consecutively, 
Q and S^ then 

Q{ACA'F) = Q{ATPR) = S[ABA'C') 

- ^'C'^i^from (xi.) 

ivhence ^C^'iT = .4'C'il5, 

md ^^', i/i?', t'6" are three couplets of points 'said to he con- 
jugate to each other, e.g. A and A\ C and C arc respectively 

Piff.XLIV. 
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.'uujugate to eacli other, because for any two points as A and C 
may be substituted their conjugates A' and (7 without altering 
:he anliarnionic ratio. 
The three cou})lets are said to he in invohition. 
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LVIII. Let any complete quadrilateral qrst, fig. xlvi., of which 
the oj)posite suiumits rt and qs, st and qr, qt and rs are projected 
from any arbitrary centre by the rays a and a\ b and b\ c and c\ 
and let j) be the straight which joins qs and rt, then the two 
pairs of lays (ftp?' = f/caV for their common section is q. In 
the same manner (f/pr = aha'cf for their common section is s, 
wherefore aai'h' = ahi'c = acdb. 

The rays ^^/'t', hh\ cc correspond doubly in the projective groups, 
wlierefore an\ hh\ cc' are three pairs of conjugate rays in invo- 
lution. 

LTX. When we say that AA\ BB , CC form an involution, we 
are understood to express that A and A\ B and B\ C and C 
are conjugate elements, and that any element may be exchanged 
with its conjugate without altering the anharmonic ratio, so that 
the two forms 

A A BB CC .... 
AAB'BC'C .... 

are projective. 

LX. As involution is only a particular case of two projective 
forms superimposed, it follows that all sections or projections of 
;in involuti<jn give a new involution, whence the figure homo- 
logous to an involution is likewise an involution. 

LXI. The Ccnh-i- f/ IiiroItitKHi. — We have seen, art. Ivi., 
when two ]nojective rows of points are superimposed, that, to 
the point at infinity / or J\ corresponded two finite points {i.e. 
])oiiits not at infinity) /' or J, according as we considered it as 
ap[)ertaining to the low u or //'. The distinction in involution 
is this, that to the ])oiiit at infinity corresponds one point only, 
that is, tlio points /' and '/ coincide in one point whicli we 
shall call (>, This point (J is tJierefore the conjugate to the 
])oint at infinity, and ecjuation (-) art. Ivi. becomes 

(hi . (LV = on . i^B' = constant. 

In other words, an in\olution of points is formed by pairs of 
points A A\ BB' .... whidi poj?sess the property that the 
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)roduct of their distances from a certain fixed point of the 
nven strai<:jht is constant. 
The point is called the centre of involution. 

LXII, Double or United l*oinis in an InroltftioJi. — Those 
Doints, which in the case of superposition of two forms u and u 
lave been called united points, are called in the case of involution 
louble points. 

LXTII. F.risfcvrc of Tiro Ikmhlc Pmnts in Involution. — If the 
lalue in the above equation is positive, tliat is, if does not fall 
between the two conjugate points, there are two double points 
E and F, such that 

OE' = OF'^ = OA . OA' = OB . OB' = . . . . 

is therefore the middle of the segment EF and all the groups 
EFAA\ EFBir .... are harmonic. 

An involution is determined by two pairs of conjugate 
'lements. 



s 
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LXTV. Prohkin. — Let it be required to construct an involu- 
tion of points upon which are given AA\ BR, Take any point 
G, fig. xlvii., witliout the straight, and describe the circles GAA\ 
GBB\ cutting in a second point If, and let be the point where 
GJf encounters the straight, we have, from the well-known 
property of the circle, 

OCr . OH = OA . OA' = OB . OB = . . . . 

^vlierefore the point is the centre of the involution determined 
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It' we describe any other circle through (?and if, eacountering, 
.s ly, the given istraight in 6', C\ we will have 

OG . 0H= OC . 0C\ 

wherefore CC are a pair of points of the involution. 

We see further that the two double points E and F of the 
involution are the points of contact of two circles passing 
throuijli G and H and touchincj the jjiven straia^h't. This is 
named an involution of the first species. 

Fiff.XLVin. 
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LX\'. When tlie value in e(|uation is negative, i.e. wheu 
one eou})le nt" points divides tlie otlier couple, the coustnic- 
ti)n is as follows: Let A A', TiB' {iv^. xlviii.) be two pairs of 
]»oiuts in iii\'oluti<»n dividing each otlier. Upon A A' and BE 
as diameters (leserihi' two circles, cutting each other iii the 
]HMnts (/ and II, necessarily symmetrical to the given line, and 
( utting in (), 

(Hi- =- o//- = AO . OA' = Bn . OH' .... 
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If we describe any other circle through G aud // liaving its 
centre in the given line, we obtain two other points C C of 
the involution. 

LXVl. If one of the points as O of the involution, in art. Ivii., 
is at infinity, its conjugate wull be the central point of the in- 
volution, wherefore, in order to find the central point of the 
involution of wliich we have two pairs of conjugate points AA\ 
BB\ we construct a complete quadrangle (fig. xlix.) in such a 
manner that two opposite sides pass through A and A\ two 
other opposite sides through B and B\ and, in order that the 
fifth side may be parallel to the straight given, the sixth side 
must pass through 0. 

LXVII. Let // (fig. xlviii.) be the centre of any number of 
pairs of rays in involution. We see that the pairs of points on 
the straight are formed bv tlie revolution of a ri^ht ans^le around 
H, i.e. AHA, BllB . . . are each a right angle, and is, as 
formerly with any pair as A and A\ the point that has its 
correspondent at infinity, for OHJ' is a right angle meeting the 
straight in the point at infinity. 
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LXVIIl. Poncelet's method of proof of art. Ivii. of the 
involution of six points in a transversal cutting a quadrangle, 
and an alternative form of their anharmonic equations. Let 
the reader form for himself a fii^ure similar to fitr. xlv. but 
having the quadrilateral QU8T right-angled. Tiien it may be 
considered a projection of that figure, of which the projective 
properties will be true for both. Then from it the following 
equations are easily obtained : — 
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AT , A'C _ yVC . A'C BC . B C _ BV . BC 
AL<\ A'B' ~ ~A'B\ A'B' BAVBA' "" B'A . B'A'' 

CB . Cir _ C 'B . C 'lr 1 

CA ~CyV ~ C'A . C'A'' 

Tliose equations shew that in the anharmonic ratios of any 
i'our points, the three points ABC are interchangeable with the 
three ])oints A'B'C, and by means of multiplication give easily 

the following four ecpiations 

A a . C'B . B'A' = C'A' . B'C . AL\ 
C'B' . BA . CA'= BC . B\V . C'A, 
AC' . CB' .BA'= CA' . C'B . AB\ 
CB' . BA' . CA = BC . B'A . C'A', 

These may 1 e jMit into the following form : — 

AC . C'B . B^' _ 

C'A' . BC : An " 
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Sirfio/i VJI/.- — Fuj'Nts Bnijrrtirc ill tJic Circ/c. 

LXIX. In two ])('ii(il.s <»f rays, 0, ^/, /;, r, r/, 0', a', Z/', c', r/' 
(li.'4- ^O) proceeding frnni twe O, <>' of a circle, the corresponding" 
rays (^ and a', h and //.... intersect in<x in the circumference 
of the same circlr. These two pencils are projective. 

' The stiidciit call \('rify llic lirst of tliesc three eciiiations by aid of 
;irt. vi., mill rciiHinhorln;,^ ih it sin(V»0' + 45^) = sin 45', lie will at once 
)>f'i<<'ive tho similar tu ii!,l''Vs from whirh ihi"" other two are deduced. 



For we have seen that the projectivity of two pencils of 
rays depended solely on the equianliarmonism of their angles, 
and in this case, their corresponding angles being equal, i.e. 
ah = a^h' {Unci id, iii. 21, 22) the equianharmonism of the two 
pencils is established, whence the projectivity is established. 

The ray p joining and 0' considered as pertahiing to the 
pencil has for its correspondent the tangent p going through 
tlic point 0', and the ray q' joining and 0' considered as per- 
taining to the pencil 0' has for its correspondent the tangent (/ 
going through the point 0. 

For let a mobile point A travelling on the circumference of 
the circle, connected to and 0' by two mobile rays AO, AO' 
(or a and a') generate the two pencils, then, when the point A 
has approached indefinitely near 0, the ray AO' will be indefi- 
nitely near 00' or q\ and the ray AO will be indefinitely near q 
or the tangent at 0. In the same manner Off or p will give 
- 1 0' or y tangent at 0', 

Corollary. If a pencil of four rays as 0{ABUD) is harmonic, 
O'iABCD) is likewise harmonic. 
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LXX. If (fig. li.) QP, FQ' are two fixed tangents to a 
circle, cc*ntre Af and A A' a tangent mobile between them, 
the angle AJfA' is constant. Let Q, P\ T be the points of 
contact, we have 

LAMA' = LAMT = \LQMT -f \LTMP' = \ QMP', 
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LXXI. The tangent A A' moving between the two fixed tan- 
gents the ray8 MA, MA' genemte two projective pencils, and 
consequently the two points A, A* describe two projective rows 
of points, wherefore tangents to a circle mark upon two fixed 
tangents two projective rows of points. 

As LAMA' =: \QMF = \QMq + IPMP' or P and Q indi- 
cate the same point considered as pertaining to the first or to 
the second fixed tangent, the points Q and (/, Pand P* are cor- 
respondents in tlie two projective rows of points, or in other 
words the i)oints of contiu^t of two fixed tangents have for 
their correspondents the point in common of both tangents. 

For conceive tlie mobile tangent -.l^-l' to turn round upon the 
circle, the points .1, A' generating two projective rows of points, 
then when it has reached a position indefinitely near PQ, the 
point A' is indefinitely near (/, and Ay the corresponding point 
of the other row, is indefinitely near Qy wherefore tlie point of 
contact of a fixed tangent may be considered as the intersection 
with a tangent intinitely near. In other words : 
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LXXII. Four tanL;i'iits a, A, r, ^/, of a circle {^v^. Hi.) are cut 
by a fiftli tangent in four points ABC'])' of which the an- 
harmonic ratio is eoiistant wliorevor the fifth tangent is phu'ed. 
Let fig. lii., A, //, (\ 1) . . . X be points of a circle and 

(', /', c, d / tlioir corresponding tangents. If we project 

from tlie centre of tin.' circle the points -4', i^, C\ D\ . . . where 
.' is ( ut by ((, h, c, (J . . . . the projected rays are respectively per- 
j)endicuhir to AM, XB, A7 ' .... and form consequently a pencil 
e([ual to the ])cncil X^ABC . . . .), wherefore the row of points 
A\ Ii\ <".... is ]>rojcctive witli the pencil X{A, B, C , . . .), 
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or in other words, the row of points determined by an inde- 
finite number of tangents upon an arbitrarily chosen tangent is 
projective with the pencil of rays which project the points of 
contact from any point of the circle. 

LXXIII. Case of Involution in the Circle, — Let fig. liii. 
represent a circle, centre 0, enveloped by pairs of parallel 
tangents aa\ lh\ cc\ . , , . ef determining upon a given 
tangent x pairs of points A, A\ B^ H, C, C , , , , EF, e and / 
being perpendicular to x, whence EX -= XF /_EOF being 
= \LQOP' (Ixix.) is a right angle, for the same reason /_AOA\ 
l_BOB\ l_COC' are each of them a right angle, whence AA\ 
BB\ CC .... is an involution of the second species, and X' the 
correspondent of X is the point at infinity, whence X is the 
centre of the involution. 

It is evident from elementary considerations that a ray from 
tlie centre of the circle parallel to any pair of tangents, for 
instance a ray from parallel to AA\ cuts the tangent x in the 
centre of \\\^ rircle AHA .... 
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Section IX. — ForniH Projective in (he Conici^. 

LXXIV. If we project two pencils of rays from two fixed 
points and 0' of a conic, i\g. liv., to any number of points 
A, B, C, D . . . . o{ that conic 0[A, B, C, I) . , . .) and 
0\A, B, C\ D . . . .) form two projective pencils. To the rav 
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0(f' of tlie first jjencil curresponds the tangent at 0\ and to tlie 
ray (^'0 of the sec.'ond pencil corresponds the tangent at 0. For 
this proposition having been proved with respect to the circle, 
lit ti^iuv liv. be a circle and such a scheme of rays and its 
homologous projection into a conic from a centre /S of homology. 
Let tlie lays in tlie circle be cut by any transversal t\ then we 
have th'i jJane >SV' cutting the plane a in the line t, and we have 
a pencil of rays froiu *S', viz. S\t'a^ t'b, t'c .... i'a\ t'h\ t'c . . . .) 
cut by two transversals t and /', giving two row^s of points ta, 
ill, tr . . . . ta\ th\ tc .... and /'a, ih, t'c .... t'a\ th\ t'c .... 
in the eouie and eirele in perspective and consequent four and 
four e([uianharnionio, wherefore the rays from and 0' in the 
eonie are equianharnionic with the rays at and Cf in the circle, 
wlK'uee as the two })encils of rays in the circle are projective, 
the two pencils in the conic are also ju'ojective. 

LXX V. By similar reasoning the propositions of the preceding 

section can be extended to the conies. 

LXXVI. Article Ixix., extended to conies generally, is more 
.simply elucidated by placing the centre of a homology upon a 
]n>int in the conic, so as to be its own correspondent, as 
ex]»laiii('d in xxv. a. 

If two ]>encils of rays tiaced in the same plane not concentric 
are ])r()jective (not ])ers[)ective) the locus of the point common 
to two Ci)rresp<>nding rays is a conic, which passes through the 
venties of these pencils, and the tangents at these points are the 
rays of the two ]M'ncils which correspond to the straight joining 
their c-entres. Let (> antl N (tJ!;. Iv.) be the centres of the two 
pencils of rays, ^> J j^M, (JA^S^A, .... ])rojective not perspective. 

The locus of the ]»niiits .Ij^j.^.l.. .... passes through O, because 

the ray SO of the ]u'n('il ,S' and the corresponding ray of the 
])en<'il int^rsrct in (K that is A coincides with 0. For the 
sanu' leasoii locus of A goes likewise through *S'. Let o be the 
ray of tho pencil wliich corros})onds to the my SO of the pencil 
aS. Dcsf'iihe a circle tau'^ental to o at the point 0, and let *S'' be 
the ]>oint where this circle cuts S(J. Let A' bo the intersection 
of the ray OA with the ( ir< lo, the ]>encil S'^V will be directly 
tMjual t.) the jM-niil Oyl. it will theictore be prnjectivc to the 
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pencil SA, and cOS the ray SV corresponds to the ray S 
pencils SA and S'A' are 2}erspcctirej wherefore their corresp 
rays will cut in a straight line s. Wherefore in order t 
struct the locus rec^uired, it is sufficient to prolong SA 
meets the straight s in A" drawn SA", and through the 
where this last cuts the circle di'aw a ray from Ointersectin 
in the locus required. 

This process is, we know, that of finding the figure homo] 
to a circle, for to find the curve homologous to a circle W€ 
$ the axis and the centre of homology, find 5, S' two 
s ponding points. 

LXXVII. Article Ixxii. is enunciated as follows : I 
rows of points in two straights, situated in the same plai 
not superimposed, are projective (not perspective), the str 
w^hich join the pairs of corresponding points envelope a cou 
are tanoents to a conic. This conic touches the two 
straights at the two points w^hich correspond to their intersc 
Let .s% s (fig. Ivi.) be the straights upon which are two n 
projective points, A and A\ B and B' . . . . then the 
enveloped by the straights AA\ BB\ CC .... also by .<? 
is a conic. 

Let () and P' be the points corresponding to Pand ( 
intersection of .s and s' and describe a circle tangent to .s 

and lead to it tlie tangents AA\ RB\ CC" MM\ ' 

tangents mark upon .s" a row of points A'\ K, C" . . . . M 
jective with the row of points s and also wnth s. But the 
Q lias Q' for its correspondent, both in .s' and s\ wherefoi 
rows on n' and .s'"are /u rsprrfire, and the straights ^"^', B'J 
M"M' concur in a point 0. From thence it results that 
(Ir'terniine the point M' of .<?' which corresponds to a point 
of .<? it will sufHco t(^ lead through J/ a tangent to the circ 
join tlie ]V)int M' on s" witli (^, OM' cutting .s' in M\ Join 
it is a straight of the envelope. For this construction is pre 
that which we adopt in order to find the fiirure homolosfou 
circle, being the ci'ntre of homology and Sy s two < 
sponding straights on a and a', wherefore the envelope 
MM' is a conic. 

If a pencil of tlirco ravs, tig. Iviii., fliverging from a poi 
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cut tlie circumference of a conic in AA\ BB', CC\ the six 

points thus obtained form a pencil of involution when joined to 

any point of the curve. Let tn be anotlier ray of the pencil 

catting the circumference in AfM', the two pencils M{A, B, 0, C) 

and M\A, B, C, C) have the same anharmonic ratio (Ixix.). 

But the straights M'A and MA\ M'B and MB\ J/' (7 and M C\ 

M'C and MG cut two and two upon the pobr of (xHv.), 

wherefore this polar being a secant common to the pencil 

M'(A, B, Cy C') which we have been considering, and to ihe 

pencil M{A'B' CO), they have the same anharmonic ratio, and 

as we have seen 

M'iABCC) ^M{ABCC'\ 
whence 

M[A'B'C'C) = M\ABC(J') = M\ABCT). 

If M aj)proaches infinitely near C, the rays MC and M'C 
])e:'oine the tangents at Jfand M'. 
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LXXVIII. Ei'tcnslon of Ixxvii. to the rarahola. — This exten- 
sion lea«ls to the following theorem: Two tangents of a parabola 
are divided by all other tangents proportionally and conversely. 
A series of lines dividing two other lines proportionally envelope 
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a parahol.i. Let two fixed tangents be cut by others (fig. Ivii.) 
in the ]M)ints A and A\ Jl and B', (* and C .... Let F, Q' be 
tln'ir points of eontaot with the curve, then their coninion 
])oint will be desi^iiatt-d (J or P' according as we consider it a 
point in the iirst or sec<»nd tangent, then we have generally 

Af' AD __ A'C A'D' 
W ' BI) ~ inj'' B'l/ 

whr!) 1) and U are at infinitv this becomes 



Ar ^ 

BC ~ B'C 
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Wlirn A A' a])j»roaches infinitely near 7^, A coincides with F 
and A' with /". Whoii ('(" jipproacht-s infinitely near Q' P , C 
coinridL'S with (J, and C witli (/, and the above equality may 
be written 

A<' _ IW _ PQ 
A'C " Ji'C ~ F(/' 

To a,ssist concejttion, tlu- homologous circle and rays have been 
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LXXIX. JJesargues' Thcorcni in Cunivs. — A quadrilateral, 
QliS2\ fig. lix., being inscribed to a conic, any transversal >i 
determines, by its intersections in PP' of the curve, and in 

AA\ BB' of the quadrilateral, six points, AA\ Bh'\ PP\ in 

involution. 

Take Q for the centre of projection nnd then S, and ^^■e 

sec that 

(J(PPP'A) = S(PA'PJr) 

and by (x.) {PUPA) = (PAPB) 

whence {PAPB) = P.l'P'jr, 

>vhence the six points AA\ P>B\ PP' aru seen to bo in 
invokition. 

LXXX. Ecdprornl to Desahgues' T/ncrcni in Conirs. — A 
quadrilateral, ^^rs/, tig. Ix., being circumscribed to a conic, any 
])encil of rays, r^//', bh', from an arl^itiary focus S to the op])osite 
summits (7/) {r>i) and (7/') (ts) uf tlie (pindrilateral, determine, 
\vith two rays /'^/' touching tlie conic, three ])airs of rays in 
invokition. 

Let 7 be considered one trnnsversal and s niiotlier, then 

S{J'BTj = PiPPJ,), 
whence jf^tt is piojt'ctive with //<'/''. 



401 CiRAPHICAL DETERMINATION OF FORCES 

Iiiuert a fourth term, 

fhp'a is projective vf\\h pa'p'h' , 
paph' is projective with p'Vpa', 
whence php'a is projective with p'h'pa\ 

and the six rays pp\ hh\ aa are in involution. 

The two theorems given above are perhaps the most powerful 
instruments i\i the geometrical investigation of conic sections, 
and with the example of the employment of the first, where no 
points are at infinity, we will close our introduction to projective 
geometry. 

LXXXr. J^rohhm. — Given f\\G points of a conic section, 
PiJIiST, i\^j:. Ixi., (if a conic, to find an indefinite number of sixth 
points F'. Having led a transversal 5 arbitrarily through P, con- 
struct the new quadrilateral Q'U'S'T\ of which the diagonal KT 

passes tlirough P, and of which the pairs of opposite sides ^^-^ 

and \.,^, concur upon s w ith the pairs of similarly named opposite 

B B* 

sides of tlie first quadrilateral QBST in the points . and .„ 

the second diagonal Q'S' will cut the transversal in the point P' 
required. 

For the points P, P' of the conic are, when regarded as 
belonging to the second quadrilnteral, the points AA' of fig. 
xlv., likewise in involution with CC\ BB\ 

LXXXII. Poncelet's Dcinonstration of above Thearems. — Let 
the conic, witli its inscribed quadrilateral, be projected into a 
circle and insciibecl rectangle, and cut by the projection of the 
transversals, then, from the well-known property of the circle, 
we have Br . BP _ BQ . BR 

B'B\ B'P ~ i/TTWS 
But because of similar triangles we have also 

BQ __ BA BR _ BA^ 
B'T " BA' B'S ~ B'^' 
, BP' . BP BA . BA' 

,vhence WI^B'P = BATBA'^ 

a relation wliicli is evidently the same as the second of the 
three primary relations of art. Ixviii. Similarly^ the other two 

might be deduced. 
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